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Abstract
Carbon NanoTubes (CNTs) have drawn enormous attention in recent years due to 
their outstanding multifunctional properties. In particular, the addition of CNTs as 
nanollers for the development of new composite materials not only enhances the 
mechanical properties of the pristine material, but also confers new piezoresistive 
properties. In this way, the appearance of external loadings can be correlated to 
measurable variations of the electrical properties of the composite or, in other 
words, the material turns into a self-sensing composite. This multifunctional feature 
is in line with the new paradigm of Structural Health Monitoring (SHM) that advoca-
tes the use of smart materials/structures to solve the scalability issue on full-scale 
civil engineering structures. Despite a considerable number of works can be found 
in the literature on the experimental characterization or development of pilot appli-
cations of these composites, there exists a gap on the theoretical modeling of their 
behavior that needs to be addressed.
All the eorts of this thesis have focused on the modeling of the mechanical, piezo-
resistive and electromechanical properties of CNT-reinforced composites for the 
development of high-strength and smart structures. In particular, the developed 
approaches have been formulated on the basis of the mean-eld homogenization 
theory. The major physically meaningful mechanisms that underlie the electrical 
transport of these composites, namely electron hopping and conductive networ-
king, have been distinguished within a percolative-type framework. The theoretical 
formulation also copes with the eect of arbitrary three-dimensional strain states 
on the overall electrical conductivity. The developed formulation has been shown 
suitable to be included in a multiphysics 3D nite element code. Finally, a novel 
piezoresistive/piezoelectric equivalent circuit has been proposed for the analysis of 
the electromechanical response of CNT-reinforced cement-based materials in the 
time domain. The eectiveness and accuracy of the proposed approaches have 
been veried by dierent experiments under laboratory conditions.
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Resumen
Los nanotubos de carbono han atraído una enorme atención en los últimos años debidoa sus propiedades multifuncionales sobresalientes. Un número cada vez mayor de
trabajos de investigación de primera línea centran su interés en la búsqueda de aplicaciones
prácticas que den uso de las notables propiedades de los nanotubos de carbono, incluyendo
una elevada resistencia mecánica, propiedades piezorestivas, alta conductividad eléctrica,
ligereza, excelente estabilidad química y térmica. En concreto, los estudios más recientes
plantean dos grandes ramas de aplicación: fabricación de estructuras aligeradas de alta
resistencia, y desarrollo de estructuras inteligentes. Con respecto a la primera línea de
aplicación, el desarrollo de materiales compuestos ligeros de alta resistencia conecta con
la creciente tendencia de la ingeniería estructural a incorporar materiales compuestos
innovadores. Ejemplos recientes como el avión comercial Boeing 787, en el que la mitad
del peso fue diseñado con materiales compuestos, predicen un futuro auspicioso para
los nanotubos de carbono en la ingeniería aeronáutica. Sin embargo, aún resulta más
interesante el comportamiento piezorresistivo de los compuestos reforzados con nanotubos
de carbono, ya que posibilita la creación de estructuras que no sólo presentan altas ca-
pacidades portantes y reducido peso específico, sino que también ofrecen capacidades de
auto-detección de deformaciones. Cuando el material se ve sometido a una deformación
externa, en virtud de dicha propiedad piezoresistiva, la conductividad eléctrica varía de
modo que es posible correlacionar su respuesta eléctrica con el campo deformacional
aplicado. Estas propiedades multifuncionales entroncan con el nuevo paradigma de la
Vigilancia de la Salud Estructural el cual aboga por el uso de materiales/estructuras in-
teligentes para resolver el problema de escalabilidad. En este contexto, la estructura o parte
de ella presenta capacidades de auto-detección de tal manera que el mantenimiento basado
en la condición puede llevarse a cabo sin necesidad de incluir sensores externos. En ambas
líneas, la mayoría de las investigaciones han centrado el estudio en la experimentación,
siendo mucho menor el número de trabajos que plantean modelos teóricos capaces de
simular las propiedades mecánicas, eléctricas y electromecánicas de estos compuestos.
Desde un punto de vista mecánico, existen estudios experimentales que informan acerca
de los efectos perjudiciales sobre la respuesta macroscópica de aspectos micromecánicos
tales como la tendencia a formar aglomerados, así como la curvatura de los nanotubos de
I
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carbono. Es por ello esencial desarrollar modelos teóricos que incorporen estos efectos
y asistan al diseño de elementos estructurales reforzados con nanotubos de carbono.
Respecto al estudio de las propiedades de conductividad y piezoresistividad, es esencial
desarrollar formulaciones teóricas capaces de abordar la optimización de las propiedades
de autodetección de deformaciones. Asimismo, es crucial comprender los diferentes
mecanismos físicos que rigen la conductividad eléctrica de estos compuestos, de modo
que sea posible incorporar su efecto diferencial dentro de un marco teórico. Por último,
también es fundamental avanzar hacia el dominio del tiempo con el fin de desarrollar
aplicaciones de vigilancia de la salud estructural basada en vibraciones.
Con todo ello, los esfuerzos de esta tesis se han centrado en el modelado de las
propiedades mecánicas, conductivas y electromecánicas de los compuestos reforzados con
nanotubos de carbono para el desarrollo de estructuras inteligentes y de alta resistencia.
Estas dos aplicaciones, a saber, compuestos de alta resistencia e inteligentes, han sido
enmarcadas en el ámbito de los materiales poliméricos y de cemento, respectivamente.
La razón de esta distinción se debe a la presunción de que los compuestos poliméricos
pueden encontrar aplicaciones directas como paneles de fuselaje para estructuras de aeron-
aves, así como refuerzos mecánicos sobre estructuras pre-existentes. En cuanto al uso de
nanotubos de carbono como inclusiones multifuncionales para compuestos inteligentes,
tanto los materiales poliméricos como los de base cemento ofrecen una amplia gama de
aplicaciones potenciales. Sin embargo, la similitud entre los compuestos de base cemento
y el hormigón estructural convencional sugiere la idea de desarrollar sensores embebidos
que ofrezcan una monitorización continua integrada sin comprometer a priori la durabil-
idad de la estructura huésped. Tanto las propiedades mecánicas como las conductivas
han sido estudiadas mediante métodos de homogeneización de campo medio. Aspectos
micromecánicos tales como la relación de aspecto, el contenido, la distribución de la
orientación, la ondulación o la aglomeración de los nanotubos se han estudiado en detalle
e incorporado al análisis de diferentes elementos estructurales. De manera similar, se han
estudiado las propiedades de conductividad eléctrica y auto-detección de deformaciones
bajo cargas cuasi-estáticas mediante modelos mixtos de homogenización micromecánica
de Mori-Tanaka. Los principales mecanismos que gobiernan las propiedades de transporte
eléctrico de estos compuestos, a saber, los efectos de túnel cuántico y la formación de
canales conductores, se han incorporado por separado en las simulaciones a través de la
teoría de percolación de fibras conductoras. Los resultados teóricos han sido validados
con éxito mediante experimentos en condiciones de laboratorio. Finalmente, se ha de-
sarrollado un nuevo circuito equivalente piezorresistivo/piezoeléctrico para el modelado
electromecánico de materiales de base cemento reforzado con nanotubos de carbono en el
dominio del tiempo. Con los experimentos como base de validación, se ha demostrado
que el enfoque propuesto proporciona resultados precisos y ofrece un marco teórico apto
para aplicaciones de procesamiento de señales y monitorización de la salud estructural.
Se espera que el trabajo desarrollado en esta tesis pueda proporcionar herramientas
valiosas que permitan profundizar en la comprensión de los principales aspectos físicos
que controlan las propiedades mecánicas, eléctricas y electromecánicas de los compuestos
reforzados con nanotubos de carbono. Además, se espera que los resultados presentados
en esta tesis impulsen el desarrollo de materiales compuestos auto-sensibles embebidos
para aplicaciones de vigilancia de la salud estructural.
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Abstract
Carbon nanotubes have drawn enormous attention in recent years due to their out-standing multifunctional properties. A constantly growing number of works at the
front line of research pursue potential applications of their remarkable physical proper-
ties, including elevated load-bearing capacity, piezoresistive properties, high electrical
conductivity, lightness, and excellent chemical and thermal stability. In particular, most
recent works contemplate two different application branches: manufacture of light-weight
high-strength structures, and development of smart structures. With regard to the first line
of application, the development of high-strength lightweight composites connects with the
growing tendency of structural engineering to incorporate advanced composite materials.
Recent noticeable examples such as the commercial aircraft Boeing 787, in which half
of the total weight was designed with composite materials, predict an auspicious future
for carbon nanotubes in aircraft structures. Nonetheless, what is even more interesting is
the piezoresistive behavior of carbon nanotube-reinforced composites, which allows us to
create structures that are not only high-strength and lightweight but also strain-sensitive.
When the composites are subjected to external strain fields, in virtue of such piezoresistive
properties, the overall electrical conductivity varies in such a way that it is possible to
correlate the electrical response with the deformational state of the material. These multi-
functional properties are in line with the new paradigm of Structural Health Monitoring
which advocates the use of smart materials/structures to solve the scalability issue. In this
context, the structure or part of it presents self-sensing capabilities in such a way that the
condition-based maintenance can be conducted without necessitating external off-the-shelf
sensors. In both lines, most investigations have focused on experimentation. Conversely,
the number of theoretical models capable of simulating the mechanical, electrical, and
electromechanical properties of these composites is still scarce.
From a mechanical point of view, experiments have reported about the detrimental
effects of micromechanical aspects such as agglomeration of fillers and curviness on the
macroscopic properties. Hence, it is essential to develop theoretical models that allow
us to include these effects and assist the design of composite structural elements. With
regard to the study of the conductivity and piezoresistivity of carbon nanotube-reinforced
composites, it is essential to develop theoretical formulations capable of tackling the
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optimization of their strain sensitivity. In addition, it is crucial to understand the different
physical mechanisms that govern the electrical conductivity of these composites and
include them separately in the theoretical framework. Finally, it is also fundamental
to move towards the time domain in order to develop applications for vibration-based
structural health monitoring.
Overall, all the efforts of this thesis have been put into the modeling of the mechanical,
conductive and electromechanical properties of carbon nanotube-reinforced composites
for the development of high-strength and smart structures. These two applications, namely
high-strength and smart composites, have been framed in the realm of polymeric and
cement-based materials, respectively. The reason for this distinction is the idea that poly-
mer composites with high load-bearing capacity can find direct applications as fuselage
panels for aircraft structures, as well as mechanical reinforcements attached to pre-existing
structures. With regard to the use of carbon nanotubes as fillers for smart composites,
both polymer and cement-based materials offer an enormous range of potential applica-
tions. Nonetheless, the similarity between cement-based composites and regular structural
concrete suggests the idea of developing continuous embedded monitoring systems with-
out compromising the durability of the hosting structure a priori. Both mechanical and
conductive properties have been studied by means of mean-field homogenization meth-
ods. Micromechanical aspects such as filler aspect ratio, content, orientation distribution,
waviness or agglomeration have been studied in detail and incorporated to the analysis
of different structural elements. Similarly, the electrical conductivity and strain-sensing
properties of these composites under quasi-static loadings have been studied by means of
mixed Mori-Tanaka micromechanics models. The main mechanisms that underlie the elec-
trical conduction of these composites, namely quantum tunneling effects and conductive
networks, have been distinguished by a percolative-type behavior. The theoretical results
have been successfully validated by means of experiments under laboratory conditions.
Finally, a novel piezoresistive/piezoelectric equivalent lumped circuit has been developed
for the electromechanical modeling of carbon nanotube-reinforced cement-based materials
in the time domain. With experiments as validating basis, the proposed approach has been
shown to provide accurate results and offers a theoretical framework readily applicable to
signal processing applications and structural health monitoring.
The work developed in this thesis is envisaged to provide valuable tools to further the
understanding of the main physical aspects that control the mechanical, electrical and
electromechanical properties of composites doped with carbon nanotubes. Furthermore, it
is expected to boost the development of embedded self-sensing carbon nanotube-reinforced
composites for structural health monitoring applications.
Keywords: Agglomeration, Carbon nanotube, Cement-matrix composites, Functionally
graded material, Micromechanics, Piezoresistivity, Polymer composite,
Self-sensing material, Smart concrete, Structural Health Monitoring,
Waviness
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Notation
, ,  Euler angles
 Polar angle
g Transformation matrix

 Orientation Distribution Function (ODF)
A Concentration tensor
Adil Dilute concentration tensor
I Identity tensor
S Eshelby’s tensor
fr Volume fraction of inclusions
fm Volume fraction of matrix
fCNT Volume fractions of CNTs
wCNT Mass content of CNTs with respect to mass of cement
C f Constitutive tensor of inclusions
Cm Constitutive tensor of matrix
CMT Overall Mori-Tanaka stiffness tensor
CSC Overall Self-consistent stiffness tensor
CV Voigt stiffness tensor
CR Reuss stiffness tensor
Ek Longitudinal elastic modulus
E? Transverse elastic modulus
 Wave length
w Helical spiral angle
Lwavy Length of helical curve
Dh Diameter of helical curve
 Polar angle of helical curve
Vr Total volume of CNTs
V Total volume of RVE
Vbundlesr Volume of CNTs agglomerated in bundles
Vmr Volume of CNTs dispersed in matrix
XIX
XX Notation
,  Agglomeration parameters
m Density of matrix
CNT Density of CNTs
ks Transverse shear correction factor
rc Radius of CNTs
LC C Length of carbon-carbon bonds
' Fiber orientation angle
¯ Non-dimensional frequency parameter
w¯ Non-dimensional central deflection
k Non-dimensional buckling load intensity factor
MSE Mean square error
k Power-law index
da Average separation distance among CNTs
dc Critical separation distance among CNTs
fc Percolation threshold
Rint Resistance to electron tunneling
int Electrical conductivity of interphase
Vo Height of the tunneling potential barrier
m Mass of an electron
e Electric charge of an electron
h¯ Reduced Planck’s constant
Ac Contact area of CNTs
LCNT Length of CNTs
DCNT Diameter of CNTs
c Electrical conductivity of CNTs
m Electrical conductivity of matrix
fe f f Volume fraction of effective solid fillers
˜L Longitudinal electrical conductivity of effective solid filler
˜T Transverse electrical conductivity of effective solid filler
cnt Electrical conductivity tensor of effective filler
m Electrical conductivity tensor of matrix
 Percentage of CNTs connected forming conductive networks
Lstr Length of equivalent straight filler
J Electrical flux
Ar Aspect ratio of CNTs
Ae Aspect ratio of prolate bundles
N;EH Electrical conductivity given by electron hopping mechanism
N;CN Electrical conductivity given by conductive network mecha-
nism
spc Equivalent conductivity accounting for electrodes
wcem Weight of cement
S Sensitivity coefficient
  Gauge factor under compressive stresses
+ Gauge factor under tensile stresses
Notation XXI
C1 Constant of proportionality between strain and inter-particle
distance
C2 Constant of proportionality between strain and potential height
R=Ro Relative change in electrical resistance
C Gauge factor based on the relative capacitance change
Rip Internal resistance
Cip Internal capacitance
Rpm Interface resistance
Cpm Interface capacitance
Rct Contact resistance
S q Piezoelectric parameter of CNT cement-based sensor
FRF Frequency response function

1 Introduction
Saying that we should stop nanoscience is tantamount to saying
we should stop science.
Harry Kroto
1.1 Motivation
Since their detailed structural characterization by Ijima [143] in 1991, Carbon NanoTubes
(CNTs) have generated an enormous activity in many areas of science and engineering.
Their unprecedented mechanical, thermal and electronic properties suggest that CNTs
are ideal reinforcing fillers for the development of high-performance composite materi-
als. Specifically, most attention has focused on two main potential applications, namely
CNTs as mechanical reinforcements for lightweight and high-strength composites, and as
smart fillers for self-sensing composites. Among all possible candidate matrix materials,
polymer materials are particularly apt for the development of mechanical reinforcements
for pre-existing structures, whilst cement-based materials are especially well-suited for
developing embeddable sensors. On one hand, thanks to their excellent corrosion resis-
tance, relatively low unit cost, and facile processing, polymers are extensively used in a
diverse range of engineering applications. The development of CNT-reinforced polymer
nanocomposites blends the excellent properties of polymers with the multi-functional
properties of CNTs, what makes it possible to develop manifold applications such as
high strength reinforcing coatings, conductive glue, gas storage devices, sensors, energy
storage devices, light-weight aircraft applications, etc. On the other hand, a large portion
of the worldwide civil infrastructures is constituted by concrete. The growing concern
with the aging and structural degradation of civil infrastructures makes condition-based
maintenance of the utmost importance for structural engineering. However, traditional
monitoring systems require substantial costs and complex signal processing software,
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what discourages infrastructure owners due to low return on investments. The devel-
opment of CNT-reinforced cement-based composites allows for conceiving continuous
embedded strain-sensing systems, which would entail substantial improvements in the
cost-effectiveness of SHM solutions for geometrically large systems. These composites
exhibit strain-sensing capabilities (i.e. composites themselves also behave as sensors) by
means of measurable variations of their electrical properties under applied mechanical
deformations. Once embedded, CNT-reinforced cement-based materials form a mechan-
ically strong bond with the monitored structure without substantially compromising its
durability a priori. Thus, it is possible to create a continuously distributed set of strain
sensors within the structure with limited maintenance.
1.2 State of the art review
Carbon Nanotubes (CNTs) are an allotrope of carbon consisting of rolled-up graphene
sheets that form concentric cylinders. Depending on the number of layers, two different
types of CNTs can be found, namely Single-Walled Carbon Nanotubes (SWCNTs), and
Multiple-Walled Carbon Nanotubes (WMCNTs) [27, 359]. SWCNTs consist of a single
graphene layer rolled seamlessly to form a cylinder with diameters ranging from 0.5 to 5
nm, and lengths of up to centimeters (see figure 1.1(a)). MWCNTs are defined as arrays
of concentrically arranged graphene layers with sensibly larger diameters from several
nanometers up to 200 nm, and lengths of ten of microns (see figure 1.1(b)). The question
of who actually discovered CNTs is shrouded in great uncertainty, a fact that may explain
why no Nobel Prizes have been yet awarded in this area [128]. A significant milestone was
made by Oberlin and co-workers [234] in 1976 with one of the first images of a nanotube
resembling a SWCNT, although this was not explicitly claimed by the authors. It was only
after Ijima’s report [143] in 1991 where the structure of CNTs was described in detail,
when the global scientific attention was turned to these novel nanoparticles.
(a) (b)
Figure 1.1 (a) Single-Walled Carbon NanoTube (CNT) and (b) Multi-Walled Carbon NanoTube
(MWCNT).
The properties of CNTs depend upon the structure, morphology, diameter, and length of
the tubes. The structure of CNTs is defined by their chirality, which is defined by a chiral
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vector, ~Ch, and the chiral angle, , as represented in Fig.1.2. The chiral vector indicates
the way in which a layer graphene is rolled-up to form a nanotube, and is defined as [98]:
~Ch = n~a1 +m~a2 (1.1)
where the chiral integers (n;m) indicate the number of steps along the carbon bonds of the
hexagonal lattice, ~a1 and ~a2 are the unit cell vectors of the two-dimensional lattice formed
by the graphene sheet. Particular cases are found for (n,0) and (n,n), or the so-called
“zig-zag” and “armchair” structures (Figs. 1.2 (b) and (c)). The chirality of CNTs has
a huge impact on their physical properties and, in particular, on their mechanical and
electrical properties.
θa1
a
2
na
2
ma
1
Zigzag Armchair
(a) (b) (c)
C
h
Figure 1.2 (a) Conventional rolled up model for CNTs (n;m) is formed by rolling a graphene sheet
along the chiral vector ~Ch. (b) Special cases of armchair tubes (n;n), and (b) zig-zag
tubes (n;0).
One of the most remarkable properties of CNTs is their exceptional mechanical proper-
ties due to their chemical bonding composed entirely of C-C covalent sp2 bonds. Both
experimental and theoretical investigations show extraordinary stiffness properties of in-
dividual CNTs with Young’s moduli around 1 TPa [361], and ultimate tensile strengths
of 100-200 GPa [355, 247, 178, 371, 71, 65]. These properties largely exceed those of
any previously existing material and, thus, CNTs are considered the strongest material yet
discovered by humankind. Particularly enlightening is the comparison with high-strength
steel, whose Young’s modulus is around 200 GPa, that is to say, one-fifth of the Young’s
modulus of CNTs. In addition, densities of CNTs can be as low as 1.3 g/cm3, one-sixth of
that of stainless steel. The elastic response of CNTs to deformation is also remarkable.
CNTs can sustain up to 15% tensile strain before fracture [371, 197], and reversible bending
up to angles of 100 [144]. All these features open up broad possibilities for the use of
CNTs as lightweight, highly elastic, and very strong doping fillers for high-performance
composite materials.
Despite the outstandingmechanical properties of CNTs, their unique electrical properties
have received the greatest attention. Depending on the chirality, it has been theoretically
proved that CNTs electrically behave as either a metal or a semiconductor material, similar
to copper and silicon, respectively [213, 117, 308, 153]. SWCNTs are metallic if the chiral
integers (n;m) are: n=m (armchair CNTs) or n m=3i, with i being an integer, whilst other
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structures lead to a semiconducting behavior [235]. The geometry of CNTs determines
their electronic band structures and, therefore, the energy band gap. The energy band gap,
Eg, of semiconducting CNTs is given by [190]:
Eg =
oLC C
rc
(1.2)
where o is the carbon-carbon (C-C) tight binding overlap energy (2.45 eV), LC C is the
length of C-C bonds ( 1.42 Å), and rc is the radius of the nanotube. The electrical
conductance of CNTs is given by [211]:
G =GoM =
2e2
h¯
M (1.3)
where Go = (2e2)=h¯ = 1=12:9 k
 1 is the quantum unit of the conductance, and e and
h¯ are the charge on one electron and Planck’s constant, respectively [97, 153]. M is
the apparent number of conducting channels including electron-electron and intertube
coupling effects, as well as intrinsic channels. Ebbesen et al. [78] utilized a four-probe
configuration by lithographic deposition of tungsten leads across individual MWCNTs,
and reported values of electrical conductivities in the range of 107-108 S/m. The electronic
properties ofMWCNTs are defined by their multiple-shell structure, including the electrical
properties of the tubes along with additional electronic couplings between the different
shells. In addition, metallic CNTs are reported to exhibit ballistic electron transport at
room temperature, that is to say, every electron injected into the nanotube at one end
should come out the other end without heat dissipation [211]. In this case, the electrical
resistance is not dependent upon the CNT length and Ohm’s law does not apply [25, 248].
Furthermore, Wei et al. [342] reported that CNTs can carry current densities up to 109
A/cm2, well above any other known material. In summary, all these exceptional electronic
properties suggest the use of CNTs as electrically conductive fillers for smart composite
materials.
1.2.1 Mechanical behavior of CNT-reinforced composites
The aforementioned unique mechanical properties of CNTs have spurred a considerable
amount of research on the development of high-strength nanocomposites. The exceptional
properties of CNTs, in combination with the relatively low cost and facile processing of
polymers, open a large number of applications such as aircraft structures, tribological
components, reinforcing coatings, wind turbine blades, sports equipment, etc. [57, 297,
217]. In virtue of the large disparity between the properties of CNTs and most matrix
materials, an increasing number of publications report about the outstanding enhancements
of the mechanical properties of composites doped with small concentrations of CNTs. For
instance, Qian et al. [250] dispersedMWCNTs throughout polystyrene with a concentration
of 1wt.%, reaching increases with respect to the pristine polymer in elastic modulus and
break stress of 36-42% and 25%, respectively. Andrews et al. [15] developed SWCNT-
loaded isotropic petroleum pitch matrices. Those authors found that the tensile strength
and elastic modulus with 5wt.% content of purified SWCNTs increased by about 90
and 150%, respectively. Biercuk et al. [28] reported monotonic increase in Vickers
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harness up to a factor of 3.5 by doping epoxy with 2wt.% of SWCNTs. A number of
studies show that, after a critical CNT content in the matrix, the mechanical properties
of CNT-polymer composites decrease with increasing CNT content and, even, these
properties decrease below the neat matrix material [58, 168]. Chen et al. [48] produced
polycarbonate/MWCNT nanocomposites and reported that a content of 1wt.% of CNTs
yielded 4.5% increase in tensile strength with respect to the neat polymer. Higher filler
contents resulted in a loss of fluidity and worse dispersion and, consequently, weakened
mechanical properties. All these results evidence that filler dispersion holds a very crucial
role in the preparation of CNT-reinforced composites.
Many efforts have been also devoted to the development of CNT-cement based com-
posites. In this regard, an extensive review work was recently conducted by Siddique and
Mehta [286]. It is worth noting the work by Chaipanich et al. [44] who investigated the
compressive strength of fly ash cement mortars doped with 0.5 and 1wt.% of CNTs. Their
results showed that the highest compressive strength at 28 days was found for samples with
1wt.% concentration of CNTs, reaching a mean value of 51.8 MPa that largely exceeded
the reference strength of 47.2 MPa of neat mortars. SEM inspections by those authors
revealed a good interaction between CNTs and the fly ash cement matrix, resulting in a
denser microstructure. A similar work was done Morsy et al. [221] who analyzed the
behavior of cementitious matrices doped with MWCNTs contents from 0 to 0.1wt.%. Their
results displayed increasing compressive strengths with the CNTs content until an optimal
amount of 0.02wt.%, followed by considerable reductions. The increases in cement mortar
strength with CNTs loaded up to 0.02wt.% were ascribed to the cross-link of CNTs with
the hydration products and, as a result, less formation of micro-cracks. At higher contents,
on the contrary, CNTs tend to form agglomerates around the cement grains, leading to
partial hydration and weak bonds between the hydrated products. Also, CNTs may not
be properly wetted by cement, causing filler pullout and the appearance and propagation
of micro-cracks. Konsta-Gdoutos and co-authors [166, 165] investigated the effect of the
MWCNT aspect ratio on the mechanical properties of CNT-reinforced cement pastes. In
agreement with other studies in the literature [294], it was concluded that the CNT aspect
ratio critically determines the optimum filler concentration or, alternatively, the difficulty
in obtaining good filler dispersions. Another noteworthy contribution was done by Abu
Al-Rub et al. [1] who reported increases in the flexural strength of MWCNT/cement
composites with respect to plain cement paste up to 269% with 0.2wt.% MWCNTs.
1.2.1.1 Functionally graded CNT-reinforced composites
Functionally graded materials (FGMs) belong to a branch of advanced materials char-
acterized by spatially varying properties, such as gradation of the filler concentration or
orientation as schematically illustrated in Fig. 1.3. This concept has promoted the devel-
opment of a wide range of applications since its origin in 1984 (see e.g. [326]). Unlike
laminated materials, FGMs exhibit smooth and continuous variations of their material
properties and, therefore, prevent delamination and debonding failures caused by stress
concentrations at the interfaces [105, 32, 156]. In the realm of CNT-reinforced composites,
the idea of developing cost-efficient FG-CNT Reinforced Composites (FG-CNTRCs) has
drawn an increasing attention in recent years. The high manufacturing cost of CNTs
remains an important obstacle to the extensive manufacturing of these composites. Hence,
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the design of FG-CNTRCs would allow us to devise doping gradations of CNTs so that
the overall stiffness is maximized with a minimum filler content. Inspired by this idea,
Shen [279] proposed the use of non-uniform distributions of CNTs within an isotropic ma-
trix. In that work, nonlinear vibration of FG-CNTRC plates in thermal environments was
Figure 1.3 Schematic illustration of laminated composite and Functionally GradedMaterial (FGM).
presented. Following this trace, researchers have employed many different methodologies
to model FG-CNTRCs, most of which are collected in a recent review by Liew et al. [191].
A noteworthy contribution was done by Zhu et al. [390] who investigated the vibrational
properties of FG-CNTRC plates by using a finite element model based, including homoge-
nized mechanical properties by the Extended Rule of Mixtures (EROM). Ke et al. [155]
conducted nonlinear free vibration analysis of FG-CNTRC Timoshenko beams and a Ritz
method solved by a direct iterative technique. Their numerical results showed that sym-
metrical distributions of CNTs across the thickness with maximum concentrations at the
bottom and the top of the beams lead to stiffer structures. Shen and Zhang [280] analyzed
the thermal buckling and postbuckling behavior of uniform and symmetric FG-CNTRC
plates under in-plane temperature variation. Their results showed that the buckling temper-
ature as well as thermal postbuckling strength of the plate can be increased by functionally
graded reinforcements. Aragh et al. [18] proposed an Eshelby-Mori-Tanaka approach and
a 2-D generalized differential quadrature method to investigate the vibrational behavior of
rectangular plates resting on elastic foundations. Yas and Heshmati used the Timoshenko
beam theory to analyze the vibration of straight uniform [367] and non-uniform [133]
FG-CNTRC beams subjected to moving loads. A state-space Levy method was proposed
by Zhang et al. [383] to analyze the vibrational properties of FG-CNTRC plates sub-
jected to in-plane loads. Wu and Li [357] used a unified formulation of Reissner’s mixed
variational theorem based finite prism methods to study the free vibration behavior of
FG-CNTRC plates. Free vibration analyses of quadrilateral laminated plates were carried
out by Malekzadeh and Zarei [202] using first shear deformation theory and discretization
of the spatial derivatives by the differential quadrature method. Lei et al. [175] presented
parametric studies of the dynamic stability of CNTRC-FG cylindrical panels under static
and periodic axial force using the mesh-free-kp-Ritz method and the Eshelby-Mori-Tanaka
homogenization framework. Zhang and Liew [375] presented detailed parametric studies
of the large deflection behaviors of quadrilateral FG-CNTRCs for different types of CNT
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distributions. Geometrically nonlinear large deformation analysis of FG-CNT skew plates
resting on Pasternak foundations was carried out by Zhang and Liew [380]. Some other
results can be found in the literature dealing with the buckling analysis of FG-CNTRC
thick plates resting on Winkler [377] and Pasternak foundations [382], free vibration
analysis of triangular plates [378], cylindrical panels [379, 173], three-dimensional free
vibration analysis of FG-CNTRC plates [278], vibration of thick FG-CNTRC plates resting
on elastic Winkler foundations [376], vibration analysis of FG-CNTRC thick plates with
elastically restrained edges [375], etc.
1.2.1.2 Waviness and agglomeration effects on CNT-reinforced composites
It has been extensively reported in the literature that due to a high aspect ratio, up to 106
[57], as well as a very low bending stiffness, CNTs usually exhibit a certain degree of
waviness [276, 330, 246], as can be observed in Fig. 1.4. All results in the literature agree
to report curviness as a detrimental factor to mechanical performance. Finite element
simulations have been proposed by Fisher et al. [93] and Bradshaw et al. [34] to analyze
planar sinusoidal CNTs. The results demonstrated that filler waviness induces substan-
Figure 1.4 TEM micrograph illustrating the dispersion of 1wt.% MWNT incorporated in
polystyrene. Source: [250].
tial decreases in the effective elastic moduli in the fiber direction. Another noteworthy
contribution was done by Shi et al. [282] who extended the Mori-Tanaka method for
three-dimensional helical CNTs. In this case, the results showed that composites doped
with aligned wavy CNTs experience critical reductions in the longitudinal modulus, whilst
the lateral modulus slightly increases. Yanase et al. [364] proposed an ad hoc Eshelby
tensor to account for planar sinusoidal CNTs. Matveeva et al. [209] studied both sinusoidal
and helical models by finite element-based homogenization methods, analytical models
and molecular dynamics simulations. It was shown that both geometries significantly
reduce the longitudinal elastic stiffness of the composite in the fiber direction.
Finally, a second important phenomenon to be taken into account in the simulation
of CNT-based nanocomposites is the appearance of non-uniform spatial distributions of
CNTs. Due to the electronic configuration of the tube walls and their high specific surface
8 Chapter 1. Introduction
area, and therefore, large van de Waals’ (vdW) attraction forces [9, 186, 352], CNTs tend
to agglomerate in bundles as illustrated in the Transmission Electron Micrograph (TEM)
in Fig. 1.5. Although there exists a variety of techniques to improve the dispersion
Figure 1.5 TEM micrograph illustrating the dispersion of 1wt.% MWNT incorporated in polycar-
bonate. Source: [242].
of the fillers, such as the use of dispersants or sonication, the achievement of uniform
CNT dispersions is still an intricate task. A noticeable contribution in this respect is the
work by Shi et al. [282] who introduced a two-parameter agglomeration model. Their
results demonstrated substantial decreases of the elastic modulus of the composites, what
highlights the widespread thought of agglomeration as defects in the microstructure.
Although only a few works report about this issue, the two-parameter agglomeration
method has been widely accepted. For example, some efforts have been made in the study
of the influence of agglomeration on the mechanical response of full-scale CNT-reinforced
structural elements (see e.g. [316, 17, 18, 150]).
1.2.2 Electrical behavior of CNT-reinforced composites
In light of the reported outstanding electrical conductivity of CNTs, several orders of
magnitude higher than most matrix materials, as well as their piezoresitive properties, the
number of research works devoted to the development of conductive and strain-sensing
CNT-reinforced composites has incredibly increased in recent years.
1.2.2.1 Mechanisms of electrical conductivity
Both theoretical and experimental results have evidenced a percolation-like behavior
[47, 52, 348], that is to say, the conductivity varies only slightly for ranges of CNT concen-
trations below and above a certain critical concentration, so-called percolation threshold, at
which abrupt increases of the overall electrical conductivity are observed. These behavior
has been found for both polymer and cement-based composites as shown in Figs. 1.6
and 1.7. The first figure, Fig. 1.6, corresponds to Fig. 1 in the study of Sobha and
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Figure 1.6 Electrical conductivity of various composites as a function of the weight of the filler.
Source: [290].
Narayanankutty [290]. That research work reports about the experimental characteriza-
tion of Polyanilini (PANI) Functionalised MWCNT (FMWCNT) based Thermoplastic
Polyurethane (TPU) films. In addition, those authors also prepared the composites with
solution casting methods using FMWCNT coated with polyaniline by in-situ and ex-situ
polymerization of anililine, corresponding to FMWCNT-PANI/TPU (I) and FMWCNT-
PANI/TPU (E), respectively. In that study, the initially insulating TPU, with an electrical
conductivity of 10 14 S/cm, raised up to 1.1E-4 S/m in the case of FMWCNT-PANI/TPU
(I) as shown in Fig. 1.6. The sharp increase in conductivity, ascribed to a percolation-
like phenomenon, occurs at 1wt.% filler concentration. A similar behavior has been
reported for cement-based materials. Fig. 1.7 shows some of the results obtained by
D’Alessandro et al. [61] for MWCNT-reinforced cement-based materials. In particular,
Fig. 1.7 shows the electrical conductivity of MWCNT reinforced cement paste versus
mass content expressed as a percentage with respect to the mass of cement. In that work,
different manufacturing techniques were compared for the optimization of electrically
conductive cement-based nanocomposites, including sonication (SO) with low dispersan-
t/mass of MWCNTs ratio 1:1 (Fig. 1.7(a)), sonication (SO) with high dispersant/mass of
MWCNTs ratio 10:1 (Fig. 1.7(b)), an mechanical mixing (ME) with high dispersant/mass
of MWCNTs ratio 10:1 (Fig. 1.7(c)). The results concluded that the overall electrical
conductivity of MWCNT-reinforced concretes, mortars and cement-pastes is governed by
a percolation-like behavior.
Most researchers agree explaining this percolation behavior by means of two different
conductive mechanisms as shown in Fig. 1.8: electron hopping at the nanoscale and
conductive networks at the microscale [345, 47, 185, 46]. From quantum mechanics,
electron hopping or quantum tunneling is characterized by the transfer of electrons intra-
tube or from one CNT to an adjacent tube. The probability of occurrence of this mechanism
is highly dependent on the distance between tubes [119, 123]. At low CNT concentrations,
electron hopping governs the electrical conductivity of the composite. With increasing
10 Chapter 1. Introduction
Figure 1.7 Electrical conductivity of MWCNT reinforced paste versus MWCNTs mass content
expressed as a percentage with respect to the mass of cement, in AC electrical character-
ization tests. Source: [61].
CNT concentration, the separation distance among CNTs decreases until adjacent fibers
touch one another resulting in a continuous electrically microscale conductive path. The
conductivity of composites with CNT concentrations above the percolation threshold is
believed to be dominated by this second mechanism.
Percolating 
path
e-
Electron hopping
Figure 1.8 Schematics of the contribution of electron hopping and conductive network mechanisms
to the overall electrical conductivity of CNT nanocomposites.
Together with the interesting aforementioned conductive properties of CNT-reinforced
composites, results in the literature evidence the existence of variations in the electrical
conductivity of these nanocomposites under the presence of external strains [179, 239, 51,
140, 212, 126], a feature that enables a huge range of applications as strain transducers
and monitoring applications. For instance, Fig. 1.9 shows the resistance change ratio
(R=R0%) versus strain of CNT-reinforced polymer composites studied by Hu et al. [140].
In that work, both numerical and experimental studies were conducted to characterize the
piezoresistivity of CNT/epoxy films. From this figure, it can be seen that the traction and
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Figure 1.9 Comparison of numerical and experimental results of resistance change ratio (R=R0%)
versus strain of CNT/epoxy films. Source: [140].
compression strains increases and decreases the resistance of the composites. Another
noticeable aspect is composites exhibit higher sensitivity values for low filler contents,
reaching the maximum values in this case for filler contents of 1wt.%. A similar behavior
has been also reported for CNT-reinforced cement-based composites. An example is the
one shown in Fig. 1.10 from the research work of Materazzi et al. [205]. In a similar way,
Materazzi and co-authors analyzed the strain-sensing behavior of cement pastes doped
with MWCNTs. The results highlighted a good correlation between measured applied
strain and internal electrical resistance, a fact that demonstrates the applicability of these
nanocomposites as self-sensing strain transducers.
Figure 1.10 Time series of axial stress, measured strain and measured electrical resistance of
MWNCT cement paste composite under a sinusoidal compressive load of frequency
0.1 Hz. Source: [205].
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In view of the physical mechanisms governing the electrical conductivity of CNT-
reinforced composites, the origin of the self-sensing property is due to the tampering
of these mechanisms induced by external mechanical strains. In particular, three major
expected changes during stretching/compressing have been suggested in the literature
[85, 139]: (i) composite volume expansion, (ii) reorientation of fillers and (iii) changes in
the percolation threshold. The first mechanism refers to the change of volume experienced
by compressible materials when subjected to strain. Given that CNTs are much stiffer
than the matrix, the volume change is mainly sustained by the matrix phase, while the
volume change of fillers can be neglected. Hence, a change in the overall volume with an
unaltered volume of fillers induces changes in the CNT volume fraction [243, 85, 113].
This change eventually causes the breakdown of existing conductive paths or the formation
of new ones due to the change of the distance between CNTs. With regard to the second
mechanism, experiments have shown that CNTs tend to re-orient in the direction of the
stretching [51, 338, 12]. Under the assumption of initial random distributions of CNTs,
strain induced orientation changes result in a growing anisotropy and, consequently, in
changes in the effective electrical properties of the composite. Finally, many researchers
agree that strain induced orientation also influences the percolation threshold. This is due
to the fact that aligned fillers presumably have less likelihood to get in contact and form
connecting networks [192, 115, 373].
1.2.2.2 Modeling of the electrical conductivity of CNT-reinforced composites
Most of the literature on CNT cement-based composites has focused on their fabrication
process and experimental characterization. Theoretical studies coping with the explanation
of the physical principles underlying the conductive mechanisms of these composites are
rather scant. Among these contributions, it is noteworthy the application of lumped-circuit
models of carbon fiber cement paste sensors based on series-parallel arrays of electrical
resistors and capacitors [184, 121, 124, 126, 63]. A larger number of publications can be
found concerning the modeling of polymeric materials doped with CNTs. Monte Carlo
(MC) simulations haven been widely employed to predict the electrical conductivity of
the nanocomposites [231, 200, 384, 198]. Nevertheless, MC simulations are computa-
tionally expensive and do not offer an explicit formulation useful for design purposes.
Thus, the development of analytical models has attained more attention. Traditionally, a
three-parameter power law fit taken from classic percolation theory has been widely used
for determining the percolation threshold [159, 116]. However, since this model requires
experimental data to be fitted, it cannot be used for design purposes nor let distinguish the
two conductive mechanisms. Alternatively, other authors have attempted to predict the
overall electrical conductivity of CNT nanocomposites by means of different microme-
chanics theories. Among them, it is worthy mentioning the work of Deng and Zheng [66]
who developed a simplified micromechanics model to evaluate the effective electrical
conductivity for CNT composites. This approach allowed to reproduce percolation, con-
ductive networks, conductivity anisotropy and waviness of CNTs with good agreements
with some experimental data from the literature. A similar approach was employed by
Takeda et al. [303] for the analytical characterization of the electrical conductivity of
CNT-based polymer composites. The predictions from the analytical model showed a
good correlation with experimental results measured by alternating current impedance
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spectroscopy. Another relevant contribution was made by Seidel and Lagoudas [275] who
proposed a Mori-Tanaka micromechanics model [220, 131] for the study of the individual
influence of electron hopping and the formation of conductive networks on the electrical
conductivity of CNT-polymer composites. In that work, the electron hopping mecha-
nism was simulated by means of a conductive interphase surrounding the tubes, whilst
conductive networks were represented by changes in the CNT aspect ratios. Despite the
promising capabilities of this new approach, great discrepancies were observed compared
to experimental data. The origin of these discrepancies was attributed by Feng and Jiang
[87] to the assumption of the electrical conductivity and thickness of the interphase as
constant, as well as the isolated effect of electron hopping and conductive networks before
and after the percolation, respectively. These authors proposed an extension of the latter
approach by considering the coupled effect of electron hopping and conductive networks
on the overall conductivity with better agreement with experimental data. The simulation
results also indicated that the sizes of CNTs have significant influence on the percolation
threshold and, consequently, on the overall conductivity of the nanocomposites.
1.2.2.3 Modeling of the piezoresistivity of CNT-reinforced composites
Only a very scant number of studies has faced the prediction of the piezoresistivity proper-
ties of CNT-based composites. The work of Lin et al. [192] is worth noting, as it presented
an application of the Monte Carlo method to investigate the stretching/compression effects
on the electrical properties of fiber-filled composites. Their results showed that the defor-
mation could shift the percolation threshold of the composites. Theodosiou and Saravanos
[311] analyzed the piezoresistive response of CNTs with an atomistic model and the over-
all behavior of CNT-polymer composites at macroscale by a numerical CNT percolation
model. That work concluded that the nanotube resistance and the tunneling effect were the
dominant mechanisms of the strain-sensitivity of CNT-reinforced composites. Yasuoka
et al. [368] simulated the strain-sensitivity of CNT-based composites by using a circuit
simulator analogue to percolation network. It was shown that the piezoresistivity exhibits
high levels of non-linearity, conclusion that well agrees with the experimental evidence.
In that work, the stretching effects on percolation threshold was simulated by an excluded
volume approach [43]. The results reaffirmed the non-linear behavior of the strain-sensing
capability, more critical for CNT concentrations near the percolation threshold. A similar
work has been recently carried out by Feng and Jiang [85]. The authors extended their
previous works [87] in order to take into account the stretching effects. Despite finding
gross differences in comparison to some experimental data of CNT/polymer composites
with low CNT concentration, the proposed framework proved capable of qualitatively
implementing the three major effects induced by stretching.
It is also noted that most theoretical works in the literature are limited to uni-axial
loadings, while approaches concerning three-dimensional strain states are very scarce. A
noteworthy contribution was done by Alamusi and Hu [5] who utilized a three-dimensional
resistor network with Simmon’s contact resistance among CNTs [287], in combination
with a fiber re-orientation model [309]. Tallman and Wang [305] extended the theoretical
approach proposed by Takeda et al. [303] for the piezoresistivity modeling of CNT com-
posites subjected to arbitrary dilations. Bi-axial stretching effects were also investigated
by Feng and Jiang [88], who presented closed-form expressions of the filler orientation
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distributions for such loading configurations. Recently, Wang et al. [336] developed a 2D
RVE to simulate the electromechanical response of silicone elastomer loaded with carbon
black. In that work, comparison analyses against experimental data demonstrated the
importance of large deformation effects on the non-linear electrical response of the com-
posites. Notwithstanding all these efforts, a generalized micromechanical scheme allowing
for the modeling of the electro-mechanical response of CNT-reinforced cement-matrix
composites under arbitrary 3D strain states is still lacking in the literature.
1.2.2.4 Modeling of waviness and agglomeration effects on piezoresistive CNT-reinforced
composites
It should be mentioned that most of the existing theoretical studies on the electrical proper-
ties of CNT-reinforced composites assume straight conductive fillers. Conversely, only a
few researchers have reported on the effects of waviness on the overall electrical properties
of CNT nanocomposites. By assuming a simple sinusoidal shape, Yi at al. [370], Berhan
and Sastry [26] and Fisher et al. [93] showed that CNT waviness induces considerable
increases of the percolation threshold and decreases of the overall conductivity. Similar
conclusions were reached by approximating wavy CNTs as elongated polygons by Li et
al. [177], or by introducing equivalent straight fibers into a simplified micromechanics
models, as reported by Deng and Zheng [66] and Takeda et al. [303]. A second impor-
tant phenomenon that occurs in CNT composites is the agglomeration of fibers. The
difficulty in obtaining good dispersion of the nanotubes is related to the circumstance
that CNTs tend to form agglomerates and bundles. This phenomenon is attributed to the
electronic configuration of tube walls and their high specific surface area which favors the
appearance of large vdW attraction forces among nanotubes [9, 186, 352]. Although it is
reported in the literature that bundles can substantially decrease the overall conductivity
of the composites since they inhibit the formation of conductive networks [147], only a
few contributions have attempted the theoretical simulation of heterogeneous filler dis-
persions. Along these lines, it is worth noting the works of Weng [350] and Yang and
co-authors [365]. The results showed that the inhibition of conductive networks induced
by filler clustering leads to important increases in the percolation threshold. With regard
to the strain-sensing capabilities, waviness and agglomeration apparently have important
influence on the piezoresistivity of CNT-based composites, although this has not been
thoroughly investigated. Thereof, implementation of non-straightness and agglomeration
of CNTs are essential phenomena to be included in a rigorous theoretical modeling.
1.2.3 Smart CNT-reinforced composites for SHM applications
1.2.3.1 Literature review on SHM applications of CNT-reinforced composites
The growing concern on the critical socio-economical impact of civil infrastructures, as
well as the aging process and the appearance of extreme natural events, have impelled
great advances in the realm of Structural Health Monitoring (SHM) in the last decades.
Nevertheless, conventional sensors such as off-the-shelf accelerometers or strain gauges
only provide quasi-point measurements and, thus, may not detect the appearance of dam-
ages if their location is not properly defined [122]. Recently, fiber-optic sensors have been
successfully used for distributed sensing applications [81, 110]. Fiber-optic sensors offer
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some advantages as they can be embedded in the structure and monitor the strain along their
length. However, these conventional solutions are hardly scalable to large-scale infrastruc-
tures without incurring high costs and complex signal processing algorithms. In addition,
the application of most conventional monitoring systems to long-term systems, capable of
detecting the appearance of damages so that reparation measures can be conducted, require
a substantial investment. The rapid growth of nanotechnologies has opened a wide range
of possibilities in sensor developments, including multifunctional materials that enable
substantial improvements in the cost-effectiveness of SHM solutions for geometrically
large systems. A specially interesting potential application of these new technologies is in
concrete infrastructures through embedded continuous monitoring systems. In particular,
there is a growing concern with the lifetime of these structures because of concrete’s
wide material discreteness and complex service environments [2, 206]. The new develop-
ment of multifunctional and smart materials, and particularly electrically conductive CNT
cement-based composites, opens up a wide range of possibilities in the realm of SHM
[118, 325, 92]. On the basis of the piezoresistive properties of CNT-reinforced compos-
ites, i.e. composites themselves behave as sensors by means of measurable variations of
their electrical properties under applied mechanical deformations [99, 171, 324], many
researchers have striven to prove the feasibility of these composites as strain sensors for
condition-based maintenance applications. This exceptional property, together with the
similarity and compatibility between these composites and structural concrete, can be used
to develop durable distributed embedded strain-sensing systems with low maintenance
cost in applications to large-scale concrete structures [184, 120, 136, 277, 121, 125, 123].
Figure 1.11 Sketch of the sensor (a) and of the measurement system (b) with dimensions in mm.
Source: [205].
It is worth noting the work of Han et al. [124] who investigated the potential application
of MWCNT/cement composites as embedded strain sensors for traffic monitoring. With
vehicular loading experiments, the authors reported good corresponding relationships
between compressive stress and the electrical resistance of the sensors. Saafi [262] de-
veloped cement-CNT sensors for crack detection in concrete structures. Interfaced to a
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low cost wireless communication system, the cement-CNT sensors were embedded into
100x100x100 mm3 concrete beams. The results proved the potential of CNT-reinforced
cement pastes as sensors for crack detection in a three-point bending test, where crack
initiation resulted in a sudden increase in the effective resistance. Howser et al. [137]
reported the fabrication of self-consolidating concrete doped with carbon nanofibers for
the development of strain-sensing shear columns. The results demonstrated the appearance
of peaks and valleys in the electrical resistance traces of the concrete matching the strain in
the columns. It is also worth noting the work of Materazzi et al. [205] who reported on the
applicability of carbon nanotube-cement based sensors for measuring dynamically varying
strain in concrete structures. Under laboratory conditions, the electrical response of pris-
matic specimens (see Fig. 1.11) made of carbon nanotube-cement composite was analyzed
under sinusoidal stress-stains in the typical frequency range of large civil structures. The
results of the experimental tests demonstrated that a sinusoidal compression load as input
produces a sinusoidal variation of the electrical resistance as output. Test with sweep
Figure 1.12 Layout of the experimental setup and plans of the investigated reinforced concrete
beam with dimensions in cm. Source: [325].
variation in the axial load frequency allowed a more in-depth study of the specimens’
dynamic response. A very close correlation was observed between the measured electrical
resistance and the axial strain. Subsequently, the works of Ubertini et al. [323, 325] further
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the study of the potential application of CNT-reinforced cement-based sensors in the
out-only modal identification for SHM of large concrete structures (see Fig. 1.12). The
studies were conducted though laboratory tests on a steel-reinforced concrete beam. The
experimental results, benchmarked against traditional accelerometers, demonstrated that
the CNT-reinforced Cement composites (CNTCs) allowed for modal identification over a
frequency range up to 500 Hz.
Naeem et al. [226] analyzed the stress and crack sensing capabilities of MWCNT/ce-
ment composites subjected to flexural loadings. Those authors furthered the study of
these nanocomposites for the flexural stress/crack sensing by embedding long prismatic
MWCNT/cement in different locations of reinforced mortar beams. Steep changes in the
resistance were reported at failure of the mortar in flexural crack sensing tests, demonstrat-
ing the applicability of MWCNT cement-based nanocomposites as embedded continuous
transducers for crack detection applications. Most of the research studies focuses on Direct
Current (DC) resistivity measurements. Some of the previous refereed research studies
[205, 323, 325] reported on the limitations of DC resistance measurement of self-sensing
multi-functional structural materials due to the time-based drift in the material’s measured
electrical output. This phenomenon is often attributed to the material polarization, changes
in the material’s dielectric constant, the piezoelectric effect or the combination of other
electrical effects. The electrical polarization of CNTCS results in signal distortions at low
frequencies that can be eliminated using high-pass filtering as shown in [325]. Neverthe-
Figure 1.13 Test specimen showing the damage of a 100x100x500 mm3 steel reinforced CNT/ce-
ment composite beam loaded in a four-point bending configuration. Source: [74].
less, this effect may prevent the application of CNT-reinforced cement-based composites to
structures with relatively low resonant frequencies. In order to avoid this issue, Alternating
Current (AC) measurements have been shown to offer alternative suitable solutions. In this
line, a noteworthy contribution is the work by Downey et al. [74] who proposed a novel
biphasic DC measurement approach for use in the resistance measurement of self-sensing
multi-functional structural materials. According to that approach, the elimination of the
drift is achieved through applying a periodic charge/discharge signal in the form of an
alternating square wave. In addition, that approach was shown to allow for simultaneous,
multi-channel acquisition of adjacent electrodes in the CNTCS, what opens a vast range
of applications in the realm of continuous distributed sensing solutions. The authors
demonstrated the applicability of the proposed approach for damage detection and lo-
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calization using two CNT-reinforced cement-based composite beams. First, controlled
damage was introduced into a 40x40x160 mm3 beam to detect and localize damage within
the multi-sectioned MWCNT beam. Thereafter, a 100x100x500 mm3 steel reinforced
cement composite beam was loaded past failure in a four-point bending configuration as
shown in Fig. 1.13. Changes in the beams internal resistance were successfully tracked
to provide damage detection and localization. CNT-reinforced polymers have been also
investigated as dynamic strain sensors. For instance, Kang et al. [154] developed 10wt.%
CNT-reinforced Poly(methyl methacrylate) (PMMA) strain sensors. Under laboratory
conditions, the authors bonded CNT/PMMA sensors with dimensions 50x4x0.08 mm to
an aluminum cantilever using a spray-on techniques. Their results demonstrated close
correlations between the electrical resistance and the monitored vibration of the beam.
Additionally, the authors simulated the appearance and propagation of damage cutting
part of the section of the sensor, and found significant changes in the electrical resistance
and capacitance of the sensors. In this line, application of CNT/polymer dynamic strain
sensors are particularly well-suited for pre-existing structures, as well as for stretchable
electronics in bioengineering, wearable fabric strain sensors [337].
1.2.3.2 Electromechanical modeling of CNT-reinforced dynamic strain transducers
Although a vast effort has been put into understanding the physical mechanisms governing
the strain sensitivity of CNT reinforced nanocomposites, none of the above mentioned
methodologies offers suitable approaches for analyzing their dynamic response, essential
for applications in the form of dynamic strain sensors. Cement-based materials primarily
behave as dielectrics. When a dielectric material is exposed to an electric field, the
molecular dipoles tend to get oriented in the direction of the field and create an induced
electric field opposite to the applied one. As a consequence of this phenomenon, termed
polarization, the electric current decreases over time under the application of a constant
potential difference [346, 40]. Polarization, together with the strain-varying electrical
properties, must be taken into account when simulating DC resistivity measurements. To
do so, equivalent lumped-circuit models are being imposed as they provide a feasible and
tractable framework to simulate electric time-varying systems. It is noticeable the work of
Kang et al. [154] who performed Electrochemical Impedance Spectroscopy (EIS) testing to
characterize the electrical properties of SWNT/PMMA sensors. On this basis, the authors
proposed a modified Randles circuit to represent the dynamic behavior of the sensors. In
a similar way to other works, strain sensing was enabled by a linear relationship between
the variation of the relative change of the internal electrical resistance and the axial strain.
This type of approaches neglects any kind of nonlinearity in the response, what limits
their application to small deformation ranges and filler contents away from the percolation
threshold. A similar study is the one of Loh et al. [195] on SWCNT-poly(sodium 4-
styrene-sulfonate)/vinyl alcohol (SWNT-PSS/PVA) thin films. An RC-circuit model was
formulated from frequency-domain EIS to fit the numerical results to the experimental
data. The contact resistance, the double layer capacitance and the bulk resistance were
defined exponentially decaying with time and a good agreement with the experiments was
obtained. Also, Materazzi et al. [205] conducted an experimental campaign to assess the
change in the electrical resistance of CNTCSs under the action of sinusoidal compression
loads. The analyses showed that the variation of the amplitude of the electrical resistance
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increases with the frequency of excitation. Following the trace of that work, D’Alessandro
Figure 1.14 Piezoresistive electromechanical model of a CNTCS. Source: [63].
et al. [63] proposed a Randles equivalent circuit based electromechanical modeling of
CNTRCs as shown in Fig. 1.14, similar to the one proposed by Han et al. [126]. The
lumped-circuit consisted of two resistors and a capacitor, accounting for the contact
resistance (cables and electrodes), internal dissipation and electric polarization. An
important conclusion was that the dynamic response of CNTRCs is not monochromatic,
but rather contains superharmonics. However, while the presence of superharmonics
was anticipated by the model, the increasing amplitude of the response with increasing
frequency was not reproduced. Sanli et al. [270] proposed an RC equivalent circuit based
on the impedance response of sensitive CNT/epoxy films. An interesting aspect of that
work is the consideration of not only internal resistance dependence on external strain, but
also strain-dependent capacitance.
1.3 Objectives and scope
In general terms, the scope of this thesis comprises the analysis of the potential applications
of carbon nanotubes as mechanical reinforcements and smart inclusions. In virtue of the
multifunctional properties of CNTs, these two applications are not independent. Along
these lines, the use of CNTs as additives not only enhances the load-bearing capacity of
structures but also confers strain sensing capabilities.
The interest of the first branch of applications primarily focuses on the development of
structural reinforcements for rehabilitation/strengthening of pre-existing structures. In this
line, the works conducted in this thesis aim at implementing mechanical micromechanics
approaches capable of estimating the load-transfer mechanisms in CNT-reinforced com-
posites, as well as predicting the macroscopic response of full-scale structural elements. It
is also intended to investigate the weakening effects in the microstructure, including the
filler waviness or agglomeration.
On the other hand, the second line of applications focuses on the piezoresistivity prop-
erties of CNT-reinforced composites for the development of embeddable sensors. The
second goal of this thesis, therefore, concerns the development of micromechanics ap-
proaches for the evaluation of the electrical properties of CNT-reinforced composites.
Specifically, the analysis comprises the evaluation of the physical mechanisms underlying
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the electrical transport, electrical conductivity, and piezoresistivity properties under the
action of uniaxial and general three-dimensional strain states.
On the basis of these two pursued applications, two different matrix materials are
considered, namely polymer and cement-based composites. Polymers offer a great range
of possibilities for developing reinforcing coatings, including a large variety of geometries
that can be easily incorporated into pre-existing infrastructures. On the other hand, CNT-
reinforced cement-based composites exhibit similar characteristics to structural concrete.
This fact suggests the possibility of developing embedded sensing systems with substantial
improvements in the cost-effectiveness of the monitoring of large-scale concrete structures
and without compromising the durability. Although the theoretical framework of the works
conducted for both applications is similar, the presented results focus on these two matrix
materials according to the aforementioned criterion.
Finally, the ultimate goal of this thesis is to use the previously developed approaches for
the evaluation of the potential application of CNT-reinforced composites in the realm of
SHM. Especially interesting is the application of CNT-reinforced sensors to output-only
Operational Modal Analysis (OMA). A premise in this goal is that the incorporation of
certain CNT-reinforced structural members represents a mechanical reinforcement and, at
the same time, the same members also behave as sensors. This would enable us to infer the
dynamic properties of the whole structure in operational conditions without necessitating
external off-the-shelf sensors. In this line, this thesis comprises a preliminary experience
in the application of ambient-vibration OMA techniques with conventional accelerometers.
Afterward, it is intended to extend the previously developed approaches in the time-domain
and ascertain the dynamic properties of CNT-reinforced composites.
Overall, the main goals of this thesis can be listed as follows:
1. Analysis of the potential of CNTs as mechanical reinforcements for high-strength
composites.
• Development of advanced micromechanics models of the mechanical response
of CNT-reinforced composites, including critical microstructural features such
as complex filler arrangement, waviness, and agglomeration.
• Investigation of the design optimization possibilities of FG-CNTRCs structures.
• Analysis of the uncertainty propagation of the main design variables on the
macroscopic response of FG-CNTRCs.
2. Analysis of the potential of CNTs as reinforcements for smart composites.
• Development of advancedmicromechanics models of the electrical conductivity
of CNTCs, incorporating separately the contributions of the different physical
mechanisms that govern the electric transport properties.
• Study of the piezoresistivity properties of CNTCs under uniaxial strain load-
ings. Specifically, it is intended to incorporate within the previously developed
approaches the strain-induced disturbances on the physical mechanisms under-
lying the overall conductivity.
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• Extension of the previously developed micromechanics approaches to account
for general three-dimensional strain states. This aims at evaluating the poten-
tials of CNTCs as static strain transducers within a theoretical multi-physics
framework.
3. Analysis of potential applications of CNT-reinforced materials in the realm of SHM.
• Development of equivalent lumped circuits apt for estimating the response of
CNTCs in the time domain. In light of the literature review, the modeling must
reproduce the major features reported by experimentation: (i) the electrical
response of sensors contains superharmonics when subjected to sinusoidal
loadings; and (ii) the frequency response function increases with the frequency
of excitation.
• Comprehensive evaluation of potential applications of CNT-based sensors for
static and dynamic monitoring of full-scale civil infrastructures.
1.4 Thesis structure
In view of the aforementioned objectives, the remainder of this thesis has been structured
in three chapters as follows:
Chapter 2 presents the main contributions of this thesis in the realm of carbon nanotubes
as mechanical reinforcements. Section 2.1 provides a literature review on the microme-
chanics modeling of CNTRCs, FG-CNTRCs, and the uncertainty propagation analysis
of CNTRCs. Section 2.2 overviews the main mechanical homogenization approaches for
CNTRCs, including complex filler arrangements, waviness and agglomeration effects.
Section 2.3 presents the theoretical fundamentals for FG-CNTRCs. Section 2.4 introduces
the theoretical background of the uncertainty propagation analysis of FG-CNTRCs, and
surrogate modeling. Section 2.5 presents the numerical results and discussion. Here,
Subsection 2.5.1 presents the numerical results of the mean-field homogenization of
FG-CNTRCs, Subsections 2.5.2 and 2.5.3 show the analysis results of the macroscopic
response of FG-CNTRC full-scale structural elements, 2.5.4 presents a case study of
uncertainty propagation analysis of the vibrational properties of FG-CNTRC plates, and
2.5.5 shows a comparison analysis of the stiffening effects of composite plates doped
with CNTs and graphene. Finally, Section 2.6 concludes this chapter. The results and
conclusions of this chapter cover the first objective of this thesis.
Chapter 3 shows the works conducted in this thesis on the modeling of the electri-
cal conductivity and piezoresistivity properties of CNTCSs. First, a literature review is
presented in Section 3.1. Afterward, Section 3.3 overviews the mixed micromechanics
approach developed for the prediction of the electrical conductivity of CNTCSs. Sec-
tions 3.3 and 3.4 present the theoretical formulation of the micromechanics modeling of
the piezoresistivity properties of CNTCSs under uniaxial and three-dimensional strain
loadings, respectively. Section 3.5 presents the numerical results and comparison analyses
with experimental data and, finally, Section 3.6 concludes this chapter. The achievements
reported in this chapter complete the second objective of this thesis.
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Chapter 4 furnishes the studies conducted in this thesis on the potential use of CNT-
reinforced composites for SHM applications in civil engineering structures. Section 4.1
presents a literature review on the application of smart materials in the realm of SHM of
civil infrastructures, as well as the electromechanical modeling of the dynamic response of
CNTCSs. Section 4.2 introduces the principles of ambient-vibration SHM, including an
application case of the OMA campaign conducted in the Montoro footbridge in Córdoba,
Spain. Section 4.3 presents a novel equivalent-lumped circuit for the electromechanical
modeling of CNTCSs. The validation and numerical results are presented in Section 4.4
and, finally, Section 4.5 concludes this chapter. The third and last goal of this thesis is
fulfilled by the studies conducted in this chapter.
Finally, Chapter 5 summarizes the main contributions and conclusions of this thesis,
as well as possible future developments.
For the sake of clarity, the structure of this thesis is illustrated in Fig. 1.15. As previously
indicated, the study of high-strength and smart materials has been framed in the realm
of polymeric and cementitious composites. Nevertheless, the developed micromechanics
approaches are general enough to be extended to other types of composites.
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Figure 1.15 Mind map of the thesis structure.

2 CNTs as additives for
high-strength composites
This second chapter of the thesis focuses on the works conducted in the realm ofcarbon nanotubes as additives for the development of high-performance composites,
including the results published in the articles A, B, C, H, I and J.
2.1 Introduction
The exceptional mechanical, thermal and electrical properties of carbon nanotubes have
spurred a considerable amount of research in recent years. In particular, the elastic
moduli of CNTs have been shown to be greater than 1 TPa [361] and their ultimate
tensile strengths around 150 GPa [65], largely exceeding those of any previously existing
material. In addition, an increasing number of publications report about the outstanding
enhancements of the mechanical properties of polymeric matrices doped with small
concentrations of CNTs [57, 297], making them one of the most promising additives for
the development of high-performance and lightweight composites. For instance, Qian
et al. [250] dispersed MWCNTs throughout polystyrene with a concentration of 1wt.%,
reaching increases with respect to the neat polymer in elastic modulus and break stress of
36-42% and 25%, respectively. Andrews et al. [15] developed SWCNTs loaded isotropic
petroleum pitch matrices and found that the tensile strength and elastic modulus with
5wt.% content of purified SWCNTs increased by about 90 and 150%, respectively. In
this context, theoretical models capable of predicting the overall mechanical properties
of CNT-reinforced composites are of pivotal importance for assisting their design. Since
nanotechnology and, in particular, the synthesis of carbon nanotubes, is still in a process
of development, the manufacturing cost of CNT-reinforced structural elements is very
limiting. Hence, theoretical models must account for realistic filler configurations so that
CNT-reinforced composites can be optimized.
In light of the potential applications of CNTs as mechanical reinforcements, the first
goal of this thesis focuses on the development of advanced micromechanics models of the
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mechanical response of CNT-reinforced composites. Hence, the fist efforts have been put
into considering manufacturing-induced complex orientation distribution of fillers, as well
as filler waviness and agglomeration effects. Moreover, another interesting application
to maximize the cost-efficiency of CNT-reinforced composites is the development of
Functionally Graded Materials (FGMs). FGMs shows promise for developing tailor-
made structural elements that meet superior load-bearing requirements. These advanced
materials are defined by spatially continuous varying properties, such as gradation of
doping concentration or orientation across the thickness [326]. Unlike laminated materials,
FGMs exhibit smooth and continuous variations of their material properties and, therefore,
prevent delamination and debonding failures caused by stress concentrations at interfaces
[105, 32, 156]. Finally, efforts have been also put into the stochastic design of FG-CNTRCs
and the uncertainty propagation analysis of the main design variables.
In this context, the conducted studies have been categorized into three different sections:
analytical mechanical homogenization approaches (Section 2.2), FG-CNTRCs (Section
2.3), and uncertainty analysis of FG-CNTRCs (Section 2.4). The review of the state
of art follows hereafter according to the previously mentioned categories, Section 2.5
summarizes some of the most relevant results achieved in the course of this part of the
thesis and, finally, Section 2.6 concludes this chapter.
Throughout this chapter, a boldface letter stands for a fourth-order tensor, A  Ai jkl, and
a colon between two tensors denotes inner product, A : B  Ai jklBklmn.
2.1.1 Analytical mechanical homogenization of CNT-reinforced composites
Along with the encouraging results from experimentation, much effort has been devoted
to the development of theoretical models capable of providing reliable estimates of the
overall elastic moduli of CNT-reinforced composites, essential for design and optimization
purposes. Since Molecular Dynamics (MD) and multi-scale finite element simulations
[114, 392, 127, 285, 6] are limited to systems with a small number of atoms due to
their high costs of computation, homogenization approaches based on the mean-field
homogenization theory have drawn an increasing attention. In particular, a large number
of recent publications in the realm of CNT nanocomposites have been conducted by the
Extended Rule of Mixtures (EROM) [174, 381, 101, 157] and the Mori-Tanaka (MT)
[18, 380, 150, 104] method. The EROM is based upon a modification of the classical
Voigt and Reuss bounds by the so-called efficiency parameters in order to fit the results
from an MD or multi-scale simulation [279]. Although many authors have been attracted
by the simplicity of this approach, it is highly dependent on a more complex simulation
and only singular filler arrangements can be modeled. The MT model, on the contrary,
enables the simulation of more complex configurations such as misoriented distribution
of fillers, curviness and agglomeration effects [282]. However, numerous research works
report about some inconsistencies and limitations of this methodology, such as diagonal
asymmetry of the estimated constitutive tensors and violation of the Hashin-Shtrikman-
Walpole bounds for some filler configurations.
A large majority of the research studies using the MT approach assumes that CNTs
are fully aligned or randomly oriented in the matrix. However, in real CNT/polymer
nanocomposites, fillers orientations are governed by complicated flow fields induced in the
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manufacturing process. Unless special measures are undertaken, the CNTs are randomly
distributed in the matrix. There exists a number of works in the literature on techniques of
aligning CNTs, including slicing [3], chemical vapor decomposition [50], melt processing
[214], mechanical stretching [33], electrophoresis [362], application of magnetic fields
[4, 106, 158] and electrospinning [75, 160, 267]. However, a drawback of most of these
alignment processes stems from the loss of alignment when combining the nanotubes with
the polymer matrix [160, 39]. Hence, CNTs are generally oriented somewhere between
the two extremes, random and fully aligned. Therefore, orientation distributions of CNTs
throughout polymer matrices must be studied in statistical terms.
Although the MT method provides an apparently favorable theoretical framework for
the consideration of general CNT orientation distributions, a few research works in the
literature report that the MT method may provide diagonally asymmetric stiffness tensors,
as well as may violate the Hashin-Shtrikman-Walpole bounds [232, 252, 89, 24]. Qiu and
Weng [252] showed that, only in the case of fully aligned inclusions, the effective stiffness
tensor provided by the MT approach preserves the symmetry and stays within the Hashin-
Shtrikman-Walpole (HSW) bounds. Hashin and Shtrikman introduced variational prin-
ciples for heterogeneous materials with statistically isotropic microstructures [129, 130].
The Hashin-Shtrikman (HS) variational principles consist of an alternative representation
of the minimum potential/complementary energy principles in terms of piecewise con-
stant polarization fields relative to a reference material. This framework allows rigorous
bounds to be obtained by choosing suitable reference materials. The HS bounds, although
originally restricted to isotropic phases, were generalized by Walpole [333, 334, 335] to
anisotropic phases. The HSW bounds are the tightest bounds that can be stated irrespective
of the geometry of the microstructure and, therefore, are always valid if the composite
phases are firmly bonded together and homogeneously distributed. Nevertheless, Qiu and
Weng [252] showed that the MT method provides elastic moduli outside the HSW bounds
for randomly oriented rod-like transversely isotropic inclusions, as typically assumed
for CNTs. Therefore, the MT approach cannot be considered acceptable in these cases.
Gommers et al. [112] even revealed that for two-phase composite materials some of the MT
moduli can exceed the Voigt bound, less restrictive than the upper HSW bound. Another
source of criticism of the MT method concerns its estimates at high filler concentrations.
As discussed by Ferrari and Johnson [91], the MT estimates depend upon the matrix
moduli at limit filler contents close to one, that is to say only inclusions, what discourages
the use of the MT method for high volume fractions. Finally, it has been demonstrated
that the MT model does not guarantee the diagonal symmetry of the estimated stiffness
tensors for non-aligned phases [24, 232, 252, 89]. From an energy argument, a constitu-
tive tensor must possess diagonal symmetry. Otherwise, the effective media would not
possess strain energy function and, thus, would not correspond to a conservative material.
Therefore, the use of the MT is only justified in the cases in which symmetry is ensured
such as [89]: (i) random orientation distribution of inclusions, (ii) perfect alignment of
inclusions, (iii) isotropic inclusions, and (iv) spherical inclusions. Amongst these cases,
only (ii) and (iii) are sufficient for the MT stiffness not to exhibit dependence on the matrix
material properties at the unitary filler concentration limit. Thence, the use of the MT
method is counter-productive for two-phase composites doped with high concentrations of
anisotropic fibers, even if these are spherical or randomly oriented.
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In light of the aforementioned deficiencies, some authors have sought alternative ap-
proaches. One of the first solutions was presented by Walpole [335] who suggested a
normalization of the strain concentration tensors to overcome the asymmetry inconsistency
of the MT method. That approach was successfully adopted by Imakuma and Nemat-
Nasser [146] and Nemat-Nasser and Obata [227] in their self-consistent modeling of finite
deformations of polycristalline solids. In the literature, some other research works can be
found on the homogenization of composites with anisotropic inclusions exhibiting non-
trivial orientation distributions [245, 302, 204, 272, 273], as well as non-dilute volume
fractions of the reinforcement phase [318, 319, 320, 219, 41]. It is worth noting the contri-
bution by Ferrari [90], and posteriorly adopted by Dunn et al. [76], who proposed using the
strain-concentration tensor to be given by the MT concentration tensor for perfectly aligned
short fibers. In those works, Ferrari’s approach was proved to provide diagonally symmet-
ric stiffness tensors for general filler orientation distributions, and identically results to
the MT method for fully aligned configurations. Ferrari’s approach was also utilized by
Gommers et al. [112] for textile composite materials with similar conclusions. Another
relevant work was the one by Schjødt-Thomsen and Pyrz (STP) [274] who proposed a
novel micromechanics approach based upon the direct integration of the MT stiffness
tensor for perfectly aligned inclusions. Hence, the orientation distribution is accounted
for by averaging the constitutive tensor weighted by an orientation distribution function.
Since it is well known that the MT stiffness tensor of composites doped with anisotropic
fully aligned inclusions is symmetric [252], the STP approach always provides diagonally
symmetric estimates. Odegard et al. [236] presented an interesting multiscale technique
to compute the effective elastic properties of CNT-reinforced polymer composites. In that
work, different orientation distributions of fibers were analyzed by the MT approach based
on Marzari and Ferrari’s results [204]. Zhupanska [393] studied the applicability of the
MTmethod to estimate the elastic moduli of buckypaper doped with non-trivial orientation
distributions of SWCNTs. In a similar way to the analysis in Qiu and Weng [252], the
degree of asymmetry of the MT stiffness estimates with different misoriented SWCNTs
distributions was analyzed. In the case of randomly dispersed SWCNTs, their results also
showed that the MT method only provides estimates comprised between the HSW bounds
for moderate filler contents, yielding inadmissible results for high filler concentrations.
It has been extensively reported in the literature that due to a high aspect ratio, up to
106 [57], as well as a very low bending stiffness, CNTs usually exhibit a certain degree of
waviness [276, 330, 246]. Also, all results in the literature agree to report curviness as a
detrimental factor to the macroscopic mechanical performance of CNT-based composites.
Finite element simulations have been proposed by Fisher et al. [93] and Bradshaw et al. [34]
to analyze planar sinusoidal CNTs as proposed by Hsiao and Daniel [138]. In those works,
two different methodologies, so-called Effective Reinforcing Modulus (ERM) and Numer-
ical Strain Concentration Tensor (NSCT), were presented. The ERM approach consists of
replacing the wavy CNTs by equivalent straight fibers with a reduced Young’s modulus
extracted from the finite element simulations. On the contrary, in the NSCT method,
the dilute strain concentration tensor is evaluated numerically. Bradshaw and co-authors
compared both methodologies and also proposed an Analytical Long Wavelength (ALW)
model based on the Eshelby’s equivalent inclusion method. Their results demonstrated that
planar sinusoidal CNTs lead to orthotropic composites with substantial decreases in the
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effective elastic moduli in the fiber direction. The authors also showed that the numerical
solutions tend to the analytical ALW results for increasing fiber wavelength-to-diameter
ratios. In the case of random distributions of wavy fibers, the effective Young’s modulus
was shown to be decreasing with respect to wavelength-to-diameter ratio. Conversely,
since the ALW model is based on the assumption of wavy fibers as a continuous sequence
of misoriented straight fibers, the analytical results were shown insensitive to curviness for
filler random distributions. Another noteworthy contribution was done by Shi et al. [282]
who extended the MT method for three-dimensional helical CNTs. In this case, the results
showed that composites doped with aligned wavy CNTs experience critical reductions in
the longitudinal modulus, whilst the lateral modulus slightly increases. Yanase et al. [364]
proposed an ad hoc Eshelby tensor to account for planar sinusoidal CNTs. In their model,
the integration of localized changes in orientation was combined with the MT model to
derive closed-form solutions of the effective stiffness. Matveeva et al. [209] studied both
sinusoidal and helical models by finite element-based homogenization methods, analytical
models and MD simulations. It was shown that both geometries significantly reduce the
longitudinal elastic stiffness of the composite in the fiber direction.
Finally, a second important phenomenon to be taken into account in the simulation of
CNT-based nanocomposites is the appearance of non-uniform spatial distributions of CNTs.
Due to the electronic configuration of the tube walls and their high specific surface area, and
therefore, large vdW attraction forces [9, 186, 352], CNTs tend to agglomerate in bundles.
Although there exists a variety of techniques to improve the dispersion of the fillers, such as
the use of dispersants or sonication, the achievement of uniform CNT dispersions is still an
intricate task. A noticeable contribution in this respect is the work by Shi et al. [282] who
introduced a two-parameter agglomeration model. That approach consists of considering
the agglomerates as ellipsoidal inclusions so that one can conduct the homogenization
process in two separate steps. First, the effective properties of the surrounding matrix and
the bundles, i.e. matrix doped with low and high CNT volume fractions, respectively, are
computed. Secondly, the bundles are now considered as ellipsoidal inclusions embedded in
the surrounding composite matrix. To this aim, two agglomeration parameters are defined,
one controlling the ratio of CNT volume within the bundles with respect to the total CNT
volume, and another setting the volume ratio of bundles with respect to the total volume of
the composite. Their results demonstrated substantial weakening effects of agglomeration
in the macroscopic elastic moduli of CNT-reinforced composites.
2.1.2 Functionally graded CNT-reinforced structures
Drawn by the exceptional properties of CNTs as mechanical reinforcements, the number of
publications dealing with the static and dynamic analysis of CNTRC structural elements
have increased considerably in recent years. Wuite and Adali [358] studied the bending
behavior of classical symmetric cross-ply and angle-ply laminated beams reinforced by
aligned CNTs and isotropic beams reinforced by randomly oriented CNTs. By using a
micromechanical constitutive model based on the Mori-Tanaka method, they highlighted
that small concentrations of CNTs lead to significant improvements in the stiffness of the
composite beams. Vodenitcharova and Zhang [331] developed a continuum model for
the uniform bending and bending-induced buckling of a straight nanocomposite beam
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with circular cross section reinforced by a SWNT. Their results showed that although
the addition of SWNTs to a matrix material increases the macroscopic load carrying
capacity, SWCNTs locally buckle at smaller bending angles and greater flattening ratios for
thicker matrix layers. Formica et al. [95] studied the vibrational properties of cantilevered
CNTRC plates with the Mori-Tanaka approach and finite element modeling. Their results
demonstrated the ability of CNTs to tune the vibrational properties of composites and
increase the fundamental frequencies up to 500%. These exceptional properties have
motivated many researchers to attempt to optimize the contribution of CNTs. Arani
et al. [19] investigated analytically and numerically the buckling behavior of CNTRC
rectangular plates. Based on the classical laminate plate theory and the third-order shear
deformation theory for moderately thick plates, those authors optimized the orientation of
CNTs to achieve the highest critical loads. Another example is the research work conducted
by Rokni et al. [260]. By dividing a beam along its longitudinal and thickness direction
with the inclusion proportion as the design variable, and given a total weight CNTs,
those authors proposed a new two-dimensional optimum distribution of reinforcements in
polymer composite micro-beams to maximize the fundamental natural frequency.
A promising direction is the application of CNTs as reinforcements in functionally
graded materials (FGMs). These materials are inhomogeneous composites characterized
by smooth and continuous variations in both compositional profile and material properties,
feature that eludes characteristic issues of laminates such as delamination and debonding
[105, 32, 156]. In addition, FGMs allow designers to optimize the contribution of each
phase of the composite, which has led to an extensive number of applications in many
engineering fields. It is worth noting the research work by Zhu et al. [390] who conducted
bending and free vibration analysis of FG-CNTRC plates by using a finite element model
based on the first-order shear deformation plate theory. Ke et al. [155] presented nonlinear
free vibration analysis of FG-CNTRC beams within the framework of Timoshenko beam
theory and Ritz method solved by a direct iterative technique. A remarkable conclusion
of that work is that symmetrical distributions of CNTs provide the highest linear and
nonlinear natural frequencies. Zhang et al. [391] proposed ameshless local Petrov-Galerkin
approach based on the moving Kriging interpolation technique to analyze the geometrically
nonlinear thermoelastic behavior of functionally graded plates in thermal environments.
Aragh et al. [18] utilized the Eshelby-Mori-Tanaka approach along with a 2-D generalized
differential quadrature method to investigate the vibrational behavior of rectangular plates
resting on elastic foundations. Alibeigloo and Liew [7] studied the bending behavior of
FG-CNTRC plates with simply supported edges subjected to thermo-mechanical loading
conditions by the 3D elasticity theory and using the Fourier series expansion and state-space
method. That work was extended by Alibeigloo and Emtehani [8] for various boundary
conditions by using the differential quadrature method. Zhang et al. [383] proposed a
state-space Levy method for the vibration analysis of FG-CNTRC plates subjected to in-
plane loads based on higher-order shear deformation theory. In accordance with previous
studies, those authors concluded that symmetrical distributions of CNTs, with maximum
filler concentrations at the top and bottom faces of the plates, yield the largest resonant
frequencies and buckling loads.
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2.1.3 Uncertainty analysis of CNT-reinforced composites
There is still a lack of deeper knowledge of the uncertainty associated with the incorpo-
ration of CNTs into functionally graded composite materials. Moreover, the uncertainty
propagation in nanocomposite structures remains an unsolved issue. Rouhi and Rohani
[261] analyzed the probabilistic response characteristics of a thin-walled nanocomposite
cylinder subjected to buckling instability. They employed micromechanical approaches
based on the Eshelby-Mori-Tanaka method for the mathematical modeling of randomly
distributed carbon nanofibers (CNFs) in a thermoset polymer material. By using a dual
metamodeling procedure, uncertainty in CNF material properties, CNF waviness and
CNF-matrix interphase were taken into consideration to carry out a reliability-based de-
sign optimization in terms of a prescribed maximum probability of failure. Ghasemi
et al. [108] proposed a Kriging metamodel-based probabilistic optimization procedure.
By linking the different scales (nano-, micro-, meso- and macro- scales) by multi-scale
analysis, the Eshelby-Mori-Tanaka model and finite element method, they considered three
different uncertainty sources: material uncertainties (length, waviness, agglomeration,
orientation and dispersion of CNTs), structural uncertainties (geometry, boundary and
loading conditions) and modeling uncertainties (discretization and approximation errors).
Their results showed that the failure probability strongly depends on the CNT parameters,
especially the CNT volume fraction and the waviness. In addition, they also concluded
that the influence of the CNT agglomeration is nearly negligible.
Most researchers restrict the aim of their studies to the analysis of composite materials
with uniform or linear grading profiles. However, because of its manufacturing complexity,
FG-CNTRC structures may be expected to present process-induced uncertainties that
make these linear distributions rather improbable. Thus, two main sources of uncertainty
must be considered: uncertainty in the material properties (matrix/CNT) and uncertainty
in the reinforcement grading profile which, in turn, propagates the prior uncertainties
within the thickness of the specimen. In order to increase the computational efficiency, the
expensive-to-evaluate finite element models can be surrogated by more computationally
efficient metamodels. In particular, a special attention has been devoted to the Kriging and
the Random Sampling High-Dimensional Model Representation (RS-HDMR) surrogate
models. The RS-HDMR approach has been employed in many different fields [183, 55,
224]. For instance, the uncertainty of the dynamic characteristics of angle-ply composite
plates was studied by Dey et al. [70], as well as the effects of noise on stochastic frequency
response functions [68], and thermal uncertainty propagation in laminated composite plates
[67]. Dey et al. [69] also employed the Kriging metamodel to analyze the uncertainty
propagation in the free vibration characteristics of laminated shallow doubly curved shells.
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In the realm of CNT nanocomposites, the Extended Rule of Mixtures (EROM) and the
Mori-Tanaka (MT) method are widely used for the determination of the macroscopic
mechanical properties. The theoretical framework of both approaches are outlined below.
1 An extended version of this section is found in paper J.
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2.2.1 Extended Rule of Mixtures (EROM)
The EROM is based upon a modification of the classical Voigt and Reuss bounds. Under
the assumption of fully aligned CNTs, the effective material properties of CNTRCs can be
expressed as [279]:
E11 = 1 frE
CNT
11 + fmE
m (2.1a)
2
E22
=
fr
ECNT22
+
fm
Em
(2.1b)
3
G12
=
fr
GCNT12
+
fm
Gm
(2.1c)
where ECNT11 , E
CNT
22 and G
CNT
12 indicate the Young’s moduli and shear modulus of CNTs,
respectively, and Em and Gm represent the corresponding properties of the isotropic
matrix. In order to account for the scale-dependent material properties, the CNT efficiency
parameters,  j ( j=1,2,3), are introduced and can be calculated by matching the effective
properties of the CNTRC obtained from aMD or multi-scale simulation with those from the
rule of mixtures. fr and fm are respectively the volume fractions of the carbon nanotubes
and matrix, whose sum equals one. Similarly, the thermal expansion coefficients in the
longitudinal and transverse directions, 11 and 22, Poisson’s ratio 12 and the density 
of the nanocomposites can be determined in a similar same way as:
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CNT
12 + fm
m (2.2a)
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where CNT12 and 
m are Poisson’s ratios, and CNT11 , 
CNT
22 and 
m are the thermal expansion
coefficients of the CNT and matrix, respectively. In addition, we assume that G23 =G13 =
G12: The rest of the other effective mechanical properties are defined as follows:
E33 = E22; G13 =G12; 23 =
E22
2G23
 1;
13 = 12; 31 = 21; 32 = 23;
21 = 12
E22
E11
(2.3)
2.2.2 Fundamentals of effective medium theory
Let V denote the Representative Volume Element (RVE) in Fig. 2.1 of a linear elastic
polymer matrix doped with dispersed CNTs. It is assumed that the RVE contains a
sufficient number of fillers in such a way that the overall properties of the composite
are statistically represented [228]. It is assumed that the CNTs are transversely isotropic
ellipsoidal inclusions dispersed according to an arbitrary orientation distribution. The
2.2 Analytical mechanical homogenization techniques 33
matrix is defined isotropic and perfect bonding between phases is assumed. In accordance
with the notation of Hill [134] and Walpole [335], the tensor of elastic moduli of the CNTs,
C f , can be denoted as C f = (2kr;lr;nr;2mr;2pr), where kr, lr, mr, nr and pr are fiber Hill’s
elastic moduli [134]; kr is the plane-strain bulk modulus normal to the fiber direction, nr is
the uniaxial tension modulus in the fiber direction, lr is the associated cross modulus, mr
and pr are the shear moduli in planes normal and parallel to the fiber direction, respectively.
Similarly, the tensor of elastic moduli of the matrix phase can be noted as Cm = (3m;2m),
with m and m being the matrix’s bulk and shear moduli, respectively. In conjunction
with the used notations, the constitutive matrix for inclusions with transversely isotropic
properties (local x002 is the axis of material symmetry) takes the form:
x1
x2
x3
x3
,
x2
,
x1
,
,
,
,
Figure 2.1 Representative Volume Element (RVE) including well dispersed straight CNTs.
C f =

kr +mr lr kr  mr 0 0 0
lr nr lr 0 0 0
kr  mr lr kr +mr 0 0 0
0 0 0 pr 0 0
0 0 0 0 mr 0
0 0 0 0 0 pr

(2.4)
The material properties of the composite can be also expressed in terms of engineering
constants as [317]:
E11 = nr  
l2
kr
; E22 =
4mr(kr   l2r )
k  l2 +mrnr
; (2.5)
12 = 13 =
lr
2kr
; 23 =
nr(kr  mr)  l2r
nr(kr +mr)  l2r
; (2.6)
G12 =G13 = pr (2.7)
In order to describe the filler orientation, a reference local coordinate system K00 {
0; x001 x
00
2 x
00
3
}
is associated with each fiber. In this thesis, it is assumed that all the inclusions
in the two-phase composite are equal and defined as ellipsoids with an aspect ratio a1 =
a3 < a2, being the major axis aligned in the local x002 direction as indicated in Fig. 2.2. In
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general, three Euler angles, ,  and  , are required to describe the relative orientation of
any orthogonal coordinate system with respect to the global one, K {0; x1x2x3}. Hence,
the transformation consists of three successive rotations. According to the aforementioned
filler configuration,  stands for a rotation angle around the x2 axis and transforms the
global coordinate system K into an auxiliary coordinate system K0,  denotes the rotation
angle around the resultant x01 and, finally,  is the rotation angle around x
00
2 . Since x
00
2
axis is parallel to the axis of rotational symmetry of the ellipsoids, rotation around this
axis produces no change. Therefore,  can be chosen arbitrarily, e.g.  =0. The resultant
configuration is shown in Fig. 2.2, where the polar and azimuthal angles,  and , are
defined by:
  x̂1x01;   x̂03x003 (2.8)
The base vectors ei and e00i of the global and local coordinate systems are thus related
via the transformation matrix g:
e00i = gi je j (2.9)
where g is defined by the successive rotation around x2 and x1 axes, R1 and R2, leading to:
g = [R1()] [R2()] =
 cos() 0 sin() sin() sin() cos() cos() sin() cos() sin()  sin() cos()cos()
 (2.10)
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Figure 2.2 Euler angles defining the relation between the orientation of an ellipsoidal inclusion
with an aspect ratio a1 = a3 < a2 in the local coordinate system,
{
0; x001 x
00
2 x
00
3
}
and the
global coordinate system,
{
0; x1x2x3
}
.
Hence, the coordinate transformation of a fourth-rank tensor P into the local coordinate
system K00 is explicitly represented in terms of the transformation matrix as:
P00i jlk = gipg jqgkrglsPpqrs (2.11)
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Due to the high number of fillers contained in the RVE, the description of their orientation
field is of statistical nature. The probability of a fiber lying in an infinitesimal range of
angles  and +d, and  and +d is given by 
(;) sin()dd, with 
(;) being the
so-called Orientation Distribution Function (ODF). Any ODF must satisfy the following
normalization condition: ∫ 2
0
∫ =2
0

(;) sin()dd = 1 (2.12)
The integration of any ODF weighted function F(;) over all possible orientations in
the Euler space, also referred to as the orientational average of F, hFi, is defined through:
hFi =
∫ 2
0
∫ =2
0
F(;)
(;) sin()dd (2.13)
Throughout this work, the superscripts “ f ” and “m” refer the corresponding quantity to
the inclusion and matrix occupied portions of V. With this convention, the relationships
between the total average strain and stress tensors in the RVE, " and , respectively, are
defined by the rule of mixtures as follows:
" = fr
〈
" f
〉
+ (1  fr)"m (2.14)
 = fr
〈

f
〉
+ (1  fr)m (2.15)
Here, "m and m are the average strain and stress in the matrix, and " f and  f are the
corresponding orientation-dependent average fields in a typical inclusion. fr denotes the
volume fraction occupied by the inclusions and, therefore, the volume fraction of the
matrix is fm = 1  fr. In addition, the interaction between the average inclusion strain with
the corresponding average matrix strain is governed by the strain concentration tensor A
as:
" f = A : "m (2.16)
Let us note that tensor A is not necessarily diagonally symmetric, Ai jkl , Akli j, although
minor symmetry is always guaranteed, that is Ai jkl = A jikl = Ai jlk. Equations (2.14), (2.15),
and (2.16), as well as the linear elastic constitutive laws for both phases, namely CNTs and
matrix as  f = C f : " f and m = Cm : "m, respectively, suffice to identify the equivalent
material effective stiffness C defined through  = C : ", and whose resulting expression
reads:
C = Cm + fr
〈(
C f  Cm
)
: A
〉
(2.17)
Different assumptions on the tensor A correspond to different effective medium theories.
2.2.3 Mean-field micromechanics modeling
On the basis of the previously outlined framework, it is clear that the estimate of the
effective stiffness tensor depends upon the definition of the concentration tensorA. Various
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micromechanics models have been proposed in the literature, amongst which the Mori-
Tanaka and the self-consistent effective-medium approaches are the most commonly used.
In addition, in the light of the previously mentioned limitations of the Mori-Tanaka method,
some alternative approaches have been proposed in the literature. In particular, it is worth
noting the approaches proposed by Ferrari [90] and Schjødt-Thomsen and Pyrz [274]. The
basic assumptions and fundamentals of these approaches are reviewed below.
2.2.3.1 Mori-Tanaka approach
The Mori-Tanaka (MT) method [220] is one of the most commonly used homogenization
approaches due to its simplicity. The MT method allows extending the theory of Eshelby
[82, 83], restricted to one single inclusion embedded in a semi-infinite elastic, homogeneous
and isotropic medium, to the case of a finite domain doped with multiple inhomogeneities.
The Eshelby-Mori-Tanaka method, also known as the equivalent inclusion-average stress
method, is based on the equivalent elastic inclusion idea of Eshelby and the concept of
average stress in the matrix stated by Mori-Tanaka. The Eshelby’s equivalent inclusion
method [82] showed that the strain concentration tensor for the limit case of a single
anisotropic ellipsoidal inhomogeneity in an infinite matrix, Adil, is defined as:
Adil =
[
I+S : C 1m :
(
C f  Cm
)] 1
(2.18)
where I (Ii jkl) is the fourth rank identity tensor, and S is the Eshelby’s tensor, well docu-
mented in Mura [225]. Also, further details can be found in Appendix C. Let us remark
that, in the case of ellipsoidal inclusions embedded in an isotropic medium, the Eshelby’s
tensor depends upon the aspect ratio of the inclusions and the Poisson’s ratio of the matrix.
Then, at non-dilute volumetric fiber concentrations, the effective elastic tensor given by
the Eshelby-Mori-Tanaka method writes according to Benveniste’s revision [23]:
CMT = Cm + fr
〈(
C f  Cm
)
: AMT
〉
(2.19)
with the strain concentration tensor AMT :
AMT = Adil :
[
(1  fr)I+ fr
〈
Adil
〉] 1
(2.20)
Hence, Eq. (2.19) can be rearranged in a more compact form as:
CMT =
(
fmCm + fr
〈
Cr : Adil
〉)
:
(
frI+ fr
〈
Adil
〉) 1
(2.21)
In the case of perfectly aligned fillers, the orientational averages are omitted and the
stiffness tensor can be cast into:
CMT =
(
fmCm + frCr : Adil
)
:
(
frI+ frAdil
) 1
(2.22)
The MT approach has been successfully applied to two-phase composite materials.
However, the application of the MT method to multi-phase composites containing rein-
forcements with either different geometries or alignments has been showed questionable.
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2.2.3.2 Self-consistent effective-medium approach
In the case of high volume fractions of inhomogeneities, the non-interaction hypothesis of
theMori-Tanaka method becomes uncertain. Typically, an alternative strategy for obtaining
mean field estimates for the elastic behavior of non-dilute inhomogeneous materials is
the Self-Consistent (SC) method. The SC method approximates the interaction between
the phases by assuming that inclusions are embedded in an infinite volume of an effective
medium with yet unknown elastic tensor C. Hence, the effective stiffness tensor provided
by the so-called classical self-consistent scheme writes [134]:
CSC = C+ fr
〈(
C f  C
)
: ASC
〉
(2.23)
where ASC reads:
ASC =
[
I+S : (C) 1 : (Cr  C)] 1 (2.24)
Now Eshelby’s tensor S  is a function of the effective stiffness tensor C instead of Cm.
Since the effective stiffness tensor C is not known a priori, the self-consistent method is
an implicit method and must be solved by an iterative algorithm. An additional change is
that Eshelby’s tensor S  depends on C, which is now transversely isotropic. Expressions
for Eshelby’s tensor for an ellipsoid of revolution in a transversely isotropic matrix were
given by Chou et al. [54] and by Lin and Mura [193], and are included in the Appendix D.
2.2.3.3 Extended Mori-Tanaka approaches
As previously discussed, a few research works in the literature report that the MT method
may provide diagonally asymmetric stiffness tensors, as well as may violate the Hashin-
Shtrikman-Walpole bounds [24, 232, 252, 89]. From Eqs. (2.17) and (2.20), note that the
effective stiffness tensor CMT is diagonally symmetric, i.e. CMTi jkl = CMTkli j , if and only if
the term
〈(
C f  Cm
)
: AMT
〉
is symmetric for non-vanishing values of fr. Nonetheless,
several works in the literature conclude that this condition is not met for general two-phase
composites [89, 187, 274], what results in unacceptable stiffness tensors from an energy
argument. The main reason for this asymmetry is attributed to the strain concentration
tensors which are generally diagonally non-symmetric [77]. Therefore, the use of the MT
is only justified in cases in which symmetry is guaranteed such as [89]:
1. Random orientation distribution of inclusions.
2. Perfect alignment of the inclusions.
3. Isotropic inclusions.
4. Spherical inclusions.
It may be noted that neither disk-like (a3 = 0) nor cylindrical (a3 = 1) inclusions,
being the latter typically used for describing CNTs, suffice to ensure symmetry in general.
A second weakness of the MT method concerns questionable predictions at high filler
concentrations. In particular, as discussed by Ferrari and Johnson [91], the resulting CMT
in Eq. (2.19) depends on the matrix moduli for fr approaching one. Of the symmetry-
ensuring conditions listed above, only (2) and (3) are sufficient for theMori-Tanaka stiffness
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not to exhibit dependence on the matrix material properties at the limit filler concentration
fr = 1. This fact discourages the use of the MT method for two-phase composites with high
concentration of anisotropic fillers, even if these are spherical or randomly oriented. Qui
and Weng [252] proved that, only in the case of perfect alignment, the effective stiffness
tensor obtained using the MT approach preserves the symmetry and stays within the
Hashin-Shtrikman-Walpole (HSW) bounds.
In view of the aforementioned issues, some authors have sought alternative approaches.
These include the approaches proposed by Ferrari [90], and later developed by Dunn et
al. [76] for two-phase composites, as well as the STP approach [274].
• Dunn (DUN) approach
Following the studies of Ferrari [90], Dunn et al. [76] proposed using the strain-
concentration tensor to be given by the MT concentration tensor for perfectly aligned
fibers as follows:
ADUN = Adil :
[
(1  fr)I+ frAdil
] 1
(2.25)
thus, the stiffness tensor for two-phase composites with inclusions of identical shape
reads:
CDUN = Cm + fr
[〈
C f : ADUN
〉
  (1  fr)
〈
ADUN
〉]
(2.26)
• Schjødt-Thomsen and Pyrz (STP) approach
Another prominent alternative is the one proposed by Schjødt-Thomsen and Pyrz
(STP) [274]. That approach utilizes a direct integration of the MT stiffness tensor
for the case of perfectly aligned fibers in Eq. (2.22) with respect to the ODF as:
CSTP =
∫ 2
0
∫ =2
0
C(;)
(;) sin()dd (2.27)
with C(;)i jkl = gipg jqgkrglsC(0;0)MTpqrs.
2.2.4 Modeling of CNT waviness
A large number of experimental investigations have reported about the wavy state of CNTs
dispersed in composites [276, 330, 246]. Due to their large aspect ratio, with typical
lengths between 0.1 and 10 m and diameters ranging from 10 to 15 nm, as well as very
low bending stiffness, CNTs usually present a certain degree of waviness. In order to
characterize the waviness of CNTs, different curved geometries have been proposed in the
literature such as planar sinusoidal curves [138, 93, 322, 369, 364], helixes [282, 103, 102]
or polylines with straight segments [21, 73]. In the present work, both planar sinusoidal
and helical approaches, as sketched in Figs. 2.3 (a) and (b), respectively, are compared.
Both microstructures are assumed to be periodic and, therefore, it is sufficient to consider
one single period to compute their macroscopic stiffness. Three different approaches are
considered, namely the MT method by Shi et al. [282], the extension of the STP approach
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for wavy CNTs, and the ad hoc Eshelby’s tensor approach by Yanase et al. [364]. The
theoretical background of these approaches is outlined below.
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Figure 2.3 Planar sinusoidal (a) and helical model (b) of a curved CNT.
2.2.4.1 Planar sinusoidal geometry
The planar sinusoidal approach in Fig. 2.3 (a) is defined in the x01  x02 plane by its amplitude,
A, and wave length, , as:
x03 = 0; x
0
2 = x
0
2; x
0
1 = Acos
2x02

x02 2 [0;] (2.28)
Eshelby-Mori-Tanaka approach The application of the MT framework to the study of
wavy CNT-reinforced composites was first conducted by Shi et al. [282] for the analysis of
helical nanotubes. The main hypothesis of this approach is that, when the filler wavelength
becomes far larger than its amplitude, the average strain in the filler section approaches that
of an infinitely long straight fiber. Hence, the average strain at every differential slice, dx02,
can be estimated as that of an infinitely long straight fiber oriented at an angle (x02). On
this basis, the approach proposed by Shi et al. [282] can be extended to planar sinusoidal
CNTs as follows:
CMT =
[
fr
Vc
∫ 
0
(
Cr(y) : A((y);0) : C 1m
)
dVc + fmI
]
:
:
[
fr
Vc
∫ 
0
(
A((y);0) : C 1m
)
dVc + fmC 1m
] 1 (2.29)
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with Vc being the volume of a CNT. The angle (x02) can be obtained by differentiating
Eq. (2.28), what yields:
(x02) = tan
 1
[dx01
dx02
]
= tan 1
[
 2A

sin
(
2x02

)]
(2.30)
The volume occupied by the infinitesimal slice, dVc, of a CNT with diameter dc is given
by:
dVc =
d2c
4
dx02
cos(x02)
(2.31)
and therefore
Vc =
d2c
4
∫ 
0
dx02
cos(x02)
=
d2c
4
Iv (2.32)
Then, Eq. (2.29) can be rearranged as follows:
CMT =
[
fr
Iv
∫ 
0
(
Cr(x02) : A((x02);0) : C 1m
) dx02
cos(x02)
+ fmI
]
:
:
[
fr
Iv
∫ 
0
(
A((x02);0) : C 1m
) dx02
cos(x02)
+ fmC 1m
] 1 (2.33)
Schjødt-Thomsen and Pyrz (STP) approach The direct integration of the STP ap-
proach can be also applied in this context integrating the stiffness tensor along the curved
trace as:
CSTP = 1
Iv
∫ 
0
C((x02);0)
cos(x02)
dx02 (2.34)
being C((x02);0) the MT estimate for straight fibers with polar angle (x02).
Ad hoc Eshelby’s tensor approach An ad hoc Eshelby’s tensor to account for wavi-
ness effects was proposed by Yanase (YNS) et al. [364]. According to this model, the
effective stiffness of wavy CNT-reinforced composites is evaluated by the following inte-
gral:
C = 1
Iv
∫ 
0
C((x02);0)
cos(x02)
dx02 (2.35)
with C being the solution of the Eshelby’s equivalent problem as:
C = Cm + fr
(
C f  Cm
)
: Adil (2.36)
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In order to reproduce Eq. (2.35) with the Eshelby’s equivalent inclusion method, an ad
hoc Eshelby’s tensor, S, can be evaluated as follows:
S = lim
fr!0
[
fr
((Cm) 1 : C  I) 1  (C f  Cm) 1 : Cm] (2.37)
where the limit is taken to exclude the far-field interaction. Moreover, if the wavy fibers
are randomly oriented, the ad hoc Eshelby’s tensor of Eq. (2.37) can be integrated around
the alignment axis, x02:
S = 1
2
∫ 2
0
S(0;)d (2.38)
Now, the effective stiffness of wavy CNT-reinforced composites at non-dilute regimes
can be computed by the MT method as:
CYNS = ( fmCm + fr 〈Cr : A〉) : ( frI+ fr 〈A〉) 1 (2.39)
where
A =
[
I+S : C 1m :
(
C f  Cm
)] 1
(2.40)
2.2.4.2 Helical geometry
The helical curve is parametrized by its radius, A, spiral angle, w, and polar angle, , as:
x01 = Asin; x
0
2 = x
0
2; x
0
3 = Acos x
0
2 2 [0;] (2.41)
where the wave length can be expressed as  = Lsinw, being L = A=cosw the length
of the curve. The spiral angle w ranges from 0 to =2 and governs the curvature of the
filler. For instance, w = =2 corresponds to a straight CNT, while w = 0 corresponds to a
circular CNT.
Eshelby-Mori-Tanaka approach In this case, the helical approach was developed by
Shi et al. [282] as:
CMT =
[
fr

∫ 
0
(
Cr(w;s) : A(w;s) : C 1m
)
ds+ fmI
]
:
:
[
fr

∫ 
0
(
A(w;s) : C 1m
)
ds+ fmC 1m
] 1 (2.42)
Schjødt-Thomsen and Pyrz (STP) approach In a similar way to planar sinusoidal
configurations, the STP approach can be also applied to helical nanotubes as follows:
CSTP = 1

∫ 
0
C(w;)d (2.43)
42 Chapter 2. CNTs as additives for high-strength composites
being in this case C(w;s) the MT estimate for straight fillers with constant polar angle w
and azimuthal angle  varying from 0 to .
Ah hoc Eshelby’s tensor approach Finally, the YNS approach can be extended to
helical geometries as:
CYNS = 1

∫ 
0
C(w;)d (2.44)
with C being the Eshelby’s equivalent inclusion solution given in Eq. (2.36). In this case,
helical wavy nanotubes affect both transverse directions and, thus, the integral in Eq. (2.38)
is not required to model random orientations of CNTs. Hence, Eq. (2.39) can be directly
used with the strain concentration tensor A:
A =
[
I+S : C 1m :
(
C f  Cm
)] 1
(2.45)
2.2.5 Modeling of CNT agglomeration
A second important phenomenon to be taken into consideration for the simulation of
CNT nano-reinforced composites is the appearance of non-uniform spatial distributions
of nanoinclusions. The difficulty in obtaining good fiber dispersions is related to the
circumstance that CNTs tend to agglomerate in bundles. This effect is attributed to
the electronic configuration of tube walls and their high specific surface area which
increases the vdW attraction forces among nanotubes [9, 186, 352]. In order to model the
effective mechanical properties of non-uniform distributions of CNTs, the two-parameter
agglomeration model introduced by Shi et al. [282] is here adopted. This approach
differentiates two regions, one with high CNT concentration, corresponding to clusters,
and another with low CNT concentration, i.e. the surrounding composite. Therefore, the
total volume of CNTs, Vr, dispersed in the RVE, V , can be divided into the following two
parts:
c1= fr
ζ
ξ
c2= fr
1-ζ
1-ξ
c3    ξ
Cout Cin
Cout
Cin
C*=
Figure 2.4 Schematic representation of the two parameter agglomeration model.
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Vr = V
bundles
r +V
m
r (2.46)
where Vbundlesr and Vmr denote the volumes of CNTs dispersed in the bundles and in the
matrix, respectively. In order to characterize the agglomeration of CNTs in bundles, Shi et
al. [282] introduced two parameters,  and , as follows:
 =
Vbundles
V
;  =
Vbundlesr
Vr
(2.47)
where Vbundles is the volume occupied by the bundles in the RVE. The agglomeration
parameter  represents the volume ratio of bundles with respect to the total volume of the
RVE. On the other hand,  stands for the volume ratio of CNTs within the bundles with
respect to the total volume of fillers. This pair of parameters unequivocally determine the
agglomeration scheme as outlined in Fig. 2.4. After some straightforward manipulations,
the CNT volume fractions in the bundles and the surrounding composite, c1 and c2,
respectively, can be expressed as:
c1 = fr


; c2 = fr
1  
1   (2.48)
being fr the total volume fraction in the composite. It can be extracted from Eq. (2.48) that
   must be met in order to impose a higher filler concentration in the clusters. The limit
case  =  represents an uniform distribution of the fillers, whilst the heterogeneity degree
grows for larger values of  with limit case of  =min
(
1;= fr
)
. Hence, the homogenization
process can be carried out in two steps. Firstly, the overall constitutive tensor of the
inclusions,Cin, and the surrounding composite,Cout, are obtained considering the polymer
as the matrix phase and the nanotubes as inclusion phase with concentrations c1 and c2,
respectively. Secondly, the effective constitutive tensor of the composite, C, is computed
considering the surrounding composite as matrix material and bundles as inclusions. On
this basis, whichever of the previously presented micromechanical models can be extended
to account for agglomeration.
In this thesis, two different configurations have been studied, namely randomly oriented
CNTs, and a novel configuration of fully aligned CNTs as schematically represented in
Fig. 2.5 (a) and (b), respectively. The case of an isotropic matrix doped with randomly
distributed rod-like inclusions with spherical bundles was studied by Shi et al. [282]. In
that work, closed-form expressions of the elastic moduli of the effective composite were
presented, as collected in Appendix E. In the case of fully aligned fillers with agglomeration
effect, both the bundles and the surrounding matrix are transversely isotropic and, therefore,
the Eshelby’s tensor of the clusters must be accordingly defined. In a similar way to the self-
consistent approach, the Eshelby’s tensor for the case of transversely isotropic inclusions
embedded in a transversely isotropic matrix is defined in Appendix D.
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(a) (b)
Figure 2.5 Schematic representation of agglomeration configurations: (a) randomly oriented and
(b) uniaxially aligned CNTs.
2.3 Functionally graded CNT-reinforced composites
Typically, FGMs are defined for shell-like structures, and four different distributions of
the filler content are commonly used, namely UD, FG-V, FG-O and FG-X. UD-CNTRC
represents the uniform distribution whilst FG-V, FG-O and FG-X CNTRC are linear
distributions of carbon nanotubes along the thickness direction. According to these
distributions (Fig. 2.6), the CNT volume fractions, fCNT (z), is defined as a function of z,
which runs along the thickness of the structure [ t=2;t=2], are given by:
fCNT = f

CNT (UD CNTRC)
fCNT =
4jzj
t f

CNT (FG-X CNTRC)
fCNT = (1+
2z
t ) f

CNT (FG-V CNTRC)
fCNT = 2(1  2jzjt ) f CNT (FG-O CNTRC)
(2.49)
with f CNT the volume fraction of CNTs that can be calculated from the mass fraction of
nanotubes, wCNT , as:
f CNT =
wCNT
wCNT + (CNT =m)  (CNT =m)wCNT
(2.50)
where m and CNT are the densities of the matrix and CNTs, respectively. Hence, the cases
of uniformly distributed (UD), i.e. fCNT = f CNT , and functionally graded (FG) CNTRCs
have the same value of mass fraction of CNTs.
2.4 Uncertainty analysis 2
FG-CNTRC structures are difficult to manufacture according to its exact design specifi-
cations due to their inherent complexity and undesirable process-induced uncertainties.
Since the mechanical properties of the constituent materials may vary statistically, along
with process-induced uncertainties, the mass and stiffness properties of FG-CNTRCs
2 An extended version of this section is found in paper B.
2.4 Uncertainty analysis 45
UD
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FG-V
FG-0
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f C
N
T
0
fCNT
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2·fCNT*    UD
   FG-V
   FG-O
   FG-X
Figure 2.6 Variation of nanotube volume fraction ( fCNT ) along the radial direction for types of
FG-V, FG-O, FG-X and UD.
are stochastic in nature. Thus, two main sources of uncertainty must be considered: (i)
uncertainty in the material properties, (ii) uncertainty associated with the leap from nano
to macroscale through an homogenization framework, and (iii) uncertainty in the rein-
forcement grading profile which, in turn, propagates the prior uncertainties within the
thickness of the specimen.
To this aim, the reinforcement grading profile can be considered as a general distribution
shape function f (z). For a given volume fraction of inclusions f CNT , the distribution of
CNTs as a function of the z coordinate across the thickness of the specimen can be derived
as:
fCNT (z) = f

CNT 
f (z)  t∫ t=2
 t=2 f (z)dz
(2.51)
Different expressions for this distribution shape function can be assumed. Some of the
most employed distributions in the literature are power-law functions (P-FGM), exponential
functions (E-FGM) and sigmoid functions (S-FGM) [132]. In the following analyses,
P-FGM functions are selected. For instance, in the case of FG-V and FG-X distributions,
the CNT volume fraction defined by P-FGM, P-FGV and P-FGX respectively, adopts the
following expressions:
f (z) = ( t 2z2t )
k (P-FGV)
f (z) =

(
2
t z
)k
0  z  t2(
  2t z
)k   t2  z  0 (P-FGX)
(2.52)
where the variation around the linear case (k = 1) is controlled by the power-law index k.
Fig. 2.7 shows the different profiles obtained by P-FGV and P-FGX for different values of
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the power law index.
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Figure 2.7 Variation of the CNT volume fraction through the thickness defined by the power-law
distribution function for different power law indices k, based on FG-V and FG-X linear
distributions, namely P-FGV and P-FGX ( f CNT = 0:11).
In addition, in order to increase the computational efficiency, the expensive-to-evaluate
finite element models can be surrogated by more computationally efficient metamodels.
In this thesis, two different surrogate modelings have been utilized, namely Kriging and
RS-HDMR. In these two cases, the actual finite element model is replaced by a response
surface model, making the process computationally efficient and cost efficient. Random
samples are drawn uniformly over the entire domain ensuring good prediction capability
of the constructed metamodels in the whole design space including the tail regions. The
theoretical basis of these two metamodels is reviewed below.
2.4.1 Surrogate modeling
In this section, two metamodels are introduced, including the Kriging and Random Sam-
pling High Dimensional Model Representation (RS-HDMR) models. In general, a surro-
gate model is an approximation of the Input/Output of a main model. The main purpose
of a surrogate model is to fit the outcome obtained by a large model, costly in terms of
computation, in a more compact and cost-effective way. Let us define a set of m obser-
vations, so called design sites X = [x1; : : : ;xm]T with xi 2 Rn, and a set of corresponding
outputs Y = [y1; : : : ;ym]T with yi 2 Rq.
2.4.1.1 Kriging metamodel
The Kriging model, originated in geostatistics [207], is a commonly used method of
interpolation (prediction) for spatial data. This model expresses the unknown function of
interest y(x) for a n dimensional input x  D  Rn, as the sum of a regression model yr(x)
and a stochastic function F (x) as follows [266]:
y(x) = yr(x)+F (x) (2.53)
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the function F (x) is the realization of a stochastic process with mean zero, variance 2
and non-zero covariance, yr(x) is a known regression function dependent on p regression
parameters  =
[
1; : : : ;p
]
and defined functions f j : Rn! R [196]:
yr(;x) = f (x)
T (2.54)
It can be understood that yr(x) globally approximates the design space, meanwhile F (x)
creates the localized deviations so that the Kriging model interpolates the m-sampled data
points. The covariance matrix of F (x) is:
Cov
[
F (xi)F (x j)
]
= 2R
[
R(;xi;x j)
]
(2.55)
between any two of the m-sampled data points xi and x j. R is a mm symmetric matrix
with ones along the diagonal. Ri j = R(;xi;x j) is the correlation model with parameters
 =
[
1; : : : ;l´
]
. The user can specify a wide variety of correlation functions [162, 216, 265]
dependent on  parameters. For example, in the case of a Gaussian correlation function:
R(xi;x j) = exp
  l´∑
k=1
k
∣∣∣∣xik   x jk∣∣∣∣2
 (2.56)
The relation between the predicted estimates, yˆ(x) of the response y(x) at an untried
point x is defined by the Kriging predictor as follows:
yˆ(x) = f (x)T + r(x)T (Y  F ) (2.57)
where Y is a column vector of length m that contains the sample values of the frequency
responses and F is the m p observability matrix Fi j = f j(xi). r(x) is a vector with the
correlations between the design sites and x:
rT (x) =
[
R(;x1;x); : : : ;R(;xm;x)
]T (2.58)
The regression problem F   Y has the generalized least squares solution:
 = (FT R 1F) 1 FT R 1 Y (2.59)
and the variance estimate:
2 =
1
m
(
Y  F )T R 1  (Y  F ) (2.60)
The matrix R and therefore  and 2, depend on . The optimal choice of  is defined
as the maximum likelihood estimator (e.g. best guesses), i.e. the maximizer of:
max
>0
: (k) =
1
2
(m  ln2 + ln jRj) (2.61)
where jRj is the determinant of R. This optimization process results in a k-dimensional
unconstrained non-linear optimization problem. Note that for a given set of design data the
matrices  and the parameters k are fixed. For every new x we just have to compute the
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vectors f (x) 2 Rp and x 2 Rm and add two simple products. After obtaining the Kriging
surrogate model, it is possible to compute an approximation error to evaluate the accuracy
of the predicted results. The mean squared error (MSE) of the predictor is defined by:
MSE = E
[
(yˆ(x)  y(x))2
]
(2.62)
2.4.1.2 Random Sampling High Dimensional Model Representation HDMR
The RS-HDMR method is a set of tools explored by Rabitz et al. [253] in order to express
the input-output mapping of a high dimensional model with a large number of input
variables and a reduced number of samples [181, 395]. The relationship between the input
X = [x1; : : : ;xm]
T and output variables X = [ f (x1); : : : ; f (xm)]T is expressed as [293, 292]:
f (X) = f0 +
n∑
i=1
fi(xi)+
∑
1i< jn
fi j(xi;x j)+ : : :+ f12:::n(x1;x2; : : : ;xm) (2.63)
here the term f0 is a constant (zeroth order) that stands for the mean contribution of all the
inputs to the outputs. The function fi(xi) is a first order term giving the effect of variable
xi acting independently upon the output f (X). The function fi j(xi;x j) is a second order
term describing the cooperative effects of the xi and x j upon the output f (X). The higher
order terms reflect the cooperative effects of increasing numbers of input variables acting
together to influence the output f (X). The last term, f(12:::m)(x1;x2; : : : ;xm), reflects any
residual mth order correlated contribution of all input variables. In most cases, terms up
to second order are enough to provide accurate results [182]. The component functions
are determined through and averaging process. Firstly, all the input variables are rescaled
in the range [0;1]. Hence, the output response function is defined in the domain of a unit
hypercube Km =
{
(x1;x2; : : : ;xm);i = 1; : : : ;m
}
. The component functions of the RS-HDMR
have the following form:
f0 =
∫
Km
f (x)dx (2.64a)
fi(xi) =
∫
Km 1
f (x)dxi  f0 (2.64b)
fi j(xi;x j) =
∫
Km 2
f (x)dxi j  fi(xi)  f0 (2.64c)
where dxi stands for the product dx1dx2 : : :dxn without dxi, whereas dxi j denotes the
same product without dxi and dx j. The last term f12:::n(x1;x2; : : : ;xn) is evaluated from the
difference between f (x) and all the other component functions. The zeroth order term f0
is calculated by the average value of all f (X). The determination of the higher component
functions requires the evaluation of high-dimensional integrals that can be approximately
calculated by direct Monte-Carlo integration. However this integration demands high
computational cost. Approximations by analytical basis functions, such as orthonormal
polynomials, provide accurate results with considerably less sampling effort. Thus the
first and second order component functions are expressed as:
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fi(xi) 
k∑
r=1
ir'r(xi) (2.65a)
fi j(xi;x j) 
l∑
p=1
l´∑
q=1

i j
pq'p(xi)'q(x j) (2.65b)
where k, l and l´ represent the order of the polynomial expansion, ir and 
i j
pq are constant
coefficients to be determined, and 'r
(
xi
)
, 'p
(
xi
)
and 'q
(
x j
)
are the orthonormal basis
functions. An orthonormal basis function 'k(x) has the following properties in a domain
[a;b]:
Zero mean:
∫ b
a
'k(x)dx = 0; k = 1;2; : : : (2.66a)
Unit norm:
∫ b
a
'2k(x)dx = 1; k = 1;2; : : : (2.66b)
Mutually orthogonal:
∫ b
a
'k(x)'l(x)dx = 0; k , l : : : (2.66c)
From the above condition, the orthonormal polynomials are constructed in the domain
[0;1] as:
'1(x) =
p
3(2x 1)
'2(x) = 6
p
5
(
x2  x+ 16
)
'3(x) = 20
p
7
(
x3  32 x2 + 35 x  120
)
:::
(2.67)
The expansion coefficients ir and 
i j
pq can be determined by a minimization process
and Monte Carlo integration which leads to:
ir 
1
N
N∑
s=1
f
(
x(s)
)
'r
(
x(s)i
)
(2.68a)

i j
pq  1N
N∑
s=1
f
(
x(s)
)
'p
(
x(s)i
)
'q
(
x(s)j
)
(2.68b)
Note that only a set of random samples N is necessary to determine all the RS-HDMR
component functions. The MC integration for calculating the expansion coefficients 
and  controls the accuracy of RS-HDMR. Variance reduction methods can be employed
to improve the accuracy of the Monte Carlo integration without increasing the sample
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size N. Two methods, the correlation method [181] and ratio control variate method
[180] have been successfully applied in connection with the RS-HDMR. In both cases the
determination of the expansion coefficients is an iterative process and requires an analytical
reference function which has to be similar to f (x). A truncated RS-HDMR expansion can
be used as a reference function by calculating its expansion coefficients with a direct Monte
Carlo integration. Since the HDMR component functions are independent, the order of the
polynomial approximation can be chosen separately for each component function in order
to improve the accuracy of the final surrogate model. Thereupon, Ziehn and Tomlin [394]
developed an optimization method based on the least square method, which determines
the best polynomial order for each of the component functions. Furthermore, a threshold
criterion proposed by Ziehn and Tomlin [396] allows to exclude unimportant component
functions from the RS-HDMR expansion. The final equation of RS-HDMR up to second
order component functions are expressed as:
f (X) = f0 +
n∑
i=1
k∑
r=1
ir'r(xi)+
∑
1i< jn
l∑
p=1
l´∑
q=1

i j
pq'p(xi)'q(x j) (2.69)
In order to quantify the contribution of each uncertainty source in the response, a
global sensitivity analysis based on RS-HDMR is employed in this study. The orthogonal
relationship between the component functions of the RS-HDMR expression implies that
the component functions are independent and their action contributes independently to the
overall output response. This fact suggests that each individual component function has
a direct statistical correlation with the output. Hence, the sensitivity of each component
function can be determined by calculating the total and partial variances. The total variance
(D) is computed using MC integration for a set of N samples (X(s) =
(
x(s)1 ;x
(s)
2 ; : : : ;x
(s)
n
)
,
s = 1;2; : : : ;N and is defined by:
D =
∫
Kn
f 2(X)dX  f 2o 
1
N
N∑
s=1
f 2
(
X(s)
)
  f 2o (2.70)
The partial variances (Di and Di j) obtained by using the properties of orthonormal
polynomials are expressed as follows:
Di =
∫ 1
0
f 2i (xi)dxi 
∫ 1
0
 k∑
r=1
ir'r(xi)

2
dxi =
k∑
r=1
(
ir
)2
(2.71a)
Di j =
∫ 1
0
∫ 1
0
f 2i j(xi;x j)dxidx j 
∫ 1
0
∫ 1
0
 l∑
p=1
l´∑
q=1

i j
pq'p(xi)'q(x j)
 = l∑
p=1
l´∑
q=1
(
pq
)2
(2.71b)
Finally, the sensitivity indices (S i1;:::;is ) are given by:
S i1;:::;is =
Di1;:::;is
D
;1  i1  i2 : : :  in  n (2.72)
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so that,
∑n
i=1 S i +
∑n
1i< jn S i j + : : :+S 1;2;:::n = 1.
The quality of the proposed approximations is appraised by checking the coefficient
of determination (R2). To ensure accuracy, the value of R2 must be close to one and is
expressed as:
R2 =
S S R
S S T
= 1  S S E
S S T
(0  R2  1) (2.73)
where S S T = S S E +S S R is the total sum of squares, and S S R and S S E are the regression
sum of squares and the residual sum of squares, respectively. The quality of the surrogate
models can also be determined by the Relative Error (RE), computed as:
RE(%) =
∣∣∣F  F0∣∣∣
F
100 (2.74)
where F is the actual response and F0 is the approximated response using the surrogate
models.
2.5 Results and discussion
In this section, a comprehensive comparison of the previously indicated homogenization
approaches of the macroscopic properties of CNT-reinforced composites is presented.
Afterward, the mechanical behavior of different CNT-reinforced structures is investigated,
including FG-CNT reinforced rectangular flat panels, skew shells and cylindrical curved
panels.
2.5.1 Overall mechanical properties of CNT-reinforced composites
2.5.1.1 Introduction
In this set of analyses, numerical results are conducted in order to highlight the correctness
of the previously introduced approaches for different CNT arrangements. In particular, the
discussion focuses on the diagonal symmetry consistency and comparison with reference
boundaries, such as the Voigt/Reuss (VR) and Hashin-Shtriman-Walpole (HSW) bounds.
Case studies of uniform filler dispersions, effects of non-straightness, as well as effects of
agglomeration are presented. For illustrative purposes, the polymer matrix is selected as a
thermosetting polymer Epon 862/EPI cure W with elastic properties Em=2.55 GPa and
m=0.2. As reinforcing phase, different SWCNTs are studied with Hill’s elastic moduli
included in the research work of Tornabene et al. [316] and collected in Table 2.1.
2.5.1.2 Numerical results
Polymer doped with well dispersed straight CNTs First, uniform dispersions of
uniaxially aligned straight CNTs are studied. Traditionally, bounds on the elastic properties
of composites are useful for assessing the validity of homogenization approaches as well
as for assisting the design of engineered composite materials. In this set of tests, the VR
bounds, as well as the HSW bounds have been considered. Voigt [332] and Reuss [258]
adopted iso-strain and iso-stress hypotheses to estimate the effective composite stiffness
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Table 2.1 Hill’s elastic moduli for several Single-Walled Carbon Nanotubes (SWCNTs) [281, 316].
CNT kr [GPa] lr [GPa] mr [GPa] nr [GPa] pr [GPa]
SWCNT (5,5) 536 184 132 2143 791
SWCNT (10,10) 271 88 17 1089 442
SWCNT (15,15) 181 58 5 726 301
SWCNT (20,20) 136 43 2 545 227
SWCNT (50,50) 55 17 0.1 218 92
tensor, respectively. In other words, the stiffness of Voigt composites, CV , is defined by
the weighted volume average of the stiffness matrices of the constituent phases, whilst the
compliance of Reuss composites,MR = C 1R , is obtained by the weighted volume average
of the compliance matrices of the constituent phases, that is, in the case of a two-phase
composite:
CV = fmCm + frCr (2.75)
MR = fmMm + frMr (2.76)
Tighter bounds were developed byHashin and Shtrikman (HS) by introducing variational
principles for heterogeneous materials with statistically isotropic microstructures [129,
130]. The HS variational principles consist of an alternative representation of the minimum
potential/complementary energy principles in terms of piecewise constant polarization
fields relative to a reference material. This framework allows rigorous bounds to be
obtained by choosing suitable reference materials. Considering reference materials with
infinite or zero stiffness, Voigt and Reuss bounds are obtained, respectively, as particular
cases of the HS bounds. Although originally restricted to isotropic phases, the HS bounds
were generalized byWalpole [333, 334, 335] to anisotropic phases. In the case of uniaxially
aligned circular fibers, Weng [349] showed that the MT model coincides with the lower
HSW bound if the matrix is the softest phase and vice versa.
Figure 2.8 shows the effective elastic moduli of polymer composites reinforced by
aligned straight (10,10) SWCNTs. The longitudinal, Ek, and transverse elastic moduli, E?,
are shown versus the volume fraction fr of CNTs, and whose expressions can be related to
Hill’s elastic moduli as:
Ek = n 
l2
k
; E? =
4m
(
kn  l2
)
kn  l2 +mn (2.77)
The previously outlined homogenization approaches are compared, namely the MT
method, dilute Eshelby’s solution, self-consistent approach, as well as the Voigt/Reuss
and HSM bounds. Let us remark that, in the case of fully aligned inclusions, all the
analyzed approaches are well known to provide diagonally symmetric predictions. For
this reason, the analysis of the diagonal symmetry is obviated in this test. It is noted that
CNTs are highly anisotropic, with longitudinal Young’s modulus two orders of magnitude
higher than the transverse one. It is observed in Fig. 2.8 that, because of the anisotropy of
CNTs, Ek increases much more rapidly with the volume fraction fr than E?. Very little
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Figure 2.8 Effective Young’s modulus in the longitudinal direction Ek (a) and in the transverse
direction E? (b) versus filler volume fraction fr of Epon 862/EPI cure W reinforced by
aligned, infinitely long straight (10,10) SWCNTs.
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Figure 2.9 Effective Young’s modulus in the longitudinal direction Ek (a) and in the transverse
direction E? (b) versus filler volume fraction fr of Epon 862/EPI cure W reinforced
by aligned, straight (10,10) SWCNTs with different aspect ratios, estimated by the
Mori-Tanaka and self-consistent approaches, corresponding to solid and dotted lines,
respectively.
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Figure 2.11 Longitudinal Ek and transverse E? Young’s moduli as a function of CNT radius.
differences are found for Ek among the different methods (see Fig. 2.8 (a)). On the contrary,
larger differences arise for E? in Fig. 2.8 (b). The dilute Eshelby’s approach ignores any
interaction between the particles so it is only valid for low filler volume fractions fr
(asymptotically correct to O( fr)). The MT estimates coincide with the lower HSW bound
as expected. In the case of the self-consistent scheme, it shows a typical behavior which
approximates the lower/upper HSW bounds at low and high volume fractions, respectively,
and displays a transition sigmoid curve in-between.
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The longitudinal and transverse Young’s moduli of polymers reinforced by CNTs with
different aspect ratios (a1;a2;a3) are shown in Figs. 2.9 (a) and (b), respectively. In
particular, nanotubes range from spherical particles, i.e. (1,1,1), to infinitely long fibers,
(1,1,1). Effective properties have been estimated by the MTmethod and the self-consistent
approach, corresponding to solid and dotted lines in Fig. 2.9, respectively. It can be seen
in Fig. 2.9 (a) that Ek increases with increasing CNTs lengths. Let us remark that the
estimates by both the MT and self-consistent approaches get closer as the CNT aspect ratio
increases. Conversely, in the case of E? in Fig. 2.9 (b), it can be seen that increases of the
aspect ratio of the fibers lead to decreases of E?. This dependence is expected because
of the well-known effect of the increase in load transfer with increases in reinforcement
length and volume fraction.
Finally, Fig. 2.10 shows the Young’s moduli Ek and E? for the different armchair
chiralities presented in Table 2.1. It can be seen that SWCNTs (5,5) and (50,50) yield the
maximum and minimum moduli, respectively. These results are in accordance with the
theoretical results of Popov et al. [249] who showed that both longitudinal and transverse
Young’s moduli decrease with CNT radius. Fig. 2.11 shows Ek and E? for different CNT
radii. For armchair SWCNTs with chiral vector integers (n,n), the radius of the CNTs, rc,
can be computed as rc = 3
nLC C
2 , being LC C=0.142 nm the length of the C-C bonds. It
can be seen in Fig. 2.11 that both moduli substantially decrease with the CNT radii. It
is also interesting to remark that the degree of anisotropy is also decreasing with CNT
radii. This fact explains the decreasing Young’s moduli in Fig. 2.10 for increasing chiral
vector integers (n,n). In particular, SWCNTs (50,50) even reduce the transverse Young’s
modulus E?. This chiral configuration corresponds to tube radius of 0.339 Å and has a
transverse modulus of 0.4 GPa, less than the Young’s modulus of the polymer matrix.
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Figure 2.12 Polar plot of the symmetric truncated normal orientation distribution function 
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Let us move to the analysis of the cases with orientational dependence in the CNT
distributions. We already noted that the averaging procedure does not ensure the diago-
nal symmetry of the orientation-dependent constitutive tensors and, thus, the symmetry
condition has to be checked. In this research work, ODFs have been defined as truncated
Gaussian distribution functions with azimuthal symmetry so that 
 is independent of
. Characterized by a mean value  = 0 and a standard deviation , the ODF can be
expressed as a function of the polar angle  as:

() =
e 
2
22
p
2erf
(

2
p
2
) (2.78)
with erf(x) being the error function formally defined as:
erf(x) =
2p

∫ x
0
e u2du (2.79)
In order to meet the normalization condition of Eq. (2.12), the orientational average of
any function F(;) defined in Eq. (2.13) is substituted by:
hF(;)i =
∫ 2
0
∫ =2
0 F(;)
() sindd∫ 2
0
∫ =2
0 
() sindd
(2.80)
Simpson’s rule for the numerical integration of these definite integrals has been imple-
mented. Fig. 2.12 furnishes the ODFs for different standard deviations,  = 10, 30, 60
and 
() = 1, corresponding to a completely random distribution.
0
200
400
600
800
1000
Cr
E
(G
Pa
)
(a)
MT MT closed-form
Dilute Eshelby Self-consistent
STP Dunn
Reuss Voigt
Upper HSW
0
50
100
150
200
250
300
350
400
G
(G
Pa
)
(b)
Cr
fr
0 0.2
fr
0.4 0.6 0.80 0.2 10.4 0.6 0.8 1
Lower HSW
Figure 2.13 Young’s modulus (a) and shear modulus (b) of Epon 862/EPI cure W reinforced by
randomly oriented straight (10,10) SWCNTs.
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First, the stiffness tensors computed by the MT, SC, STP and DUN approaches are
compared against theoretical bounds on elastic moduli for random filler arrangements
(
()). The RS/VT bounds can be extended for the case of randomly dispersed CNTs
by averaging Eqs. (2.75) and (2.76). On the other hand, explicit expressions of the HSW
bounds for randomly oriented long fibers are given in [335] and collected in Appendix F.
Figs. 2.13 (a) and (b) show the Young’s and shear moduli as functions of the filler volume
fraction fr, respectively. A first important conclusion is that the MT solution violates
the HSW bound at a filler concentration around 67%. In addition, the MT solution even
violates the VT bound, fact that agrees with the previous results by Qiu and Weng [252].
The violation of the HSW bounds limits the applicability of the MT solution for high
volume fractions of CNTs. Nevertheless, the MT approach remains important in practical
applications, where CNT volume fractions are usually below 10%. With regard to the
extended MT approaches, note that all the solutions converge to the VT bound at fr=1.
For validation purposes, the orientational average
〈
Cr
〉
, corresponding to the VT bound at
fr=1, has been computed by the closed-form solutions given by Zheng et al. [387], detailed
in Appendix G. The convergence of the numerical solution demonstrates the validity of
the implemented approach. The SC scheme also violates the upper HSW bound although
does lay within the VT/RS bounds. It is also observed that the DUN and STP approaches
yield very close results and are comprised between the HSW bounds. With regard to the
diagonal symmetry of the tensors, the estimates of the different used approaches have been
reported to be symmetric for random filler arrangements and, therefore, discussion on this
regard is omitted.
Finally, let us focus on misoriented CNT distributions. In this case, the diagonal
symmetry of the estimates has to be checked. An asymmetry factor AF12 can be defined
to this end as follows [252]:
AFi j = 2
C(i; j) C( j;i)
C(i; j)+C( j;i)
; i , j (2.81)
being C(i; j) the components of the stiffness tensor in Voigt notation. Fig. 2.14 shows the
asymmetry factor of the MT stiffness tensor versus the orientation standard deviation 
for various filler contents. It can be observed that all the curves start at zero, as expected
for fully aligned CNTs ( = 0). In addition, all the asymmetry factors tend to zero for
high standard deviation values, , until the limit case of randomly oriented CNTs where

() = 1. It can be seen that the asymmetry factor increases with higher filler contents,
reaching maximum values around  = 10. It is important to note that, in the case of
infinitely long fibers, the asymmetry factors are not excessively large. Nevertheless, these
estimates cannot be used in structural applications since the resulting constitutive tensors
are not positive definite. The predictions of the DUN and STP approaches always yield
diagonally symmetric stiffness tensors, that is zero asymmetry factors for every , so they
have been omitted in Fig. 2.14.
Finally, the stiffness tensors of CNT-reinforced composites with a certain degree of
misalignment are studied. As previously discussed, Dunn and STP approaches yield
similar results and, therefore, only the estimates by the STP approach are shown for clarity
in the results. Assuming orientation distribution functions with azimuthal symmetry, the
composite material is transversely isotropic, with x1  x3 as the symmetry plane. Fig. 2.15
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Figure 2.15 Longitudinal Ek and transverse E? Young’s moduli as a function of volume fraction
with different degrees of nanotube misalignment, for Epon 862/EPI reinforced by
armchair SWCNTs with chiralities (5,5) (a) and (10,10) (b).
shows the longitudinal Ek and transverse E? Young’s moduli as a function of the CNT
volume fraction with different degrees of nanotube alignment. Two different chiralities
have been analyzed, namely (5,5) and (10,10). The elastic moduli of the nanocomposites
doped with general ODFs of nanotubes are bounded by those obtained for the cases of fully
aligned ( = 0) and randomly oriented nanotubes (
() = 1). In this case, no explicit
bounds for arbitrary ODFs are known (the procedure developed by Walpole only provides
explicit bounds for random orientation distributions). It is clearly shown in Fig. 2.15 that
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a variation of the alignment degree has a significant effect on the macroscopic Young’s
moduli. As  increases and decreases, Ek approaches that of the random and fully aligned
configurations, respectively. The opposite conclusions can be extracted for E?. This
behavior can be better understood if one represents the variation of Ek and E? for varying
orientation standard deviations, , as shown in Fig. 2.16. It can be extracted from this
analysis that the anisotropy of the composite decreases with the degree of misalignment,
reaching a limit point, 
() = 1, which corresponds to the random filler arrangement and
exhibits isotropic properties.
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Figure 2.16 Longitudinal Ek and transverse E? Young’s moduli as a function of orientation standard
deviation  of SWCNTs (5,5) with azimuthal symmetry ( fr=0.1).
In summary, the conclusions drawn from the consistency conditions, i.e. diagonal
symmetry and HSW-VR bounds, are outlined in Fig. 2.17.
Effect of non-straightness of fibers In this subsection, the effect of CNT waviness
is investigated by the MT, YNS, and STP approaches. First, the diagonal symmetry
condition must be verified. The direct integrations of the stiffness tensors appearing in
both the YNS and STP approaches ensure this condition is fulfilled. Nonetheless, this is
not the case for the MT estimates. Figs. 2.18 (a) and (b) depict the asymmetry factors
(AF12 and AF23) as functions of the spiral angle w and various filler volume fractions
with fully aligned (6,6) and (50,50) helical SWCNTs as reinforcing fillers, respectively.
In both cases, the MT estimates are highly asymmetric, particularly for spiral angles
w = 0, corresponding to circular fillers. As expected, the asymmetry condition is fulfilled
(AFi j = 0) for straight fillers, i.e. w = 90. Interestingly, it is noted that (50,50) SWCNTs
lead to larger asymmetry factors, whereby it is extracted that lesser anisotropic fillers yield
more asymmetric estimates in Eq. (2.42). These results demonstrate that the MT approach
cannot be directly applied to model CNT-reinforced composites with waviness effects and
it is thereupon disregarded.
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Epon 862/EPI obtained using the MT approach with different SWCNT (6,6) (a) and
SWCNT (50,50) (b) concentrations. Solid and dashed lines stand for AF12 and AF23,
respectively.
Fig. 2.19 shows the elastic moduli of composites doped with fully aligned wavy SWCNTs
(5,5) computed by the YNS and STP approaches. A volume fraction fr = 0:01 is selected,
and helical and planar sinusoidal configurations are depicted by solid and dashed lines,
respectively. In order to compare both geometries, a waviness parameter is designated
as A=. E22 stands for the macroscopic longitudinal Young’s modulus, E11 and E33
are the transverse Young’s moduli, and G12 denotes the longitudinal shear modulus of
the composite. It is first observed that composites are orthotropic for planar sinusoidal
geometries and transversely isotropic for the helical ones. Also, it is noted that the
longitudinal Young’smodulus E22 rapidly decreases as the waviness increases. With helical
2.5 Results and discussion 61
0 0.05 0.1 0.15 0.2
2
4
6
8
10
A/λ
E
11
(G
Pa
)
(a)
STP
YNS
0 0.05 0.1 0.15 0.2
0
10
20
30
A/λ
G
12
(G
Pa
)
(d)
0 0.05 0.1 0.15 0.2
0
10
20
30
A/λ
E
33
(G
Pa
)
(c)
0 0.05 0.1 0.15 0.2
0
100
200
A/λ
E
22
(G
Pa
)
(b)
90◦ 72.56◦ 57.86◦ 46.70◦ 38.51◦
θw
90◦ 72.56◦ 57.86◦ 46.70◦ 38.51◦
θw
90◦ 72.56◦ 57.86◦ 46.70◦ 38.51◦
θw
90◦ 72.56◦ 57.86◦ 46.70◦ 38.51◦
θw
Figure 2.19 Elastic moduli predicted for Epon 862/EPI reinforced by fully aligned wavy SWCNTs
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Figure 2.20 Elastic moduli predicted for Epon 862/EPI reinforced by randomly oriented wavy
SWCNTs (5,5) ( fr=0.1). Solid and dashed lines denote helical and planar sinusoidal
configurations, respectively.
configurations, more pronounced reductions are found in E22, while the transverse moduli
E11 = E33 slightly increase with the CNT waviness. For planar sinusoidal configurations,
on the other hand, E33 substantially increases since the fillers are defined on the x2-x3 plane,
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whilst E11 remains approximately constant. With regard to the different homogenization
approaches, it can be seen that the STP and YNS approaches provide similar estimates,
with slight differences in the macroscopic shear moduli.
Finally, the estimates for the case of randomly distributed wavy CNTs are furnished
in Fig. 2.20. Interestingly, both the MT and STP approaches yield estimates that are
insensitive to waviness, unlike the YNS approach. The explanation of this behavior lies in
the assumption of wavy fibers as consecutive infinitely long fibers. On the contrary, the
YNS approach considers an ad hoc Eshelby’s tensor, resulting in a modified definition of
the microstructure of the composite. Hence, decreasing Young’s and shear moduli are
found for larger waviness parameters with both helical and planar sinusoidal configurations,
with more acute reductions in the latter case.
Effect of agglomeration Finally, in this set of analyses, the agglomeration schemes
presented in Section 2.2.5 are studied. For illustrative purposes, a global filler volume
fraction is selected as fr = 0:1. In the case of randomly oriented CNTs, i.e. case (a)
in Fig. 2.5, the variations of the effective Young’s and shear moduli with respect to
the agglomeration parameter  are shown in Figs. 2.21 (a) and (b), respectively. The
agglomeration parameter  is kept constant at a value of 0.2. The effective properties
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Figure 2.21 Macroscopic Young’s modulus (a) and shear modulus (b) of Epon 862/EPI reinforced
by randomly oriented SWCNTs (5,5) with agglomeration parameter =0.2 and varying
agglomeration parameter  ( fr=0.1). Dashed and solid lines denote estimates by the
MT and SPT approaches, respectively.
have been estimated by the MT and STP approaches, corresponding to dashed and solid
lines, respectively. In addition, for validation purposes, the closed-form solution obtained
by Shi et al. [282], and contained in Appendix E, has been also included. It can be seen
that the closed-form solution and the MT numerical results perfectly match, what proves a
further validation of the implemented numerical framework. For both approaches, with the
increase in the relative amount of , that is to say, a larger number of CNTs agglomerated
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in clusters, the macroscopic elastic moduli experience substantial decreases. Let us remark
that this weakening effect is more severe for higher filler concentrations. The STP approach
provides lower results what finds the same explanation as in the previous analyses.
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Figure 2.22 Macroscopic Young’s and shear moduli of Epon 862/EPI reinforced by fully aligned
SWCNTs (5,5) with agglomeration parameter =0.2 and varying agglomeration param-
eter  ( fr=0.1). Dashed and solid lines denote estimates by theMT and SPT approaches,
respectively.
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Figure 2.23 Effect of bundles aspect ratio (a1;a2;a3) on the effective elastic properties of CNT
reinforced Epon 862/EPI: (a) Young’s modulus of composites doped with randomly
oriented CNTs, (b) longitudinal Young’s modulus of composites doped with uniaxially
aligned CNTs (SWCNT (5,5), =0.2, fr=0.1).
In the case of composites doped with uniaxially aligned CNTs, i.e. case (a) in Fig. 2.5,
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the effective elastic properties are transversely isotropic. Fig. 2.22 shows the longitudinal,
Ek, and transverse elastic moduli, E?, as a function of the agglomeration parameter . The
agglomeration parameter  is also kept constant at a value of 0.2. In this case, the weakening
effect induced by agglomeration is even more severe in the case of Ek. Conversely, CNT
agglomeration has little effect on the lateral moduli E? which can even experience slight
increases at high filler concentrations.
Finally, the effect of different aspect ratios (a1;a2;a3) of the bundles has been also studied
by the STP approach as shown in Fig. 2.23. Four different aspect ratios have been selected
considering different lengths of the ellipsoids along the x2 axis, namely (1,1,1), (1,2,1),
(1,3,1) and (1,4,1). It can be extracted that for both configurations, (a) randomly oriented
CNTs and (b) uniaxially aligned CNTs, the bundle aspect ratio has limited effect on the
elastic properties. It is also interesting to note that the spherical bundles (1,1,1) yield the
strongest weakening effect.
Coupled effect of waviness and agglomeration The coupled effect of waviness
and agglomeration for randomly oriented CNT-reinforced polymers is investigated in
Fig. 2.24. In this figure, the macroscopic Young’s modulus is depicted against the helical
spiral angle w. The agglomeration parameter  is kept constant at a value of 0.2, and
three different values of  are selected, namely  = 0:2, 0.3 and 0.4. Also, the global filler
volume fraction is chosen as fr = 0:1. Given that the MT approach for randomly oriented
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Figure 2.24 Macroscopic Young’s modulus of Epon 862/EPI reinforced by randomly oriented
wavy SWCNTs (5,5) with agglomeration parameter =0.2 and varying agglomeration
parameter  as a function of the spiral angle w (a1=a2=a3, fr=0.1). Dashed lines
denote the corresponding magnitudes for randomly oriented straight fillers.
filler arrangements is insensitive to waviness as previously shown in Fig. 2.20, the YNS
approach is combined with the two-parameter agglomeration model for this purpose. It is
observed that the elastic modulus E decreases with higher agglomeration levels, that is to
say, with larger  parameters. In addition, when waviness is also incorporated (w < 90),
further reductions are found. For instance, in the case of  = 0:2 and  = 0:4 and straight
fillers, a reduction of 10.5% in the overall Young’s modulus is found. However, when
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w = 30, the Young’s modulus is further reduced up to 12.7%. Therefore, it is concluded
that when both phenomena act simultaneously, their weakening effects add up.
2.5.1.3 Conclusions
This subsection has presented a critical comparison of different mean-field homogenization
approaches for CNT-reinforced polymer composites with waviness and agglomeration
effects. Firstly, the MT, SC, DUN and STP approaches have been compared in terms
of diagonal symmetry and against the HSW and RS/VT bounds for misoriented CNT
arrangements. Afterward, the MT, STP and YNS approaches have been analyzed for
both planar sinusoidal and three-dimensional helical CNTs, including fully aligned and
randomly oriented wavy filler arrangements. Through a two-parameter agglomeration
framework, the influence of filler agglomeration on the macroscopic stiffness of CNT-
reinforced composites has been also investigated. The results have evidenced that the
MT method fails to simulate the coupled effect of waviness and agglomeration, providing
estimates that are insensitive to waviness for random filler arrangements. Furthermore, it
has been shown that the MT predictions for composites doped with fully aligned wavy
CNTs are highly asymmetric and, thus, physically inadmissible. By considering the
combination of the YNS approach and the two-parameter agglomeration model, it has
been shown that the weakening effects of waviness and agglomeration add up when acting
simultaneously.
The key findings of this work can be summarized as follows:
• It has been shown that theMT solution violates the HSW bounds at filler volume frac-
tions above 67% for randomly oriented CNTs, unlike the DUN and STP approaches
which always provide diagonally symmetric estimates.
• In the case of fully alignedwavyCNTs, theMT approach has been reported to provide
highly asymmetric stiffness tensors and, thus, physically inadmissible estimates.
• Filler agglomeration has been proven to induce detrimental effects on the mechanical
properties for both randomly oriented and fully aligned CNTs, with more severe
effects in the latter.
• The results have evidenced that filler waviness and agglomeration have coupled
weakening effects when acting together. It has been shown that only the YNS
approach in combination with the two-parameter agglomeration model can properly
account for both phenomena simultaneously.
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2.5.2 Static and free vibration analysis of FG-CNTRC skew plates 3
2.5.2.1 Introduction
As an example of the mechanical enhancements of CNTs in the mechanical response of
full-scale structural elements, FG-CNTRC skew plates have been studied. Figure 2.25
shows the configuration of considered skew plates, with length a, width b, thickness
t, skew angle , and fiber orientation angle '. UD-CNTRC, FG-V, FG-O and FG-X
distributions are assumed across the thickness direction of the composite skew plates. In
this study, the EROM approach is employed to compute the macroscopic elastic moduli of
the composites. An efficient finite element formulation based on the Hu-Washizu principle
has been developed to obtain approximate solutions for static and free vibration of various
types of FG-CNTRC skew plates with moderate thickness. The shell theory is formulated
x ≡ θ1
y
θ 
b
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FG − V
FG − O
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z ≡ θ 3
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t φα
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Figure 2.25 Geometry and configurations of the functionally graded carbon nanotube-reinforced
(FG-CNTRC) skew plates.
in oblique coordinates and includes the effects of transverse shear strains by the first-
order shear deformation theory (FSDT). An invariant definition of the elastic transversely
isotropic tensor based on the representation theorem is also defined in oblique coordinates.
Independent approximations of displacements (bilinear), strains and stresses (piecewise
constant within subregions) provide a consistent mechanism to formulate four-noded skew
elements with a total of twenty degrees of freedom. A set of eigenvalue equations for the
FG-CNTRC skew plate vibration is derived, from which the natural frequencies and mode
shapes can be obtained. Further information on the formulation of this element can be
found in Appendix A.
Poly (methyl methacrylate), referred to as PMMA, is selected as matrix phase. The
armchair (10,10) SWCNTs are selected as reinforcements with properties taken from the
MD simulation carried out by Shen and Zhang [280]. The material properties of these
two constituent phases are summarized in Table 2.2. In this study, it is assumed that the
effective material properties are independent of the geometry of the CNTRC plates. The
material properties of PMMA/CNT composites are taken from the MD results reported
3 An extended version of this subsection is found in paper A.
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by Han and Elliot [127], whereby the CNT efficiency parameters can be computed as
presented in Table 2.3 [280].
Table 2.2 Material properties of Poly (methyl methacrylate)(PMMA) and Polyf(m-
phenylenevinylene)-co-[(2,5-dioctoxy-p-phenylene)vinylene]g (PmPV) at room
temperature of 300 K and (10;10) single walled carbon nanotubes (SWCNT).
(10,10) SWCNT [280] PMMA (T = 300 K) [127] PmPV (T=300 K) [390]
ECNT11 = 5:6466 TPa E
m
= 2:5 GPa Em = 2:1 GPa
ECNT22 = 7:0800 TPa 
m
= 0:34 m = 0:34
GCNT12 = 1:9445 TPa 
m
= 51:7510 6=K m = 51:7510 6=K

CNT
12 = 0:175 
m
= 1:15 g/m3 m = 1:15 g/m3

CNT
= 1:40 g/m3
Table 2.3 Comparison of Young’s moduli for PMMA=CNT composites reinforced by (10;10)
SWCNT at T=300 K with MD simulation [280].
f CNT
MD [280] Rule of mixtures
E11[GPa] E22 [GPa] E11 [GPa] 1 E22 [GPa] 2
0.12 94.6 2.9 94.8 0.137 2.9 1.022
0.17 138.2 4.9 138.7 0.142 4.9 1.626
0.28 224.2 5.5 224.0 0.141 5.5 1.585
Studies are conducted on the static response of functionally graded PMMA/CNT skew
plates under uniform transverse loads (qo), the free vibration of FG skew plates with
symmetrical and unsymmetrical reinforcement distributions and, finally, the influence of
fiber direction on the natural frequencies is also investigated. The various non-dimensional
parameters used throughout this subsection are defined as:
Non-dimensional frequency parameter : ¯ = !
b2
t
√
m
Em
; (2.82a)
Non-dimensional central deflection : w¯ =
wo
t
(2.82b)
where wo is the vertical deflection at the central point, and ! stands for the natural fre-
quencies in rad/s.
2.5.2.2 Numerical results
Several numerical examples are provided to investigate the bending behavior of FG-CNTRC
skew plates under uniform transverse loading qo =  0:1MPa. In order to demonstrate the
accuracy of the FE model used in the present study, results computed by the commercial
FE software ANSYS (SHELL181, four-noded element with six degrees of freedom at each
node) are also provided for the same mesh density. Table 2.4 shows the non-dimensional
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central deflection w¯ for the four types of FG CNTRC skew plates subjected to a uniform
transverse load qo, considering different values of width-to-thickness ratio (b=t=10, 50)
and varying skew angles for simply supported (SSSS) boundary conditions. It is noticeable
that the volume fraction of the CNTs has a deep influence on the central deflection of the
plates. For instance, for uniform distributions only 6% increase in the volume fraction of
CNT may lead to more than 60% decrease in the central deflection. Likewise, the values
of non-dimensional deflections decrease as the skew angle increases. It is also noted that
the central deflections of FG-V and FG-O CNTRC plates are larger than the deflections of
UD-CNTRC plates, while those of the FG-X CNTRC plates are substantially smaller. This
is because the profile of the reinforcement distribution direcly affects the stiffness of the
plates. Such results highlight the advantage of FG materials, in which a desired stiffness
can be achieved by tailoring the distribution of CNTs along the thickness direction of the
plates. Overall, it is concluded that fillers distributed close to the top and bottom induce
higher stiffness values of plates.
Table 2.4 Effects of CNT volume fraction fCNT and width-to-thickness ratio (b=t) on the non-
dimensional central deflection w¯ for CNTRC skew plates under a uniformly distributed
load q0 =  0:1MPa with SSSS boundary conditions (a=b=1, ' = 0).
fCNT b=t  UD FG-X FG-V FG-O
Present ANSYS Present ANSYS Present ANSYS Present ANSYS
0.12 10 90 2.831E-03 2.828E-03 2.274E-03 2.271E-03 2.983E-03 2.980E-03 4.341E-03 4.337E-03
60 2.698E-03 2.558E-03 2.245E-03 2.094E-03 2.812E-03 2.678E-03 3.824E-03 3.719E-03
30 1.181E-03 1.115E-03 1.073E-03 9.917E-04 1.200E-03 1.141E-03 1.364E-03 1.335E-03
50 90 1.134E+00 1.133E+00 7.736E-01 7.733E-01 1.232E+00 1.232E+00 2.105E+00 2.105E+00
60 1.045E+00 1.040E+00 7.376E-01 7.329E-01 1.125E+00 1.120E+00 1.797E+00 1.794E+00
30 4.300E-01 4.267E-01 3.489E-01 3.443E-01 4.586E-01 4.528E-01 5.721E-01 5.719E-01
0.17 10 90 1.836E-03 1.834E-03 1.450E-03 1.448E-03 1.935E-03 1.933E-03 2.866E-03 2.863E-03
60 1.720E-03 1.641E-03 1.404E-03 1.320E-03 1.789E-03 1.715E-03 2.480E-03 2.423E-03
30 7.186E-04 6.847E-04 6.361E-04 5.956E-04 7.248E-04 6.960E-04 8.440E-04 8.308E-04
50 90 7.732E-01 7.731E-01 5.277E-01 5.275E-01 8.404E-01 8.403E-01 1.436E+00 1.436E+00
60 7.008E-01 6.984E-01 4.940E-01 4.914E-01 7.533E-01 7.509E-01 1.204E+00 1.202E+00
30 2.710E-01 2.694E-01 2.162E-01 2.139E-01 2.873E-01 2.838E-01 3.639E-01 3.642E-01
0.28 10 90 1.320E-03 1.318E-03 1.047E-03 1.045E-03 1.359E-03 1.357E-03 1.988E-03 1.986E-03
60 1.291E-03 1.210E-03 1.041E-03 9.641E-04 1.305E-03 1.233E-03 1.820E-03 1.756E-03
30 6.040E-04 5.611E-04 4.992E-04 4.600E-04 5.824E-04 5.487E-04 7.218E-04 6.945E-04
50 90 4.841E-01 4.839E-01 3.281E-01 3.280E-01 5.278E-01 5.276E-01 9.280E-01 9.279E-01
60 4.570E-01 4.546E-01 3.150E-01 3.126E-01 4.905E-01 4.883E-01 8.245E-01 8.226E-01
30 2.069E-01 2.046E-01 1.530E-01 1.506E-01 2.134E-01 2.106E-01 2.965E-01 2.957E-01
The results of the free vibration analyses for simply supported FG-CNTRC skew plates
are given in Table 2.5. The presented four filler FG distributions are considered with CNT
volume fractions of 12%, 17% and 28%. The plate geometry is defined by the following
parameters, a=b=1 and b=t=10, 50. Here, the results are also compared to those from
the commercial code ANSYS. Firstly, it is observed that higher skew angles give stiffer
behaviors and, therefore, higher frequency parameters. This can be explained in terms of
the plate area and the perpendicular distance between the non-skew edges. With higher
skew angles, the distance between the non-skew edges decreases which raises the frequency
values. Furthermore, larger CNT volume fractions lead to higher values of frequency due to
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an increase in the macroscopic stiffness of the plates. Moreover, as could be previously seen
in the bending simulations, we observe that the FG-X plates lead to the stiffest solutions
and possess the highest frequency parameters. The explanation of this phenomenon is
the same as mentioned before; reinforcements distributed closer to the extremes result in
stiffer plates than those distributed nearer to the mid-plane. Fig. 2.26 shows the vibration
mode shapes of fully clamped (CCCC) UD-CNTRC plates ( f CNT = 12%, a=b = 1 and
t=b = 0:02) for skew angles  = 90, 60, and 30. It is observed from these figures that
mode crossing occurs as the skew angle increases.
Table 2.5 Comparison study of frequency parameter ¯1 of skew plates with SSSS boundary condi-
tions (a=b = 1, ' = 0).
Skew angle fCNT b=t Mode Types
UD FG-V FG-O FG-X
Present ANSYS Present ANSYS Present ANSYS Present ANSYS
90 0.12 10 1 14.181 14.254 13.859 13.934 11.576 11.644 15.734 15.810
2 18.364 18.611 18.185 18.433 16.410 16.642 19.717 19.976
3 28.090 28.710 28.086 28.707 26.660 27.272 29.345 29.972
50 1 17.808 17.807 17.167 17.164 13.264 13.263 21.343 21.341
2 22.378 22.372 21.931 21.913 18.738 18.738 25.525 25.515
3 34.465 34.485 34.320 34.293 31.696 31.727 37.247 37.259
0.28 10 1 20.343 20.443 20.135 20.239 16.737 16.831 22.798 22.904
2 25.656 25.998 25.748 26.090 22.491 22.810 28.579 28.944
3 38.461 39.303 39.124 39.976 35.516 36.364 42.446 43.304
50 1 26.620 26.617 25.670 25.673 19.515 19.513 32.167 32.164
2 32.274 32.262 31.779 31.775 25.893 25.889 38.150 38.134
3 47.900 47.916 48.312 48.345 41.894 41.924 55.183 55.200
60 0.12 10 1 14.592 15.087 14.327 14.784 12.350 12.617 15.933 16.596
2 21.101 21.661 20.926 21.465 19.411 19.824 22.313 22.987
3 32.873 34.092 32.583 33.819 31.282 32.395 34.098 35.414
50 1 18.756 18.792 18.137 18.164 14.430 14.442 22.176 22.242
2 26.386 26.413 25.886 25.888 22.941 22.956 29.410 29.457
3 43.260 43.332 42.738 42.734 39.956 40.020 46.293 46.380
0.28 10 1 20.691 21.498 20.640 21.373 17.549 17.995 23.004 24.033
2 29.170 30.019 29.401 30.207 26.304 26.923 32.254 33.247
3 44.903 46.607 45.412 47.128 42.055 43.558 48.975 50.908
50 1 27.766 27.837 26.930 26.993 20.869 20.892 33.329 33.451
2 37.466 37.515 37.094 37.142 31.174 31.194 43.775 43.859
3 59.776 59.882 60.014 60.128 52.887 52.967 68.437 68.579
30 0.12 10 1 22.026 23.037 21.874 22.764 20.556 21.132 23.076 24.369
2 35.790 38.414 35.393 37.696 34.218 36.220 36.920 39.851
3 48.488 53.298 48.046 52.222 46.768 50.579 49.692 54.883
50 1 29.557 29.680 28.675 28.721 25.707 25.717 32.750 32.979
2 55.280 55.701 52.700 52.908 48.992 49.207 59.842 60.416
3 87.659 88.906 82.247 82.849 75.991 76.537 95.834 97.611
0.28 10 1 30.267 31.889 30.870 32.269 27.752 28.780 33.281 35.161
2 48.805 52.635 49.540 52.880 46.258 49.343 52.755 56.928
3 65.977 72.898 67.116 73.145 63.538 69.423 70.563 77.795
50 1 41.856 42.098 41.319 41.478 35.068 35.121 48.609 49.020
2 77.179 77.849 74.931 75.438 66.601 66.936 88.338 89.322
3 123.376 125.438 117.376 118.770 104.682 105.621 141.233 144.254
Taking advantage of the invariant definition of the constitutive tensor for transversely
isotropic materials (as given in Appendix A), which is characterized by a unit vector parallel
to the axis of transverse isotropy, ~n = (cos';sin';0), we analyze the influence of the angle
' on the frequency parameters ¯. Fig. 2.27 shows the variation of the first frequency
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Figure 2.26 First eight mode shapes of a fully clamped (CCCC) UD-CNTRC skew plate for skew
angles  = 90, 60, 45 and 30, f CNT = 12%, a=b = 1, t=b = 0:02 and ' = 0
.
parameter for several values of skew angle  and two boundary conditions, namely CCCC
and SSSS. As in all the previous analyses, the frequency parameters increase for higher
values of the skew angle. Moreover, the results for skew angles of  = 90 are symmetric
about ' = 90. In contrast, the curves for higher skew angles present increasing levels of
asymmetry. This is due to the increment of stiffness provided by the fibers coupled with
the stiffening effect of the skew angle. The curves can be separated into two sets divided
around ' = 90. With SSSS boundary conditions, it is clear that the increase in stiffness
is associated with fibers aligning the direction of the longest diagonal. Otherwise, the
frequency values for the second set decreases in all cases for fiber angles above ' = 90. In
the case of CCCC boundary conditions, this behavior is repeated although the maximum
values are approximately obtained with fibers aligned in the horizontal Cartesian direction.
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These results show the importance of taking into consideration the aligning direction of
CNTs in order to optimize the mechanical response of the FG-CNTRC skew plates. For
example, with a skew angle of  = 30 and SSSS boundary conditions, the variation of '
may increase the first frequency parameter by up to 11:7% and decrease it by up to 18:6%.
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Figure 2.27 Effect of fiber angle ' on the first frequency parameter ¯1 of a CNTRC skew plate
(UD-CNTRC, fCNT = 12%, a=b = 1, b=t = 50).
2.5.2.3 Conclusions
In this subsection, static and free vibration analyses of moderately thick FG-CNTRC
skew plates have been presented. An efficient finite element formulation based on the
Hu-Washizu principle has been developed. The shell theory is formulated in oblique coor-
dinates and includes the effects of transverse shear strains by first-order shear deformation
theory (FSDT). An invariant definition of the elastic transversely isotropic tensor based on
the representation theorem is defined in oblique coordinates. Independent approximations
of displacements (bilinear), strains and stresses (piecewise constant within subregions)
provide a consistent mechanism to formulate four-noded skew elements with a total number
of twenty degrees of freedom. A set of eigenvalue equations for the FG-CNTRC skew
plate vibration is derived, from which the natural frequencies and mode shapes can be
obtained. Detailed parametric studies have been carried out to investigate the influences
of skew angle, carbon nanotube volume fraction, plate thickness-to-width ratio, plate
aspect ratio, boundary condition and distribution profile of reinforcements (uniform and
three non-uniform distributions) on the static and free vibration characteristics of the
FG-CNTRC skew plates. The results have been compared to commercial code ANSYS
and limited existing bibliography with very good agreement.
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2.5.3 Buckling and post-buckling analysis of FG-CNTRC curved panels 4
2.5.3.1 Introduction
The FG-CNTRC curved cylindrical panels analyzed in this research work are sketched
in Fig. 2.28. The panel is defined by an x-y-z curvilinear coordinate system with the
origin at the center of the panel. The x-axis is parallel to the straight edges, the z-axis is
directed outward the surface of the panel, and the y-axis is the circumferential coordinate.
Displacements u, v and w refer to the mid-surface axial, circumferential and out-of-plane
displacements, respectively. Rotational degrees of freedom noted as x and y stand for
rotations around x- and y-axis, respectively. The axial compression loading condition is
defined by an uniformly distributed load Nx along the curved edges. The panel is assumed
to be thin and of width b, straight length a, radius R, span angle 2, and uniform constant
thickness t. The rise of the curved edges, h, can be computed by simple trigonometric
relations as h = R(1  cos). The CNTs are assumed to be uniaxially aligned at ' degrees
with respect to the axial direction (x-axis). A local material coordinate system,
{
0  x1x2x3
}
,
is defined at every point on the mid-plane with x1 aligned in the fiber direction, x2 on the
panel mid-plane, and x3 normal to the panel. In addition, CNTs are functionally graded
across the thickness of the panel by four different distributions, namely UD, FG-V, FG-O
and FG-X.
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Figure 2.28 Geometry and coordinate system of FG-CNTRC cylindrical panel.
The aim of this set of analyses concerns, firstly, the study of the linear buckling behavior
of FG-CNTRC curved panels under uniform axial compression and shear and, finally, the
post-buckling behavior of FG-CNTRC curved panels under axial compression. PmPV and
PMMA are considered as the matrix materials in the linear buckling and post-buckling
analysis, respectively. The material properties of these polymers are summarized in
4 An extended version of this subsection is found in papers C and H.
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Table. 2.2. The armchair (10,10) SWCNTs are selected in both cases as reinforcing phase.
The effective mechanical properties of the composite are computed by the Eshelby-Mori-
Tanaka model unless otherwise indicated. The following representative values of the Hill’s
elastic moduli of CNTs: nr=450 GPa, kr=30 GPa, mr=pr=1 GPa and lr=10 GPa, have been
taken from the analytical results of Popov et al. [249]. In the case of different thermal
environments, the temperature-dependent mechanical properties of (10,10) SWCNTs are
indicated in Table. 2.6.
Table 2.6 Temperature-dependent material properties for (10,10) SWCNT (L=9.26 nm, R=0.68 nm,
h=0.067 nm, CNT12 = 0:175) [280].
Temperature (K) ECNT11 [TPa] E
CNT
22 [TPa] G
CNT
12 [TPa] 
CNT
11 (10 6/K) CNT22 (10 6/K)
300 5.6466 7.0800 1.9445 3.4584 5.1682
400 5.5679 6.9814 1.9703 4.1496 5.0905
500 5.5308 6.9348 1.9643 4.5361 5.0189
700 5.4744 6.8641 1.9644 4.6677 4.8943
1000 5.2814 6.6220 1.9451 4.2800 4.7532
2.5.3.2 Numerical results
Linear buckling The numerical studies are conducted with the commercial software
ANSYS v15.0. The panels are modeled with the standard structural shell element, Shell
181 [299]. This element type is a quadrilateral 4-nodes element involving both bending
and membrane properties with three rotational and three translational degrees of freedom
per node. This element is suitable for thin to moderately-thick shell structures. In order to
implement functionally graded sections, the preintegrated sections module of ANSYS is
employed. This module permits the specification of the membrane, bending and coupling
stiffness matrices of the shells (for further information in this regard see Appendix A). All
the foregoing results are defined by the non-dimensional buckling load intensity factor as
follows:
k =
cr
E
; E =
2Em
12(1  2m)
( t
b
)2
(2.83)
The cylindrical shells are considered simply supported on all edges (w=0); along the
curved edge 1 (loaded one) the longitudinal displacements are allowed but restricted
while in the curved edge 3 are restrained. The straight edges 2 and 4 are free to wave
in the circumferential direction. The external load is introduced by means of a uniform
compression on the edge 1 in the longitudinal direction. For illustrative purposes, a constant
length of b=100 cm and thickness t = b=50 are selected in the subsequent analyses.
The effect of the fiber orientation angle ' on the critical buckling load is analyzed for
different reinforcement distributions and curvature in Fig. 2.29. The results show that in
the case of flat shells (h=R=0) the buckling load intensity factor presents positive curvature
with respect to the fiber angle '. This fact favors the origin of peak values for fibers aligned
approximately with the diagonal direction of the shell. Moreover, among the different
distributions of CNTs, FG-X distribution leads to the largest buckling loads whilst the
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Figure 2.29 Effect of fiber angle ' on the buckling load intensity factor k of a FG-CNTRC
panel subjected to compressive forces Nb (SSSS, b=100cm, a=2 b, t=b/50, R=b/2,
f CNT=0.11) for different profiles: UD ( ), FG-V ( ), FG-O ( ) and FG-X
( ).
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Figure 2.30 Effect of fiber angle ' on the buckling load intensity factor k of a UD-CNTRC
panel subjected to compressive forces Nb (SSSS, b=100 cm, a=2 b, t=b/50,
R=b/2) for different SWCNT volume fractions: f CNT=0.00 ( ), f

CNT=0.05
( ), f CNT=0.11 ( ), f

CNT=0.14 ( ), f

CNT=0.17 ( ),
and f CNT=0.30 ( ).
FG-O distribution conducts to the minimum values. This is because the profile of the
reinforcement distribution affects the stiffness of the shells. Also, this circumstance points
out the advantage of FG materials, in which a desired stiffness can be achieved by adjusting
the distribution of CNTs along the thickness direction of the shells. It is concluded that
reinforcements distributed close to the top and bottom induce higher stiffness values of
shells. Another essential aspect is the influence of the fiber direction. In the case of
flat shells, for every reinforcement distribution the critical buckling load increases up to
40% with respect to the shells with fibers aligned in the axial direction. In the case of
curved shells (h=R=0.9), the curvature significantly increases the buckling load values
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Figure 2.31 Plan view of the first elastic buckling modes for UD-CNTRC flat panel (h=R = 0) and
curved panels (h=R = 0:45;0:9) subjected to compressive loading for different fiber
orientation angles ' (SSSS, b=100 cm, a=2 b, t=b/50, f CNT=0.11).
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Figure 2.32 Perspective view of the first elastic buckling modes for UD-CNTRC flat panel (h=R =
0) and curved panels (h=R=0.45, 0.9) subjected to compressive loading with fiber
orientation angle ' of 30 (SSSS, b=100 cm, a=2 b, t=b/50, f CNT=0.11).
with respect to the flat configuration. However, this more complex geometry distorts
the relationship between the buckling load factor and the fiber orientation angle. It is
noticeable that despite the fiber distributions conserve their relative order, there is a range
of angles, approximately between 70 and 85, in which they do not show a significant
difference. Similar conclusions can be extracted by varying the CNT volume fraction
f CNT as in Fig. 2.30. In this figure, it is represented the buckling load intensity factor for
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different fiber orientation angles ' and UD-CNTRC panels with increasing CNT volume
fractions. The results show that the buckling load intensity factors have higher values when
the CNT volume fraction is larger as it raises the stiffness of the panels. The curvature
parameter h=R and the fiber angle ' also have a substantial influence on the shape of the
first buckling mode as can be clearly seen in Figs. 2.31 and 2.32.
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Figure 2.33 Variation of the buckling load intensity factor k of FG-CNTRC panels versus plate
aspect ratio under axial compression (SSSS, b=100cm, t=b/50, f CNT=0.11, '=0
) for
different profiles: UD ( ), FG-V ( ), FG-O ( ) and FG-X ( ).
Fig. 2.33 shows the buckling load parameters for simply supported FG-CNTRC curved
panels with aspect ratio a/b changing from 0.5 to 8. It can be seen that the buckling load
parameters decrease as the plate aspect ratio increases due to the activation of buckling
modes with higher number of waves. I is also noticeable that the FG-V and UD distributions
show similar results in the curved configuration. This fact, which can also be observed
in Fig. 2.29, results in the inversion of the order of these two curves for certain values of
fiber orientation angles and aspect ratios.
The effect of different uniform temperature environments (T=300K, 400K and 500K)
on the buckling load parameters of FG-CNTRC curved panels with different reinforcement
distributions are shown in Table 2.7. For this study, the EROM is used to predict the
effective material properties of CNTRCs. Both CNTs and the matrix phase are assumed
temperature-dependent. To this end, CNT elastic moduli are taken from Table 2.6, and the
Young’s modulus of PmPV is defined as Em = (3:520:0047T ) GPa, with T = T0 +T
and the room temperature T0 = 300 K. It can be seen that the buckling load intensity
factors decrease as temperature increases. This is because an increment of the temperature
reduces the elastic moduli of CNTRCs shells since material properties of the matrix and
SWCNTs are assumed to be temperature-dependent. As in previous analyses, we also
found here that FG-X and FG-O CNTRC shells have the highest and lowest values of
buckling load intensity factors, respectively, in different temperature environments.
The buckling behavior of simply supported FG-CNTRC curved shells subjected to
shear loading Nxy is also analyzed. The shear forces have been applied in the form of
uniform shell edge loads along the middle surface of the plates. Fig. 2.34 shows the loading
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Table 2.7 Effect of environment temperature on the buckling load intensity factor (k=cr=E ;
E=
(
2E(m;T=300K)=12
(
1  2(m;T=300K)
))
(t=b)2) of FG-CNTRC curved panels under ax-
ial compression (SSSS, b=100 cm, a=2 b, t=b/50, f CNT=0.11, '=0).
T (K) h=R Type of CNTRC
UD FG-V FG-O FG-X
300 0 15.57 13.76 10.52 20.68
0.45 121.13 120.76 99.79 131.73
0.9 268.10 268.04 223.02 310.36
400 0 12.66 10.80 7.86 17.45
0.45 74.04 77.06 65.65 81.95
0.9 176.42 176.33 145.27 192.27
500 0 9.41 7.56 5.15 13.41
0.45 23.27 23.93 17.76 28.56
0.9 49.41 50.51 39.85 58.67
y
x
Nxy
2
1 4
3
E1
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φ
Figure 2.34 Positive (+Nxy) and negative (-Nxy) shear loading of a FG-CNTRC curved shell.
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Figure 2.35 Effect of fiber angle ' on the buckling load intensity factor k of a FG-CNTRC flat
panel subjected to tangential forces (+Nxy “-”, -Nxy “=” ) for different profiles: UD
( ), FG-V ( ), FG-O ( ) and FG-X ( ); (SSSS, b=100 cm, a = b, t = b=50,
f CNT=0.11).
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conditions considered in these analyses. Fig. 2.35 shows the effect of the fiber angle '
on the buckling load factor k for square flat and curved shells. The critical loads of the
FG-CNTRC panels under negative shear are higher than those of under positive shear for
every fiber angle. This is because in the former case the compressive component of the
shear is more closely aligned with the fibers. Furthermore, like in the case of compressive
loadings, fiber orientation angles aligned with the diagonal of the panels (45) conduct to
higher buckling loads. For further illustration of these results, the first buckling modes of
UD-CNTRC panels for different fiber orientation angles and h=R ratios are also depicted
in Fig. 2.36.
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Figure 2.36 First elastic buckling modes of simply supported UD-CNTRC flat panel (h=R=0) and
curved panel (h=R=0.9) under shear forces with different fiber orientation angles 
(b=100 cm, a = b, t = b=50, f CNT=0.11).
Post-buckling analysis For the subsequent analyses, the geometrical properties a =
b = 0:2 m, t =a/50, and h =0.025b are set up, unless otherwise indicated. In order to
evaluate the imperfection sensitivity of the panels, a small initial imperfection, w0 = 0:1t,
is also considered in the transverse direction following the first buckling mode. Axial
loads are presented in non-dimensional form as Nb = Nxa2=Emt3. Two types of boundary
conditions are considered in the numerical analyses: clamped curved edges and simply
supported straight edges (CSCS), and four edges simply supported (SSSS). In this study,
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the arc-length method has been selected as the numerical approach for predicting the
non-linear buckling behavior.
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Figure 2.37 Non-dimensional central deflection (a) and end-shortening (b) of uniaxially compressed
FG-CNTRC curved panels with CSCS boundary conditions and different SWCNT
contents (UD, a=b=1 m, t = a=50 , h =0.025b, ' = 0). Solid and dotted lines denote
the results for perfect and imperfect (w0 = 0:1t) panels, respectively.
Firstly, the post-buckling paths of FG-CNTRC curved panels are analyzed for different
filler contents. In particular, CNT volume fractions of 0, 1, 5 and 10% are selected as
shown in Fig. 2.37. Uniform (UD) distributions of nanotubes are considered as well as
CSCS boundary conditions. Figs. 2.37 (a) and (b) show the non-dimensional central
deflection (w=t) and end-shortening (u=t), respectively. We first note that the limit points
and the subsequent snap-through buckling paths, as in the case of neat polymer f CNT=0%,
tend to disappear as the filler content grows. In these cases, as for instance a filler content of
f CNT=10%, the central deflection increases slowly in the pre-buckling stage and increases
very fast in the post-buckling stage. In addition, the relationship between the end-shortening
and the load parameter is almost bi-linear. As expected, higher SWCNT contents lead to
stiffer panels and, therefore, higher critical buckling loads. For example, a filler content of
5% yields an increase of the critical buckling load of five times that of the neat polymer,
f CNT=0%. The increases in the bending stiffness of the panels can be clearly seen in
Fig. 2.37 (a) where, in the post-buckling stage, the slope of the equilibrium path increases
admitting higher load levels. In terms of axial stiffness, similar conclusions can be extracted
from Fig. 2.37 (b).
The post-buckling behavior of FG-CNTRC curved panels with different CNTs distri-
butions, namely UD, FG-V, FG-O, and FG-X, is studied for CSCS and SSSS boundary
conditions in Figs. 2.38 (a) and (b), and (c) and (d), respectively. First of all, let us focus
on the V type distribution. It can be seen in Fig. 2.38 (c) that the FG-V distribution does
not exhibit a critical buckling load and presents an unstable response (the analysis with
initial imperfection has been omitted for clarity). As already discussed by other authors
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Figure 2.38 Post-buckling path of FG-CNTRC curved panels with CSCS, (a) and (b), and SSSS, (c)
and (d), boundary conditions and different SWCNTs distributions (a=b=1 m, t =a/50 ,
h =0.025b, f CNT = 0:12, ' = 0
). Solid and dotted lines denote the results for perfect
and imperfect (w0 = 0:1t) panels, respectively.
[385, 386], this behavior is explained by the coupling between membrane and bending
stiffnesses induced by the asymmetry of the distribution. Conversely, this coupling is
lost in the case of CSCS boundary condition as shown in Fig. 2.38 (a). In this case, the
rotational restraint deletes the bending-extension coupling and the panels thus exhibit
typical pre- and post-buckling behaviors. With respect to the rest of distributions, it can be
seen that FG-O leads to the lowest post-buckling strength, while FG-X yields the highest
post-buckling strength among the four types of distributions for both boundary conditions.
In the case of CSCS boundary condition, where FG-V does originate initially stable panels,
CNTs distributed according to FG-V profile yields post-buckling paths between those by
UD and FG-O. It can be therefore concluded that CNTs distributed close to the top and
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bottom surfaces increase more efficiently the stiffness and post-buckling strength of the
FG-CNTRC cylindrical panels than CNTs distributed near the mid-plane.
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Figure 2.39 Non-dimensional central deflection (a) and end-shortening (b) of uniaxially compressed
FG-CNTRC curved panels with CSCS boundary conditions and different SWCNT
misalignment degrees (UD, a=b=1 m, t =a/50 , h =0.025b, f CNT = 0:12, ' = 0
).
Solid and dotted lines denote the results for perfect and imperfect (w0 = 0:1t) panels,
respectively.
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Figure 2.40 Non-dimensional central deflection (a) and end-shortening (b) of uniaxially compressed
FG-CNTRC curved panels with CSCS boundary conditions and different degrees of
CNT waviness (UD, a=b=1 m, t =a/50 , h =0.025b, f CNT = 0:12, ' = 0
). Solid and
dotted lines denote the results for perfect and imperfect (w0 = 0:1t) panels, respectively.
The influence of CNTs misalignment on the post-buckling behavior of UD-CNTRC
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curved panels is also investigated. To this aim, the orientation distribution function in
Eq. (2.78) is adopted here. This type of distribution is said to have azimuthal symmetric and,
thus, only one Euler angle is needed for its definition. Hence, the orientation distribution
function, 
(), is defined as a truncated Gaussian distribution with mean value  = 0, and 
ranging from  =2 to =2, with standard deviation . Any general orientation distribution
is comprised between the limit cases of fully aligned,  = 0, and randomly oriented
fillers, 
() = 1. In the case of fully aligned, the overall composites are transversely
isotropic, whilst randomly oriented CNTs yield isotropic composites. Thence, the degree
of anisotropy depends upon the alignment of the fillers.
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Figure 2.41 Schematic illustration of the variation of the parameters  and  of the two-parameter
agglomeration model for a FG-X filler distribution.
On this basis, Fig. 2.39 shows the post-buckling behavior of UD-CNTRC curved panels
with different degrees of CNTs misalignment. It is observed that misalignment of fillers
has a substantial effect on the critical buckling loads. The highest critical buckling loads
are obtained for fully aligned SWCNTs configurations, i.e.  = 0, and decrease with the
misalignment degree, i.e. with decreasing standard deviation values. In addition, not only
the critical buckling loads are affected, but also the slope of both central deflection and
end-shortening curves. Misalignment of fillers also has a deep influence on the buckling
modes as shown in Fig. 2.39. This fact is of crucial relevance in the design of FG-CNTRC
fuselage panels. The orientation distribution of CNTs embedded in polymer matrices
depends upon the manufacturing process. Unless special measures are taken, nanotubes are
randomly oriented within the matrix. There exist several techniques in the literature for the
aligning of the nanotubes, such as the application of high magnetic fields. However, these
techniques are usually expensive and hardly scalable, so the mechanical enhancements
must be properly justified. This sort of results supports the importance of developing
cost-efficient aligning techniques for the development of high-performance composites.
The effect of CNTs waviness is also studied for different spiral angles w as shown
in Fig. 2.40. It can be observed in Fig. 2.40 (a) that spiral angles below 80 induce
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substantial decreases in the critical buckling load. Similarly, it is clearly displayed in
Fig. 2.40 (b) that waviness has an important effect on the axial stiffness of the panels, and
severe reductions of the slope of the equilibrium paths can be observed. It can be seen that
a sharp reduction is found for spiral angles between 60 and 80. It is also worth noting
the influence of CNTs waviness on the shape of the post-buckling equilibrium paths. It
can be seen that for decreasing spiral angles w, and thus decreasing CNTs anisotropy,
the post-buckling paths exhibit a limit point and a snap-through transition regime, as it is
the case for w = 50. Nonetheless, as w increases, the snap-though transition tends to
disappear and the post-buckling paths exhibit almost bi-linear behaviors.
Finally, the effect of agglomeration of SWCNTs is studied. Following the theoretical
framework outlined in Section 2.2.5, the two-parameter agglomeration model can be
readily applied to functionally graded materials as illustrated in Fig. 2.41. Hence, the
analyses are conducted with the first agglomeration parameter fixed at =0.2, and the
post-buckling paths are obtained for  parameters varying between the limit values of
0.2 and 1. Let us recall that limit cases ==0.2 and =0.2, =1 correspond to uniform
dispersions and fillers located at bundles, respectively. Fig. 2.42 shows the post-buckling
equilibrium paths for FG-CNTRC curved panels with different agglomeration degrees
and CSCS boundary condition. A first important conclusion is that agglomeration has a
detrimental effect on the mechanical behavior of FG-CNTRCs. For example, in the case of
the deflection of UD distribution, Fig. 2.42 (a), CNTs located only within the bundles (=1)
originates a reduction of the critical buckling load of more than three times. The same
effect can be observed for all the filler distributions and, therefore, it can be concluded
that agglomeration always reduces both the critical buckling load and the post-buckling
stiffness. This conclusion has a pivotal importance for the design of high-performance
FG-CNTRCs. Although there exist a few techniques to improve the dispersion of CNTs,
achieving uniform distribution of fillers remains a challenging task. Nevertheless, as
observed in these analyses, mitigating the agglomeration effects is of critical importance
for the development of high strength CNT reinforced composites. Finally, it is worth
noting that, as in previous analyses, the stiffest post-buckling paths are obtained for FG-X
filler distributions. UD, FG-V and FG-0 distributions provide, in decreasing order, lesser
critical buckling loads and non-dimensional force parameters. Therefore, the discussion
on the greater efficiency of filler distributions with CNTs close to the top and bottom panel
surfaces can be also made here.
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Figure 2.42 Non-dimensional central deflection and end-shortening of uniaxially compressed FG-
CNTRC curved panels with UD, (a) and (b), FG-V (c) and (d), FG-O, (e) and (f), and
FG-X, (g) and (h), SWCNT distributions (CSCS, =0.2, a=b=1 m, t =a/50 , h = 0:025b,
f CNT = 0:12, '= 0
). Solid and dotted lines denote the results for perfect and imperfect
(w0 = 0:1t) panels, respectively.
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2.5.3.3 Conclusions
In this subsection, the critical buckling of FG-CNTRC cylindrical curved panels under
compression and shear forces have been first investigated by finite elements analyses. The
plates are reinforced by SWCNTs and effective material properties of CNTRC plates are
estimated either by the Eshelby-Mori-Tanaka approach or the EROM. Detailed case studies
illustrate the influence of fiber angle, aspect ratio, temperature, SWCNTs grading profile
and curvature. The key contributions of this study can be summarized as follows:
• The buckling load intensity factor of flat panels subjected to compressive loading
presents positive curvature with respect to the fiber orientation angle. One clear
maximum peak is found for fiber orientations aligned with the diagonal of the panel.
On the contrary, the effects of the fiber orientation angle on the buckling load factor
become more complex as the curvature increases. It is shown a change from curves
with one single maximum peak to curves with one minimum and two maximum
peaks.
• FG-X distribution leads to the largest buckling loads in all the studied cases whilst
the FG-O distribution conducts to the minimum values. It is concluded that rein-
forcements distributed close to the top and bottom induce higher stiffness values.
• In the case of curved panels, it is found some fiber orientation angle ranges in which
there is not a big difference among the different CNT distributions. In particular,
for curved panels with ratio h=R=0.9, in the range of fiber angles between 70 and
85, all the fiber distributions present very similar results.
• In all cases, the buckling load intensity factors have higher values when the volume
fraction of CNT is larger as it raises the stiffness of the panels.
• In the case of curved configurations under compressive loading, slight differences
on the buckling loads are found for FG-V and UD distributions with certain values
of fiber orientation angle and aspect ratio. This fact even results in the inversion of
the relative order of these two distributions.
• The buckling load intensity factors decrease as temperature increases in FG-CNTRC
curved panels subjected to compressive and tangential forces as a result of the
temperature-dependent material properties.
• The critical loads of the FG-CNTRC panels under the negative shear are higher than
those of positive shear for all fiber angles, exhibiting a maximum value for fibers
approximately aligned with the diagonal direction (' = 45).
Secondly, the influence of micromechanical aspects such as the filler orientation, orien-
tation distribution of fillers, waviness and agglomeration on the post-buckling behavior
of uniaxially compressed FG-CNTRC curved panels has been investigated. The main
findings of this research work can be summarized as follows:
• It has been shown that CNTs orientation has a critical effect on the linear buckling
and post-buckling behavior of FG-CNTRC panels. Fibers orientation has a deep
impact on the buckling modes and, therefore, the post-buckling equilibrium paths
are also heavily influenced.
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• FG-V distribution has been shown initially unstable for SSSS conditions. This
behavior is ascribed to the coupling between membrane and bending stiffnesses
due to the asymmetry of the distribution. Conversely, it has been shown that this
coupling is lost in the case of CSCS by means of rotational restraints at curved edges.
In this case, the panels have been shown to exhibit typical pre- and post-buckling
behavior.
• It has been also illustrated that the orientation distribution of CNTs has a substantial
effect of on the post-buckling behavior of FG-CNTRCs. The maximum buckling
loads have been found for fully aligned SWCNTs configurations, and decreasing
with the CNTs misalignment degree. Since the anisotropy of the resulting com-
posite depends upon the CNTs orientation distribution, it has been shown that the
overall stiffness of FG-CNTRC curved panels is highly affected by the orientation
distribution of CNTs and, likewise, so are the slopes of both central deflection and
end-shortening curves.
• The results have shown that the CNT waviness induces substantial reductions in the
critical buckling loads as well as severe reductions of the slopes of the equilibrium
paths. This behavior has been explained by the reduction of the longitudinal effective
Young’s modulus induced by curviness.
• It has been shown that agglomeration degrades the post-buckling strength for all
the fiber distributions. Hence, agglomeration of CNTs in bundles can be under-
stood as defects in the microstructure of the composite. These results strengthen
the importance of dispersion techniques for the development of high-performance
composites.
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2.5.4 Uncertainty propagation in the dynamic behavior of FG-CNTRC plates
2.5.4.1 Introduction
This subsection investigates the effects of the randomness in CNT distribution coupled
with the material uncertainties on the vibrational properties of FG-CNTRC plates. FG-
CNTRC plates with uniform thickness h, length a and width b are analyzed as shown
in Fig. 2.43. Two main sources of stochasticity are considered for FG-CNT plates: the
material properties of the composite phases such as the elastic modulus and the Poisson’s
ratio of the isotropic matrix, mass densities of the matrix and the CNTs, longitudinal and
transverse elastic modulus of the CNTs, CNT volume fraction, as well as variations with
respect to the linear distribution of CNTs by a power-law model defined by the power-law
index k. A variation of 10% of the uniformly distributed input parameters is assumed for
the material variables. In the case of randomness in the CNTs distribution, a truncated
(a)
x ≡ θ
y ≡ θ
z ≡ θ
b
a
t
(b)
(c) (d)
1
3
2
Figure 2.43 Geometry and linear configurations of the functionally graded carbon nanotube-
reinforced (FG-CNTRC) plates. (a) UD CNTRC plate; (b) FG-V CNTRC plate;
(c) FG-O CNTRC plate; (d) FG-X CNTRC plate.
Gaussian distribution is set up with a mean value of k = 1 and a standard deviation of
k = 0:2 in the range 0  k  2. Fig. 2.44 shows the envelope of all the possible P-FGV
reinforcement grading profiles with f CNT = 0:11 provided by the truncated Gaussian
distribution. The random variables mentioned above are examined in three sequential
stages:
1. Variation of the material parameters (k = 1):
{
Em;m; fm;E
CNT
11 ;E
CNT
22 ;CNT ; fCNT
}
2. Variation of the reinforcement grading profile: fkg
3. Combined variation of (1) and (2).
The first three natural frequencies are considered as the outputs. The random input vari-
ables are scaled randomly in the range 0 to 1, hence, the output response functions are thus
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defined in the domain of an unit hypercube Kn =
{(
x1; : : : ;xn
)
; i = 1; : : : ;n
}
. Fig. 2.45 shows
a general flowchart describing the uncertainty representation and propagation steps. Firstly,
an initial sample of the design space is generated by Monte Carlo Simulations (MCSs) and
the finite element code based on the Hu-Washizu principle and detailed in Appendix A.
Afterward, the initial samples are used in the construction of the surrogate models. The
quality of these initial sample points governs the accuracy of the metamodels. Therefore,
the quasi-random sequence of Sobol [291] is utilized to ensure a good uniform distribution
of the sample points. The response surface thus represents the result of the structural
analysis encompassing every reasonable combination of all the input variables. From this,
thousands of combinations of all design variables can be created (via simulation) and a
pseudo-analysis performed for each variable set, by simply adopting the corresponding
surface values. Once the metamodels are built, they can be used to obtain a representative
population of the first three stochastic natural frequencies and, finally, statistical analysis
of the generated data is carried out.
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k=1.71
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z/
t
Figure 2.44 Envelope of all possible grading profiles provided by a FG-V power-law distribution
(P-FGV) with f CNT = 0:11with different power-law indices (k) according to a truncated
Gaussian distribution
(
k = 1;k = 0:5
)
.
In the present study, PmPV and (10,10) SWCNTs are selected as the matrix and the rein-
forcing phases, respectively. The material properties of these two phases are summarized in
Table 2.2. The detailed mean material properties of PmPV/CNT for the FG-CNTRC plates
are selected from the MD results reported by Han and Elliot [127]. The CNT efficiency
parameters  j can be determined by matching the Young’s moduli E11 and E22 with the
counterparts computed by the rule of mixtures. For example, 1 = 0:149 and 2 = 0:934
for the case of f CNT = 0:11, and 1 = 0:150 and 2 = 0:941 for the case of f

CNT = 0:14,
and 1 = 0:149 and 2 = 1:381 for the case of f CNT = 0:17. In addition, we assume that
3 = 2 and G23 = G13 = G12. A fully clamped FG-CNTRC plate is considered having
square plan form a=b = 1 and length to thickness ratio a=t = 10. The resonant frequencies
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Figure 2.45 Flowchart of stochastic free vibration analysis of FG-CNTRC plates using Kriging and
RS-HDMR metamodels.
are presented in non-dimensional form as follows:
 = !
b2
2
√
mt
D
; D = Emt3=12
[
1  (m)2] (2.84)
2.5.4.2 Results
The random input variables are scaled randomly in the range 0 to 1. For the material
variables, a lower and upper limits of 10% variation are assumed with respect to the mean
values for the uniformly distributed input parameters. In the case of the reinforcement
grading profile, a truncated Gaussian distribution (k = 1, k = 0:5)(1,0.5) is set up for
values of k varying from 0 to 2. Metamodels are formed to generate the first three natural
frequencies of CCCC FG-CNTRC plates. In the case of the Kriging metamodels, a second
order polynomial regression function and a Gaussian correlation are employed. For the
RS-HDMR metamodels, first and second order component functions with orthonormal
polynomials up to third order are utilized.
Fig. 2.46 shows the Probability Density Functions (PDFs) obtained by the original
MCS with respect to the first natural frequency (¯1) for simultaneous variation of the
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Figure 2.46 Probability density functions (PDF) and cumulative density functions (CDF) of CCCC
FG-CNTRC plates with linear grading profiles and simultaneous variation of the
material parameters. (a=b = 1, t=b = 0:1 and f CNT = 0:11, 10.000 samples).
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Figure 2.47 Scatter plot of Kriging and RS-HDMR metamodels with respect to the original model
for the first natural frequency (¯1) for simultaneous variation of the material parameters
(CCCC UD-CNTRC plate, a=b = 1, t=b = 0:1, f CNT = 0:11).
material parameters for fully clamped FG-CNTRC plates with four different linear grading
profiles (UD, FG-V, FG-O and FG-X). It can be seen that the FG-X plates lead to the
stiffest solutions and possess the highest frequency parameters. The explanation of this
phenomenon is that reinforcements distributed closer to the extremes result in stiffener
plates than those distributed nearer to the mid-plane. Fig. 2.47 shows a sample scatter plot
describing the relationship between the original FE model and the constructed metamodels
for natural frequencies. The low scatter of the points around the diagonal line corroborates
that the metamodels are both formed with accuracy. Due to space limitations, in all the
subsequent analyses, only results of the uncertainty of the FG-V distribution (P-FGV) are
presented.
Fig. 2.48 shows the comparison of the PDFs obtained by direct MCSs and the two
surrogate models presented in section 2.4.1 for the three cases of uncertainty. All the plots
obtained by both metamodels are checked and found to be in good agreement ensuring
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Figure 2.48 Comparison of the probability density functions (PDF) of the first three natural fre-
quencies of P-FGV CCCC plates obtained by direct MCS (10.000 samples), Kriging
(SM1) and RS-HDMR (SM2) metamodels (256 samples). (a) variation of the material
parameters with linear reinforcement profile, (b) variation of the reinforcement grading
profile and (c) combined variation. (a=b = 1, t=b = 0:1, f CNT = 0:11).
efficiency and accuracy. Global sensitivity analyses using RS-HDMR are performed for
significant input parameter screening. The sensitivity indices for each input parameter
(including the interaction effects) corresponding to different output responses are shown
in Fig. 2.49. It is observed that the matrix parameters have a predominant effect on
sensitivity. A significant effect of the power-law index k is found on the first and third
natural frequencies with considerable contribution from the volume fraction of inclusions
f CNT . It is also noticeable the null sensitivity due to random variation of the transverse
elastic modulus of CNTs, ECNT22 . Table 2.8 represents the minimum values, maximum
values, mean values and Standard Deviation (SD) using the two proposed metamodels for
the first three natural frequencies obtained due to individual variability of all the variables.
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Figure 2.49 Sensitivity indices with respect to the first three natural frequencies for combined
variation of all the variables of CCCC P-FGV plates (a=b = 1, t=b = 0:1, f CNT = 0:11,
256 samples).
Table 2.8 Uncertainty analysis due to individual variability of all the input variables by a Kriging
and RS-HDMR meatamodels (256 samples) for the first two natural frequencies for
CCCC P-FGV plates. (a=b = 1, t=b = 0:1 and f CNT = 0:11, SD: standard deviation).
Metamodel CNT m Em E
CNT
11 E
CNT
22 f

CNT k
¯1 ¯2 ¯1 ¯2 ¯1 ¯2 ¯1 ¯2 ¯1 ¯2 ¯1 ¯2 ¯1 ¯2
KRIGING
Min. 17.51 23.37 16.91 22.56 16.86 22.40 17.48 23.43 17.63 23.52 17.41 23.32 17.26 23.46
Max. 17.75 23.68 18.45 24.62 18.35 24.58 17.76 23.61 17.63 23.53 17.84 23.73 17.97 23.68
Mean 17.63 23.53 17.65 23.55 17.62 23.51 17.63 23.52 17.63 23.52 17.63 23.52 17.63 23.53
SD 0.07 0.09 0.44 0.59 0.43 0.63 0.08 0.05 0.00 0.00 0.12 0.12 0.09 0.03
RS-HDMR
Min. 17.50 23.38 16.91 22.51 16.85 22.44 17.48 23.54 17.62 23.53 17.41 23.33 17.27 23.47
Max. 17.75 23.70 18.44 24.56 18.35 24.63 17.74 23.54 17.62 23.54 17.82 23.73 18.07 23.75
Mean 17.63 23.54 17.64 23.53 17.62 23.54 17.62 23.54 17.62 23.53 17.62 23.53 17.63 23.54
SD 0.07 0.09 0.44 0.59 0.43 0.63 0.08 0.00 0.00 0.00 0.12 0.12 0.09 0.03
Finally, some new physical insights are drawn on the dynamic behavior of P-FGV
plates by studying the transient response in the frequency domain and a comparison of
the stochastic and deterministic mode shapes. The transient response of a CCCC P-FGV
plate under impulse loading is considered to ascertain the corresponding amplitude (in
dB) of the frequency response function (FRF) as represented in Fig. 2.50. The Effective
Independence method (EFI) [152] was employed to select the optimal positions of three
points, two response points (P-1 and P-2) and one driving point (DP). This methodology
is based on the maximization of the determinant of the Fisher information matrix (FIM),
defined as the product of the mode shape matrix and its transpose. The principal idea of
this method is based on the linear independence of the mode shapes. Proportional Rayleigh
damping is assumed by imposing damping ratios of 1% for the first two natural modes.
Higher frequency shows wider volatility in the simulation bounds of FRF compared to
the lower frequency ranges. It is noticeable that the isolated randomness in the power-law
index (k) does not lead to great differences in the FRFs. Nevertheless, its simultaneous
variation along with the material parameters enlarges the shifts around the resonance peaks
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Figure 2.50 Frequency response function (FRF) plot of simulation bounds, simulation mean and
deterministic mean of P-FGV CCCC plates obtained by direct MCS (10.000 samples),
Kriging and RS-HDMR metamodels (256 samples). (a) variation of the material
parameters with linear reinforcement profile, (b) variation of the reinforcement grading
profile and (c) combined variation. (a=b= 1, t=b= 0:1, f CNT = 0:11, P-1:f0:67a;0:33bg,
P-2:f0:33a;0:58bg, DP:f0:67a;0:67bg).
and widens the FRF bounds. This can be attributed to the propagating effect of k, which
not only incorporates variation by itself, but also scatters the randomness of the rest of
the variables (set up at mid-plane level) along the thickness of the plates. Fig. 2.51 shows
the comparison between the deterministic modes and the mean of the stochastic modes
through the assessment of the MAC (Modal Assurance Criterion) matrix. In the case of
the uncertainty in the material parameters (a), the mode shapes do not change substantially
with zero values along the diagonal of the matrix. On the contrary, the incorporation of
the uncertainty in the power-law index (k) does change the characteristics of some mode
shapes. This effect, which remains in stage (c) with simultaneous variation of all the input
parameters, highlights the propagating effect of k along the thickness of the plates.
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Figure 2.51 1-MAC matrix comparing the deterministic modes and the mean of the stochastic
modes of P-FGV CCCC plates obtained by direct MCS (10.000 samples), Kriging and
RS-HDMR metamodels (256 samples). (a) variation of the material parameters with
linear reinforcement profile, (b) variation of the reinforcement grading profile and (c)
combined variation. (a=b = 1, t=b = 0:1, f CNT = 0:11).
2.5.4.3 Conclusions
This subsection has illustrated the influence of randomness in the CNT distribution when
acting simultaneously with uncertainty in the CNT/matrix material properties on the
vibrational properties of FG-CNTRC plates. The feasibility of applying metamodel-based
approaches using Kriging and RS-HDMR has been shown in the realm of stochastic
analysis. Although the same sampling size as in direct Monte Carlo Simulation (sample
size of 10.000) has been considered, the number of FE analysis is much less compared
to direct MCS and is equal to the number of representative samples (sample size of 256)
required to construct the metamodels. It has been observed that both metamodels can
handle a large number of input parameters. The metamodels formed from a small set of
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samples have been found to establish accuracy and computational efficiency. The obtained
results, including probability density functions and cumulative distribution functions
employing Kriging and RS-HDMR metamodels, have been compared with the results
from direct MCSs. It has been observed that the matrix parameters have a predominant
effect on sensitivity. A significant effect of the power-law index (k) has been found on
the first and third natural frequencies with considerable contribution from the volume
fraction of inclusions ( f CNT ). Interestingly, null sensitivity has been identified for the
transverse elastic modulus of CNTs (ECNT ). The volume fraction of CNTs ( f

CNT ) has been
found to hold the maximum sensitivity for the second natural frequency. New dynamic
analyses, transient response under impulse loading and the MAC matrix between the mean
stochastic and deterministic mode shapes, have highlighted the propagating effect of the
power-law index (k). Process-induced uncertainties in the reinforcement grading profile of
FG-CNTRC plates will thus propagate all the sources of uncertainty defined at mid-plane
level along the thickness. The key contributions of this study can be summarized as
follows:
• The CNT distribution is considered as a source of uncertainty. Power-law distribution
functions provide a parametrization of the CNT distribution along the thickness,
suitable to characterize uncertainty.
• Metamodel-based approaches using Kriging and RS-HDMR metamodels have been
shown efficient techniques to evaluate the uncertainty propagation on the vibrational
properties of FG-CNTRC plates.
• The power-law index (k) has an important effect on bending stiffness of FG-CNTRC
plates. Any uncertainty in the material parameters set up at mid-plane level is
propagated along the thickness of the plates by means of the index k.
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2.5.5 Free vibration of carbon nanotube/graphene reinforced composite plates5
2.5.5.1 Introduction
Despite the large number of publications in the literature concerning the study of CNTs, a
change in tendency is being observed in recent years. To illustrate this, Fig. 2.52 depicts the
number of publications in the open literature containing the keywords carbon nanotube and
graphene. Shortly after the work by Ijima [143] in 1991, a steady increase in the number of
works is found regarding the study of CNTs. However, this number has tended to stabilize
for the last five years. Conversely, the interest for graphene began later, although the
growth rate of publications containing the keyword graphene has enormously increased,
exceeding in number those studies on CNTs. An important milestone in this curve is found
in 2004, when professors Andre Geim and Konstantin Novoselov isolated graphene for
the first time at the University of Manchester [233]. In recognition of their breakthrough,
the pair were awarded the Nobel Prize in Physics in 2010. Aspects such as the high
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Figure 2.52 Number of indexed publications containing the keywords carbon nanotubes and
Graphene. Data source: Scopus.
manufacturing cost of CNTs, difficulty in obtaining adequate uniform dispersions, as
well as the highly anisotropic properties of CNTs, explain this change in tendency. In
contrast, recent investigations agree to indicate the superior properties of graphene and
its derivatives [203, 217, 372, 188]. It is noteworthy the experimental study of Rafiee et
al. [254] who compared the effective mechanical properties of epoxy loaded with graphene,
SWCNTs, and MWCNTs at nanofiller concentrations of 0.1wt.%. Their results showed
that graphene led to Young’s moduli 31% higher than those of pristine epoxy, whilst only
3% increments were reached by SWCNTs. Their results also reported that Graphene
sheet-Reinforced Composites (GRCs) outperformed those doped with CNTs in terms of
toughness and fatigue behavior. The superiority of graphene is ascribed to its high specific
surface area and nanofiller/matrix interlocking, as well as its two-dimensional geometry,
which enables more uniform filler distributions in comparison to CNTs. These excellent
5 An extended version of this subsection is found in paper I.
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properties showcased by graphene, together with its low manufacturing cost [366], make
GRCs a promising multifunctional composite in the shorter run.
In light of this change of paradigm, this subsection evaluates the stiffening effects of
carbon nanotubes and graphene on the vibrational properties of composite plates. In
particular, this subsection collects the results of some of the works done during the last
stages of this thesis. The objective here is twofold: to extend the previously developed
micromechanics models to account for different filler reinforcements such as, in this
case, graphene, and to compare the macroscopic vibrational behavior of CNT- and GNP-
reinforced plates.
Figure 2.53 shows the polymer nanocomposite plates studied in this subsection, with
length a, width b, and thickness t. In order to define the graphene microstructure, a local
coordinate system x01-x
0
2-x
0
3 is set up. Thence, Graphite NanoPlatelets (GNPs) lay on
the x01-x
0
2 planes with x
0
3-axis normal to their surface. In the case of fully aligned GRC
plates, GNPs are assumed to be arranged in the global x1-x2 plane that is parallel to the
mid-plane of the plate as sketched in Fig. 2.53. The overall properties of both composites
are estimated by the Mori-Tanaka micromechanics model, and the numerical simulations
are conducted with a self-developed Reissner’s four-noded shell finite element code.
a
b
t
x3
x1
x2
x, x1
z, x3
y, x2,
,
,
Figure 2.53 Geometry and coordinate system of GRC polymer plates.
In practical nanocomposites, 2D graphene sheets have a tendency to stack up and form
multi-layered graphite due to the steric effect and the vdW interaction between different
sheets. The shape of graphite influences the stiffening effect due to its dominance in the
Eshelby’s tensor. We inspect the situation where GNPs stack up in the shape of ellipsoids
with two semi-major axes equal in length, i.e. a1 = a2, and a semi-minor axis a3 defined by
the aspect ratio a3=a1 representing the thickness of the resulting restacked graphene sheets,
as shown in Fig. 2.54. On this basis, the Eshelby’s tensor can be reckoned by Eq. (6.54)
in Appendix C. When tensile loads are transferred to the stacked graphene sheets, vdW
bonding between layers is likely to fail before graphitic carbon-carbon bonding, leading
to further exfoliation of the particle. For this reason, the in-plane elastic moduli remain
similar to those of graphene sheets although the out-of plane modulus approximates that
of graphite, as shown in the molecular mechanics calculations of Chou et al. [53].
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Figure 2.54 Schematic representation of restacking of graphene sheets forming multi-layered
graphite (a) and equivalent ellipsoid (b).
With regard to the different constituents analyzed in this work, the elastic moduli and
mass density of the different phases are summarized in Table 2.9. The in-plane Young’s
modulus and Poisson’s ratio of graphene sheets have been assumed E11 = 1020 GPa and
12 =0.4, respectively, in accordance with Lee et al. [172] and Reddy et al. [257]. The
out-of-plane modulus E33 and the shear modulus G13 are assumed to be 100 times the in-
plane modulus, while the Poisson’s ratio 31 is taken as 1% of 12, i.e. E33 =G13 = 102000
GPa and 31=0.004 [148]. Hence, the stiffness tensor for graphene sheet inclusions can
be denoted as Cgraphener =(2kr;lr;nr;2mr;2pr) = (1700;6:8;102000;738;204000) GPa. With
regard to restacked graphene sheets, according to the molecular mechanics simulations of
Chou et al. [53] and the work of Ji et al. [148], the stiffness tensor for restacked graphene
sheets is chosen as Cgraphiter = (1240;15;36:5;880;8) GPa. On the other hand, SWCNTs
have been also considered for comparison purposes. According to the results by Popov
et al. [249], the stiffness tensor for (5,5) SWCNTs is denoted as CCNTr = (60;10;450;2;2)
GPa. Finally, the matrix material studied in this work is polystyrene with Young’s modulus
Em = 1:9GPa and Poisson’s ratio m=0.3 so that its isotropic stiffness tensor can be denoted
asCm = (3m;2m) = (4:75;1:46), with m and m being the matrix’s bulk and shear moduli,
respectively. The resonant frequencies are presented in non-dimensional form as follows:
 = !
b2
2
√
mt
D
; D = Emt3=12
[
1  (m)2] (2.85)
Table 2.9 Hill’s elastic moduli (k;l;n;m;p) and mass density () of constituent phases, Ref. [254,
148, 29, 249, 312].
Graphene Graphite CNT Polystyrene
kr (GPa) 850.0 620.0 30.0 Em (GPa) 1.9
lr (GPa) 6.8 15.0 10.0 m 0.3
nr (GPa) 102000.0 36.5 450.0 m (kg/m
3) 1040
mr (GPa) 369.0 440.0 1.0
pr (GPa) 102000.0 4.0 1.0
r (kg/m
3) 2250 1060 1400
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2.5.5.2 Numerical results
Free vibration of GRC polymer plates The effect of the filler content on the free
vibration behavior of fully aligned GRC plates is analyzed in Fig. 2.55 for both simply
supported (SSSS) (a) and simply supported with one free edge (SSSF) (b) boundary
conditions. For comparison purposes, both GNP and SWCNT nanofillers are studied with
properties defined in Table 2.9, corresponding to solid and dashed lines, respectively. The
first three mode shapes for both nanocomposites and boundary conditions are depicted in
Fig. 2.56. It is evidenced that the stiffening effect of GNPs overtakes that of CNTs for all
the natural frequencies. For instance, the addition of graphene at a volume fraction of 0.05
rises the fundamental frequency 1 of the SSSS composite plates up to five times that of
the neat polymer, whilst CNTs only doubles this value. Let us remark that, in the case of
GRCs, the second and third natural frequencies overlap due to symmetry about x  z and
y  z planes, in accordance with the mode shapes shown in Fig. 2.56. It is observed that the
characteristic mode shapes are disordered due to the in-plane anisotropy of CNT-reinforced
composites. For example, it is observed that the third bending mode for CNT-reinforced
composites corresponds to the third mode shape, while for GNP-reinforced composites it
does not appear until the sixth mode shape.
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Figure 2.55 Non-dimensional natural frequencies versus filler volume fraction for fully aligned
GNP- and CNT-reinforced composite plates, corresponding to solid and dashed lines,
respectively (a=b = 1, t = a=50, SSSS (a) and SSSF (b) boundary conditions).
The comparison between the stiffening effect of GNPs and CNTs is also conducted for
randomly oriented configurations as shown in Fig. 2.57 (a) and (b), respectively. Thence,
frequency values obtained for fully aligned nanofillers are denoted with solid lines, while
those obtained for randomly oriented configurations are denoted with dashed lines. When
fillers are randomly oriented, both composites exhibit isotropic properties and, thus, the
second and third natural frequencies coincide. In both cases, the fundamental frequencies
of plates doped with fully aligned fillers surpass those with randomly oriented fillers.
However, in some other cases, e.g. fourth mode shape in Fig. 2.57 (b), it can be observed
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Figure 2.56 First three mode shapes of fully aligned GNP- and CNT-reinforced composite plates
with SSSS and SSSF boundary conditions (a=b = 1, t = a=50, fr = 0:2).
that the resonant frequencies are higher for random configurations. This fact is ascribed
to the loss of anisotropy when fillers are randomly oriented. In order to further explain
these results, the elastic moduli obtained for both nanofillers and configurations are shown
in Fig. 2.58. Both nanofillers exhibit highly anisotropic properties when fully aligned,
being the longitudinal elastic modulus, Ek, several orders of magnitude higher than the
transverse modulus, E?. However, when nanofillers are randomly oriented, composites
exhibit isotropic properties with lesser Ek but higher E? in comparison to fully aligned
configurations. This fact, along with mode shapes shown in Fig. 2.56, gives response to the
higher frequencies of some mode shapes for randomly oriented filler configurations. When
the number of sine waves increases, the contribution of the transverse bending stiffness
so does and, therefore, randomly oriented configurations may result in higher natural
frequencies. With regard to the comparison between nanofillers, GNPs lead to much
stiffer composites so that similar conclusions to the previous analysis can be extracted
here. It is interesting to note that for CNT-reinforced composites, the structural behavior is
considerably different for fully aligned and random orientation configurations. When CNTs
are aligned in the x2 direction, the composite exhibits transversely isotropic properties with
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x2 as transverse isotropy axis. As the content of CNTs increases, the anisotropy degree of
the composite plates so does and, therefore, the first mode shapes begin to be defined by a
higher number of sine waves perpendicular to the filler direction. On the other hand, fully
aligned GNPs are defined parallel to the mid-plane of the plate. In this case, assuming
plane stress conditions, the behavior of the GRC plates is isotropic and, thus, the mode
shapes do not change substantially for randomly oriented configurations.
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Figure 2.57 Non-dimensional natural frequencies for GNP- (a) and CNT-reinforced composite
plates (b) versus filler volume fraction with fully aligned and randomly oriented filler
configurations, corresponding to solid and dashed lines, respectively (a=b= 1, t = a=50,
SSSS boundary condition).
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Figure 2.58 Elastic moduli versus filler content for GNP- and CNT-reinforced polymer composites
with Fully Aligned (FA) and Randomly Oriented (RO) filler configurations.
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Effect of restacking of graphene sheets on the bending and vibrational behav-
ior of GRC polymer plates The restacking effects on the fundamental frequency of
SSSS GRC plates are inspected in Fig. 2.59. Fully aligned and randomly oriented configu-
rations are studied and denoted with solid and dashed lines, respectively. In accordance
with Fig. 2.54, the restacking of graphene sheets forming multi-layered graphite platelets
can be modeled by ellipsoidal inclusions with aspect ratios a3=a1. As previously discussed,
graphene sheets can stack up forming multiple sheets. When tensile loads are transferred
to the stacked graphene sheets, the vdW bonding between layers is likely to fail before
graphitic carbon-carbon bonding, leading to further exfoliation of the particle. Hence,
the material properties of the graphene sheets with restacking effects are taken as those
defined for graphite in Table 2.9. It is extracted that for increasing number of stacked
graphite layers, i.e. higher aspect ratio a3=a1, the overall stiffness decreases for both cases.
It is especially critical for aspect ratios a3=a1 above E-3 where the most drastic reductions
are found. These results evidence that the stiffening effect of graphene sheets may be
dramatically reduced when a considerable fraction of fillers stacks up forming platelets of
graphite.
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Figure 2.59 Non-dimensional fundamental frequency of a composite plate reinforced by graphene
sheets with restacking effects (a=b = 1, t = a=50, SSSS boundary condition, solid and
dashed lines denote fully aligned and randomly oriented configurations, respectively).
2.5.5.3 Conclusions
This subsection has presented a study of the bending and vibrational behavior of GRC
plates by means of a Mori-Tanaka micromechanics model, including harmful effects
related to restacking of graphene sheets. In order to highlight the superior load bearing
capacity of GNPs compared to CNTs, detailed parametric analyses have been presented.
Micromechanical aspects such as filler content and distribution have been investigated.
Overall, the key findings of this work can be summarized as follows:
• The stiffening effect of GNPs as mechanical additives have been shown superior in
comparison to CNTs. In both fully aligned and randomly oriented configurations,
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graphene has been shown to provide stiffer macroscopic properties for the same
filler content.
• Agglomeration of fillers into clusters may be understood as a mechanical defect in
the microstructure of the composite. The results demonstrated critical reductions of
the resonant frequency as the heterogeneity degree of the filler dispersion increases.
• The restacking of graphene sheets into graphite platelets is a limiting factor of the
macroscopic behavior of these composites. The numerical results have showed
dramatic reductions of the effective resonant frequencies for higher fractions of
graphene sheets lumped into graphite platelets.
2.6 Conclusions
This chapter has presented the main contributions of this thesis in the study of the potential
applications of CNTs for the development of high-strength composites. First, advanced
micromechanics models have been implemented to estimate the overall stiffness tensor
of CNT/reinforced composites. In light of the micrograph inspections reported in the
literature, common microstructural features such as filler waviness and agglomeration
have been considered. The developed homogenization approaches have been employed
to analyze the potential enhancements of CNTs in the macroscopic response of certain
structural elements, namely flat shells, skew shells, and cylindrical panels. Furthermore,
numerical studies have been conducted to assess the design optimization possibilities
of FG-CNTRCs. Finally, in order to perform optimization or uncertainty propagation
analyses, as well as the considerable number of variables involved in the microstructure,
Kriging and RS-HDMR surrogate models have been implemented. In this way, it has been
possible to substitute the finite element simulations, which are very costly in terms of
computation, and generate large populations of simulations apt for conducting statistical
analyses of the macroscopic response of FG-CNTRCs. Overall, the main conclusions
reached along this chapter can be summarized in the following key points:
• The theoretical simulations of the overall properties of CNTRCs demonstrate large
enhancements of the mechanical properties with small filler concentrations. These
results support the idea of developing light-weight high-strength composite struc-
tural elements such as fuselage panels, high-performance tribological engineering
components, reinforcing coatings for damaged infrastructures, etc.
• The mean-field homogenization theory of Eshelby-Mori-Tanaka exhibits some short-
comings for the analysis of general distributions of CNTs. In particular, it has been
shown that its estimates violate the Hashin-Shtrikman-Walpole and Voigt/Reuss
bounds for random filler arrangements. Also, in the case of misoriented filler ar-
rangements or fully aligned wavy configurations, the stiffness tensors computed by
the MT model are diagonally asymmetric and, thus, physically inadmissible.
• The numerical results have evidenced that filler waviness and agglomeration have
coupled weakening effects when acting together. It has been shown that only the
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consideration of ad hoc Eshelby’s tensors for wavy filler configurations, along with
the two-parameter agglomeration model, can properly account for both phenomena
simultaneously.
• The results have highlighted that the use of functionally graded doping of CNTs opens
many design optimization possibilities. In particular, all the conducted analyses
have revealed that fillers concentrated at sections far from the mid-surface of the
element yield the stiffest responses.
• Uncertainty propagation analyses have shown a high sensitivity of the vibrational
properties of FG-CNTRC plates to variations of the matrix material properties, filler
volume fraction and distribution across the thickness, and elastic moduli of CNTs.
Also, power-law distribution functions have been shown to provide a parametrization
of the CNT distribution suitable for characterizing uncertainties stemming from the
manufacturing process. The Kriging and RS-HDMR surrogate models have been
shown robust and computationally efficient for such uncertainty analyses.
On the whole, it is concluded that the first goal pursued in this thesis on the analysis of
CNTs as mechanical reinforcements for high-strength composites has been fulfilled.
3 CNTs as additives for smart
composites
This third chapter of the thesis presents the works conducted on the realm of carbonnanotubes as additives for the development of smart composites, including the results
published in the articles D, E and K.
3.1 Introduction
Recent advances in the field of Nanotechnology have led to the development of new multi-
functional and smart materials. In particular, electrically conductive Carbon NanoTube
(CNT) cement-based composites open a vast field of applications in SHM [118, 325, 92].
CNTs exhibit electrical conductivities between 1000 and 200000 S/cm [78], that is several
orders of magnitude larger than most polymeric and cementitious materials. As a result
of these properties, along with high aspect ratio, small diameter, lightness and excellent
chemical and thermal stability, CNTs can be used as additives to produce multifunctional
composites [313]. However, what is even more interesting is the piezoresistive behavior
of these composites. In virtue of this property, these composites exhibit strain-sensing
capabilities by means of measurable variations of their electrical properties under applied
mechanical deformations [99, 171, 324]. This unique property, coupled with the similarity
between these composites and structural concrete, suggests the possibility of develop-
ing distributed strain-sensing systems that would entail substantial improvements in the
cost-effectiveness of large-scale concrete structures [184, 120, 136, 277, 121, 125, 123].
Cementitious composites also have a similar durability to the monitored structure, which
allows long-term applications. However, works reporting the development of theoretical
models capable of simulating the relationship between external mechanical strains and the
effective electrical conductivity is still scant.
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In this context, the second objective of this thesis is twofold:
• Modeling of the electrical conductivity of CNT-reinforced composites. Along these
lines, the research works are intended to determine the macroscopic conductivity
in the absence of external loading, o, or alternatively the macroscopic resistivity,
o = (o) 1.
• Modeling of the strain-sensitivity of CNT-reinforced composites. To this end, the
previously developed theoretical formulation should be extended to determine the
variation of the conductivity tensor  under the action of an external strain field ".
In this way, it would be possible to relate the electrical and mechanical fields through
a multiphysics simulation as i j=o = i jkl"kl, with i jkl being the components of
the piezoresistivity tensor.
Following the trace of the micromechanics modeling of the mechanical properties of
composites previously overviewed, this chapter collects the works conducted on their ex-
tension to the homogenization of the electrical conductivity and piezoresistivy of CNTRCs.
In a similar way to the previous chapter, a special interest has been put into the analysis
of the influence of waviness and agglomeration effects. Novel mixed-micromechanics
approaches have been proposed for the modeling of the effective electrical conductivity
and piezoresistivity of CNT-reinforced composites. In addition, an experimental campaign
was conducted to characterize the electrical properties of CNT-reinforced cement-based
materials, namely cement, mortar and concrete, to serve as validation benchmark. Ex-
cellent agreements were found with the developed theoretical models what proves the
accuracy of the proposed approaches.
The present chapter is organized as follows. A detailed review of the state-of-the-
art of the modeling of the conductivity and strain-sensing properties of CNT-reinforced
composites is presented in Sections 3.1.1 and 3.1.2, respectively. Section 3.2 outlines the
theoretical framework of the models developed for the electrical conductivity of CNT-
reinforced cement-based materials. Sections 3.3 and 3.4 review the extensions of the
latter approaches to incorporate uniaxial and three-dimensional strain states, respectively.
Section 3.5 includes the numerical results and comparison with experimental data and,
finally, Section 3.6 concludes this chapter.
In this chapter, a boldface letter stands for a second-order tensor, A  Ai j, unless
otherwise indicated.
3.1.1 Conductivity of CNT-reinforced composites
Over the last decade, many experimental results have put in evidence the percolation-like
nature of the electrical conductivity of cement-based composites [47, 52, 348]. In this
way, the conductivity of composites varies only slightly for ranges of CNT concentrations
below and above a certain critical concentration, so-called percolation threshold, at which
abrupt increases are observed. Most researchers agree explaining this percolation behavior
by means of two different conductive mechanisms: electron hopping (or quantum tunnel-
ing) and conductive networking [345, 47, 185, 46]. From quantum mechanics, electron
hopping is characterized by a transfer of electrons intra-tube or from one CNT to an
adjacent tube. The probability of occurrence of this mechanism is highly dependent on
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the distance between tubes [119, 123]. At low CNT concentrations, electron hopping
governs the electrical conductivity of the composite. With increasing CNT concentration,
the separation distance among CNTs decreases until adjacent fibers touch one another
resulting in a continuous electrically microscale conductive path. The conductivity of
composites with CNT concentrations above the percolation threshold is believed to be
dominated by this second mechanism.
Most of the literature on CNT cement-based composites has focused on their fabri-
cation process and experimental characterization. Theoretical studies coping with the
explanation of the physical principles underlying the conductive mechanisms of these
composites are rather scant. Among these contributions, it is noteworthy the application
of lumped-circuit models of carbon fiber cement paste sensors based on series-parallel
arrays of electrical resistors and capacitors [184, 121, 124, 63, 126]. A larger number of
publications is found concerning the modeling of polymeric materials doped with carbon
nanotubes. Monte Carlo (MC) simulations haven been widely employed to predict the
electrical conductivity of nanocomposites [231, 200, 384, 198]. Nevertheless, MC simu-
lations are computationally expensive and do not offer an explicit formulation useful for
design purposes. Thus, the development of analytical models has attained more attention.
Traditionally, a three-parameter power law fit taken from classic percolation theory has
been widely used for determining the percolation threshold [159, 116]. However, since
this model requires experimental data to be fitted, it cannot be used for design purposes
nor let distinguish the two conductive mechanisms. Alternatively, other authors have
attempted to predict the overall electrical conductivity of CNT nanocomposites by means
of micromechanics theories. Among them, it is worth mentioning the work of Deng and
Zheng [66] who developed a simplified micromechanics model to evaluate the effective
electrical conductivity of CNT-based composites. That approach made it possible to
reproduce percolation, conductive networks, conductivity anisotropy and CNT waviness
with reasonably good agreements with some experimental data from the literature. A
similar approach was employed by Takeda et al. [303] for the analytical characterization
of the electrical conductivity of CNT-reinforced polymer composites. The predictions
provided by that analytical model showed a good correlation with experimental results mea-
sured by alternating current impedance spectroscopy. Another relevant contribution was
made by Seidel and Lagoudas [275] who proposed a Mori-Tanaka micromechanics model
[220, 131] for the study of the individual influence of electron hopping and conductive
networking mechanisms on the electrical conductivity of CNT-polymer composites. In that
work, the electron hopping mechanism was simulated by means of conductive interphases
surrounding the tubes, whilst conductive networks were represented by changes of the CNT
aspect ratios. Despite the promising capabilities of this new approach, great discrepancies
were observed compared to experimental data. The origin of these discrepancies was
attributed by Feng and Jiang [87] to the assumption of the electrical conductivity and
thickness of the interphase as constant, as well as the isolated effect of electron hopping
and conductive networks before and after the percolation, respectively. Those authors
proposed an extension of the latter approach by considering the coupled effect of electron
hopping and conductive networks on the overall conductivity, achieving better agreement
with experimental data. Their simulation results also indicated that the CNT aspect ratio
plays a key role in the definition of the percolation threshold and, consequently, in the
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overall conductivity of the nanocomposites.
It should be mentioned that most of the existing theoretical studies of the electrical
properties have assumed straight conductive fillers. However, plenty of experiments have
shown that CNTs in composites typically present a certain degree of waviness [276, 330,
246], which is due to their large aspect ratio and low bending stiffness. In this regard, some
researchers have reported on the effects of waviness on the overall electrical properties of
CNT nanocomposites. By assuming a simple sinusoidal shape, Yi et al. [370], Berhan and
Sastry [26] and Fisher et al. [93] showed that CNTwaviness induces considerable increases
in the percolation threshold and decreases in the overall conductivity. Similar conclusions
were reached by approximating wavy CNTs as elongated polygons by Li et al. [177], or by
introducing equivalent straight fibers into simplified micromechanics models, as reported
by Deng and Zheng [66] and Takeda et al. [303]. A second important phenomenon that is
commonly present in CNT-based composites is the agglomeration of fillers. The difficulty
in obtaining good dispersions of nanotubes is related to the circumstance that CNTs
tend to form agglomerates and bundles. This phenomenon is attributed to the electronic
configuration of tube walls and their high specific surface area which favors the appearance
of large vdW attraction forces among CNTs [9, 186, 352]. Although it has been reported in
the literature that bundles can substantially decrease the overall conductivity of composites
since they inhibit the formation of conductive networks [147], only a few contributions
have attempted to theoretically simulate of this effect. Along these lines, it is worth noting
the works of Weng [350] and Yang and co-authors [365]. Their results showed that the
inhibition of conductive networks induced by clustering leads to important increases in
the percolation threshold. It is thereby essential to develop rigorous theoretical models
capable of simulating CNT waviness and clustering for the correct comprehension of the
physical principles that govern the conductivity of CNT cement-based composites, as well
as for the development of effective tools for their design.
3.1.2 Strain-sensing capabilities of CNT-reinforced composites
The origin of the self-sensing property of CNT-reinforced composites is attributed to the
tampering of the mechanisms underlying the overall conductivity when external strains
are applied. In particular, three major expected changes during stretching/compressing
have been suggested in the literature [85, 139]: (i) composite volume expansion, (ii)
reorientation of fillers and (iii) changes in the percolation threshold. The first mechanism
refers to the change of volume experienced by compressible materials when subjected to
dilation strain. Given that CNTs are much stiffer than the matrix, the volumetric expansion
of fillers can be neglected, being only sustained by the matrix. Hence, a change in the
overall volume with an unaltered volume of fillers induces changes in the CNT volume
fraction [243, 85, 113]. This change eventually causes the breakdown of some existing
conductive paths or the formation of new ones due to the change of the distance between
CNTs. With regard to the second mechanism, experiments have shown that CNTs tend to
re-orient in the direction of the stretching [51, 338, 12]. Under the assumption of initial
random distributions of CNTs, the strain-induced filler reorientation results in a growing
anisotropy degree and, consequently, in changes in the effective electrical properties of the
composite. Finally, many researchers agree that strain-induced reorientation also alters
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the percolation threshold. This is ascribed to the fact that aligned fillers presumably have
less likelihood to get in contact and form connecting networks [115, 373].
In the literature, most studies to date have focused on the fabrication and experimental
analysis of CNT-based composites. In the light of the promising potential of these compos-
ites as smart materials, much effort has been put into the experimental characterization and
the development of new applications as sensors [374, 194, 118, 140, 137, 164, 323, 325, 62].
Nevertheless, the number of theoretical studies that allow for tailoring the properties of
these composites and for properly interpreting their outputs is much smaller. The work of
Lin et al. [192] is worth noting, as it presented an application of the Monte Carlo method
to investigate the stretching/compression effects on the electrical properties of fiber-filled
composites. Their results showed that deformation can shift the percolation threshold of
the composites. Theodosiou and Saravanos [311] analyzed the piezoresistive response
of CNTs by an atomistic model, as well as the macroscopic behavior of CNT-polymer
composites by a numerical percolation model. That work concluded that the nanotube
resistance and the tunneling effect are the dominant mechanisms in the strain-sensitivity
of the composites. Yasuoka et al. [368] simulated the strain-sensitivity of CNT-based
composites by using a circuit simulator analogue to a percolation network. It was shown
that piezoresistivity exhibits a high level of non-linearity, a conclusion that agrees well
with the experimental evidence. A similar work was carried out by Feng and Jiang [85, 88].
Those authors extended their previous works on the modeling of the overall electrical
conductivity of CNT-reinforced composites [87] in order to take into account the stretching
effects. Despite finding gross differences in comparison to some experimental data for
CNT/polymer composites doped with low CNT concentrations, the proposed framework
proved capable of qualitatively implementing the three major effects induced by stretching.
It should be also mentioned that most theoretical works in the literature restrict their
analyses to uni-axial loadings, whilst those estimating the response of these composites
under general three-dimensional strain states are sorely lacking. In this line, it is worth
noting the contribution of Alamusi and Hu [5] who utilized the three-dimensional resistor
network previously proposed by Hu et al. [141], and incorporated Simmon’s contact
resistance among CNTs [287] along with a fiber re-orientation model [309]. Tallman and
Wang [305] extended the theoretical formulation developed by Takeda et al. [303] for the
piezoresistivity modeling of CNT composites subjected to arbitrary dilations. The case of
bi-axial stretching was also studied by Feng and Jiang [88] who presented closed-form
expressions of the filler orientation distribution functions for such loading configurations.
It should be also remarked the recent work by Wang et al. [336] who developed a two-
dimensional representative volume element to simulate the electromechanical response of
silicone elastomer doped with carbon black. In that work, comparison analyses against
experimental data for laterally constrained uni-axial stretching demonstrated the importance
of large deformation effects on the non-linear electrical response of the composites. Despite
these developments, there is no a generalized micromechanical scheme allowing for the
modeling of the electro-mechanical response of CNT-reinforced cement-matrix composites
under arbitrary 3D strain states. The present chapter of this thesis is intended to address
this gap.
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3.2 Conductivity of CNT-reinforced composites1
3.2.1 Composites reinforced with randomly oriented straight CNTs
In this section, carbon nanotubes are assumed to be straight, uniformly and randomly
dispersed throughout a cementitious matrix. Based on the Eshelby-Mori-Tanaka mean-field
homogenization framework, the electron hopping mechanism is simulated by means of a
conductive interphase surrounding the tubes, whilst conductive networks are represented
by changes in the CNT aspect ratios.
3.2.1.1 Tunneling resistance: Thickness and conductivity of the interphase
The electron hopping is characterized by the transfer of electrons between proximate
tubes. The physical origin of this transfer is a quantum tunneling effect which defines
the penetration or tunneling of an electron through a potential barrier. The transmission
probability decays exponentially with the increase in the width and height of the potential
barrier [353, 259]. In the case of CNT-reinforced composites, the potential barrier is
defined by the insulating gap of matrix da between proximate non-connected tubes [119,
123]. The upper limit distance for MWCNTs in conductive networks, in other words,
the cut-off distance for tunneling effects, has been taken as dc=0.5 nm [347, 360], which
is the maximum possible thickness of a cementitious medium separating two adjacent
MWCNTs that allows the tunneling penetration of electrons (See Fig. 3.1). Due to a
lack of information in the literature on the estimation of the average separation distance
between CNTs without electrical contact, an assumption of da = dc has been made on
this quantity in the present work. When the separation distance of CNTs is larger than
dc with CNT volume fraction fCNT less than the percolation threshold fc, it is regarded
that CNTs are more independent rather than electrically connected to each other. In this
situation, electron hopping dominates the electrical conductivity of the composite. When
conductive networks are formed after the percolation, several works in the literature have
demonstrated that the average separation distance da between adjacent MWCNTs follows
a power-law description [10, 303, 87]. Here, we use the expression proposed by Deng and
Zheng [66]:
da =

dc 0  fCNT < fc
dc
(
f c
fCNT
)1=3
fc  fCNT  1
(3.1)
Simmons [288] derived a generalized formula for the electric tunneling effect between
similar electrodes separated by a thin insulating film. If we assume the thickness of
insulating film in the contact area of crossing CNTs to be uniform and neglect the variation
of barrier height along the thickness, the formula of the resistance to electron tunneling
Rint for a rectangular potential barrier can be employed [176]:
Rint(da) =
dah¯
2
Ace2
(
2mV1=2o
) exp(4da
h¯
(
2mVo
)1=2) (3.2)
1 An extended version of this section is found in paper D.
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Figure 3.1 Schematic representation of the contribution of electron hopping and conductive network
mechanisms to the overall electrical conductivity of CNT nanocomposites.
where Vo is the height of the tunneling potential barrier, m and e are the mass and the
electric charge of an electron, respectively, Ac is the contact area of MWCNTs and h¯ is the
reduced Planck’s constant. A reference value of 0.36 eV has been taken for the height of
the tunneling potential barrier based on the experimental results of Wen and Chung [347].
This effect has been incorporated into the simulation through a conductive interphase layer
surrounding the nanotubes, whose thickness, t, and electrical conductivity, int, can be
expressed correspondingly as:
t =
1
2
da; int =
da
AcRint(da)
(3.3)
Assuming a constant average separation among MWCNTs without electrical contact
may result in an overestimated electrical conductivity of the nanocomposites for CNT
volume fractions below and around the percolation threshold. However, the contribution of
conductive networks becomes more dominating with the increase of CNT volume fraction,
allowing to neglect this overestimation above percolation [87].
3.2.1.2 Nanoscale composite cylinder model for CNTs
As discussed above, the electron hopping mechanism among MWCNTs distributed in
the matrix is simulated by the formation of a continuum interphase layer surrounding the
nanotubes. In order to capture this interphase layer and the hollow nature of MWCNTs, a
widely-accepted effective composite cylinder model can be used to determine the effective
electrical conductivity of MWCNTs together with the surrounding interphases. Fig. 3.2
shows the composite cylinder assemblage which consists of a MWCNT (length LCNT
and diameter DCNT = 2rc) and the surrounding interphase with a thickness of t. In this
work, MWCNTs have been treated as solid cylinders instead of hollow tubes due to the
difficulty in obtaining the actual electrical conductivity of MWCNTs considering the
nanoscale structures. The effective longitudinal and transverse electrical conductivity of
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the equivalent cylinders, ˜L and ˜T , respectively, can be obtained in a local coordinate
system
{
x1;x2;x3
}
by applying the Maxwell’s equations and the law-of-mixture rule as
[363, 87]:
˜L =
(LCNT +2t)int
[
Lc r
2
c +int
(
2rct+ t
2
)]
2Lc r2c t+2int
(
2rct+ t2
)
t+intLCNT
(
rc + t
)2 (3.4)
˜T =
int
LCNT +2t
LCNT 2r2cTc +
(
Tc +int
) (
t2 +2rct
)
2r2cint +
(
Tc +int
) (
t2 +2rct
) +2t
 (3.5)
where c denotes the electrical conductivity of the MWCNT and the superscripts “L” and
“T” represent the longitudinal and the transverse directions, respectively. The volume
fraction fe f f of the effective solid fillers can be obtained in terms of the CNT volume
fraction fCNT as follows:
fe f f =
(
rc + t
)2 (LCNT +2t)
r2cLCNT
fCNT (3.6)
t
x1x3
t
DCNT
t
rcx2
tLCNT
Figure 3.2 Equivalent composite cylinder.
In this way, the composite itself is composed of two phases: the matrix and the effective
solid fibers. For this two-phase composite, a micromechanics model can be applied to
determine its overall electrical conductivity.
3.2.1.3 Mixed micromechanics model
Let us consider a RVE of cementitious matrix doped with randomly dispersed straight
MWCNTs as shown in Fig. 3.3. It is assumed that the RVE contains a sufficient number of
fillers in such a way that the overall properties of the composite are statistically represented.
The effective properties of the RVE can be estimated by means of the electrical counterpart
of the mean-field homogenization model of Eshelby-Mori-Tanaka.
As discussed in the previous section, MWCNTs together with the surrounding inter-
phases can be simulated as equivalent solid fillers. The orientation of a straight filler
aligned in the local x01 direction is characterized by two Euler angles  and , as shown in
Fig. 3.3. According to the far-field particle interactions assumption of the Mori-Tanaka
method, the effective electric conductivitye f f of the nanocomposite can be determined by
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averaging over all possible orientations of the fillers in the RVE according to the following
expression [237]:
e f f = m + fe f f
∫ 2
0
∫ 
0 
(;)
(
cnt  m
)Asin()dd∫ 2
0
∫ 
0 
(;) sin()dd
(3.7)
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Figure 3.3 Representative Volume Element (RVE) including straight CNTs.
where 
(;) is the Orientation Distribution Function (ODF); fe f f is the effective volume
fraction of the equivalent filler defined in Eq. (3.6); cnt and m are the electrical conduc-
tivity tensors of the effective filler and the matrix, respectively; and A is the electric field
concentration tensor. In the case of completely random oriented fillers, the orientation
distribution function is constantly equal to one, 
(;) = 1. The base vectors ei and e0i
of the global (x1;x2;x3) and the local coordinate systems (x01;x
0
2;x
0
3) are related via the
transformation matrix Q:
ei = Qi je
0
j (3.8)
where Q is given by:
Q =
 cos sin sin sin cos sin cos 0 coscos  sincos sin
 (3.9)
Each straight MWCNT is modeled as an equivalent solid cylinder with transversely
isotropic electrical conductivity tensor in the local coordinate system, 0cnt, given as [275]:
;cnt =
˜
L 0 0
0 ˜T 0
0 0 ˜T
 (3.10)
with ˜L and ˜T being the longitudinal and transverse electrical conductivity of the effective
filler as obtained in Eqs. (3.4) and (3.5), respectively. Based on the assumption of uniform
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and random distribution of fillers, the electric field concentration tensor A in the global
coordinate system can be expressed as [87]:
A = QT T˜Q
{(
1  fe f f
)
I+
fe f f
4
∫ 2
0
∫ 
0
{
QT T˜Q
}
sin()dd
} 1
(3.11)
where
T˜ =
{
I+S (m) 1 (˜ m)} 1 (3.12)
with I (Ii j) and S (S i j) being the second-order identity tensor and the Eshelby tensor of
the effective filler, respectively. The Eshelby’s tensor of a prolate spheroid (a2 = a3 < a1)
aligned in the x01 direction is given by [310]:
S =
S 11 0 00 S 22 00 0 S 33
 (3.13)
where
S 22 = S 33 =
Are
2
(
A2re 1
)3=2 [Are (A2re 1)1=2  cosh 1 Are] (3.14a)
S 11 = 1 2S 22 (3.14b)
with Are being the aspect ratio of the effective filler, i.e. Are=(LCNT +2t)=(DCNT +2t).
As mentioned before, several experiments and simulations have demonstrated that
CNT-cement nanocomposites have a percolation-like behavior displaying a sharp increase
in the electrical conductivity after the CNT volume fraction reaches a certain threshold
[47, 52, 348]. For a two-phase nanocomposite with a uniformly random distribution of
CNTs, the percolation threshold, fc, can be approximately determined by the following
analytical expression [100, 66]:
fc(H) =
9H(1 H)
2+15H 9H2 ; H =
1
A2r  1
 Ar√
A2r  1
ln
(
Ar +
√
A2r  1
)
 1
 (3.15)
where Ar is the aspect ratio of the MWCNT, i.e. Ar = LCNT =DCNT . The percolation
threshold fc denotes the onset of the percolation process. Before this critical value ( fCNT <
fc), electron hopping is the only mechanism that contributes to the electrical conductivity.
Nonetheless, once percolation starts ( fCNT = fc), a certain number of MWCNTs begin to
be electrically connected forming conductive networks. Hence, for volume fractions above
the percolation threshold, a percentage  of MWCNTs are connected forming conductive
networks whilst the rest, 1 , are not yet connected and only electron hopping contributes
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to the overall conductivity of the composite. According to Deng and Zheng [66], the
relative amount of percolated MWCNTs, , can be approximately estimated as:
 =

0 0  fCNT < fc
f 1=3CNT   f 1=3c
1  f 1=3c
fc  fCNT  1
(3.16)
From the above analysis, it is concluded that both electron hopping (EH) and conductive
networks (CN) contribute to the electrical conductivity of the composite after percolation,
while only electron hopping takes place before this critical value. Therefore, the expression
of the overall electrical conductivity of CNT-cement nanocomposites from Eq. (3.7) can
be extended by the sum of both mechanisms as follows:
e f f = m +N;EH +N;CN (3.17)
where N;EH and N;CN denote the electrical conductivity provided by electron hopping
and conductive network mechanisms, respectively, and are defined as:
N;EH = (1 )
1
4
∫ 2
0
∫ 
0
{
fe f f
(
EH  m
)AEH}sin()dd (3.18)
N;CN = 
1
4
∫ 2
0
∫ 
0
{
fe f f
(
CN  m
)ACN}sin()dd (3.19)
In the case of MWCNTs forming conductive networks, several adjacent fibers are
electrically connected resulting in a continuous conductive path. This effect can be
modeled by considering infinite aspect ratio of the MWCNTs as proposed by Seidel and
Lagoudas [275]. Therefore, quantities associated with electron hopping correspond to
the real MWCNTs aspect ratio (a2 = a3 = rc; a1 = LCNT ), while quantities related to
conductive networks correspond to an infinite aspect ratio (a2 = a3 = rc; a1!1).
3.2.2 Composites reinforced with randomly oriented curved CNTs
In order to support the development of the analytical micromechanics model of electrical
conduction in CNT cement-matrix composites, morphological analyses have been carried
out on water suspensions and cementitious materials doped with MWCNTs, appropriately
realized with different dispersing procedures. The results have shown that most MWCNTs
in cement-based composites exist in a curved state, what is attributed to their low bending
stiffness due to the small tube diameter (10-15 nm). Figure 3.4 shows two examples of
Scanning Electron Microscope (SEM) images, at the same magnification, of MWCNTs in
water suspensions obtained after sonication by use of lignosulfonic acid sodium salt (SLS)
dispersant (Fig. 3.4 (a)), and using just mechanical mixing without dispersant (Fig. 3.4 (b)).
The micrographs show a homogeneous dispersion of the carbon fillers in the sonicated
mix and the presence of visible bundles in the mechanically mixed one. Experimental
investigations have also concerned the influence of different amounts of dispersant on
the morphology of MWCNTs in water suspensions after mixing. Figure 3.5 shows the
SEM images of MWCNTs dispersed in water solution realized with surfactant added in
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the concentrations of 1:1 (Fig. 3.5 (a)) and 10:1 (Figs. 3.5 (b) and 3.5 (c)) with respect to
the mass of the carbon nanotubes. The addition methods used for the dispersions were
sonication (Figs. 3.5 (a) and 3.5 (b)) and mechanical mixing (Fig. 3.4 (c)). All the SEM
images of the MWCNT-added water suspensions, realized for the dispersion analyses, have
demonstrated that the carbon nanotubes exhibit similar characteristic curved geometries.
From this analysis, it can be extracted that the geometry of curved MWCNTs can be
approximated by an helical curve. The geometry of this curve (Fig. 3.6) is defined by the
diameter Dh, the spiral angle w and the polar angle . The length Lwavy of the curved
CNT is defined by these parameters as:
Lwavy =
Dh
2cosw
(3.20)
1µm 1µm
(a) (b)
Figure 3.4 SEM pictures of MWCNTs in aqueous suspensions with physical dispersant after soni-
cation (a) and without dispersant after mechanical mixing (b). (The green dashed lines
represent some of the helical wavy geometries detected in the inspections).
200 nm200 nm200 nm
(a) (b) (c)
Figure 3.5 SEM pictures of MWCNTs in aqueous suspensions sonicated with the SLS dispersant
in the 1:1 (a) and 10:1 (b) amounts, and mechanically mixed using the SLS dispersant
in the 10:1 amount (c).
The waviness of a MWCNT is governed by its spiral angle, w. For example, w = =2
corresponds to a straight configuration, while w = 0 corresponds to a circular MWCNT.
The consideration of the waviness effect into the micromechanics modeling requires the
conversion of the wavy CNTs into equivalent straight fillers of length Lstr [66, 303, 86].
A wavy MWCNT can be regarded as an equivalent straight fiber with the capability of
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Figure 3.6 Helical model of a curved MWCNT and its equivalent straight counterpart.
(i) conducting the same electric flux J; and (ii) transporting the same amount of electric
charges [87]. When the wavy MWCNT is subjected to a potential difference V , the
electrical flux J can be approximated by [66]:
J = wavyc
V
Lwavy
(3.21)
Hence, the first condition (i) defines the effective electrical conductivity of the equivalent
straight MWCNT as:
strc = 
wavy
c (3.22)
with  = Lstr=Lwavy = sinw the length ratio. The second condition (ii) imposes the same
electrical charge through the wavy and the equivalent straight fillers and, thus, the same
electrical resistance:
Rstrcnt = R
wavy
cnt (3.23)
The combination of Eqs. (3.22) and (3.23) results in a condition of equal diameters
for the wavy and the straight fillers, Dstr = Dwavy. Finally, due to the reduction of the
MWCNTs length from Lwavy to Lstr, the volume fraction of the fillers must be updated to
f str =  fwavy, with fwavy being the volume fraction of the wavy MWCNTs.
3.2.3 Modeling of CNT agglomeration effects
The large surface area of MWCNTs originates substantial vdW attraction forces what
makes MWCNTs easy to form agglomerates in bundles [276, 284]. The resulting spatial
distribution of nano-inclusions within the matrix is non-uniform, so some local regions
present higher concentrations of MWCNTs than the average in the composite. Fig. 3.7
shows two SEM pictures of MWCNTs dispersed in water solution with low content of
dispersant after sonication, taken with magnification factors of 5000 and 1000, respectively.
They clearly illustrate some typical carbon nanotube agglomerations occurring in aqueous
suspensions, whose geometries can be approximately defined as ellipsoidal. Hence, in order
to include the agglomeration effect in the proposed micromechanics approach, the bundles
are assumed as ellipsoidal inclusions (a2 = a3 , a1) with distinct conductive properties
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from the surrounding material. To this end, the two parameter agglomeration model
introduced by Shi et al. [282], and previously outlined in section 2.2.5, has been adapted
in this work to model the conductivity of non-uniformly distributed MWCNT-reinforced
cement composites.
10 µm
(a)
20 µm
(b)
Figure 3.7 SEM pictures of MWCNTs in aqueous suspension with magnification factors of 5000
(a) and 1000 (b).
The homogenization procedure defined in Eq. (3.17) has been therefore applied in two
separate steps: inside the bundles and in the surrounding matrix. The homogenization of
these two new phases has been carried out taking into account the ellipsoidal geometry of
the bundles. To this purpose, the Eshelby’s tensor for an ellipsoid inclusion with symmetric
axis x03 has been used, whose expression is given by:
S 22 = S 33 =

Ae
2
(
A2e  1
)3=2 [Ae (A2e  11=2)  cosh 1 Ae] ; Ae  1
Ae
2
(
A2e  1
)3=2 [cos 1Ae Ae (1 A2e)1=2] ; Ae  1 (3.24)
with Ae the aspect ratio of the ellipsoid (Ae = a1=a2) and S 11=1 2S 22.
3.3 Uniaxial strain-sensing capabilities of CNT-reinforced composites2
In this section, a micromechanics modeling of the uniaxial piezoresistivity of CNT-
reinforced cement-matrix composites is developed as an extension of the previously
described approach. The origin of the strain sensing capabilities of the cement-based
nanocomposites is attributed to three main mechanisms: (i) volume expansion and reorien-
tation of CNTs, (ii) changes in the conductive networks, and (iii) changes in the tunneling
resistance. The following sections separately present the modeling approach for each of
these contributions.
2 An extended version of this section is found in paper E.
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3.3.1 Volume expansion and reorientation of CNTs
Let us consider a three-dimensional affine deformation cell containing an embedded
effective solid filler before and after the application of a uniaxial strain " as shown in
Fig. 3.13. Under the assumption of large deformations, the volume of the cell changes from
Vco = l
3
o to Vc = l3o (1+")1 2, with  being the Poisson’s ratio of the composite. Moreover,
assuming that the deformation of the composite is mainly sustained by the matrix, the
volume of the nano-inclusions remains constant and, therefore, the volume expansion
induces changes in the CNT volume fraction as follows [85]:
f CNT =
Vco fCNT
Vc
=
fCNT
(1+")1 2
(3.25)
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Figure 3.8 Schematic representation of the volume expansion and reorientation of a conductive
filler within a deformable cell subjected to uni-axial strain ".
Likewise, it can be noted from Fig. 3.13 that the strain " also originates a re-alignment
of the fiber along the strain direction x3. This change of orientation is characterized by
a decrease in the complementary polar angle from =2   to =2  s, with negligible
variation of the azimuth angle  [85]. The new complementary polar angle s can be
expressed in terms of its initial value  as follows [309]:
tans = (1+")
1+ tan (3.26)
This change of the polar angle of the fillers results in a change of the ODF from

 (=2 ;) to 
 (=2 s;). After the application of the strain, the initially randomly
distributed fillers (
 (=2 ;) = 1) tend to align in the strain direction and, therefore,
the randomness of the nanofillers distribution is reduced. In order to obtain the resulting
ODF, the condition of a constant number of fillers before and after the application of the
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strain has been applied. To this end, and assuming a total number of N fillers distributed
in the RVE, the number of fillers lying in the orientation range (;+d) (;+d) can
be computed as [85]:
dN;+d
;+d
=
1

N
 (=2 ;) sindd (3.27)
Accordingly, the total number of fillers must be the same after the application of the
strain within the range (s;s +ds) (;+d):
dNs;s+ds
;+d
= dN;+d
;+d
(3.28)
Substituting Eq. (3.26) into Eq. (3.28), and expressing  as =2  (see Fig. 3.13), the
resulting ODF, 
(;), is determined as:

(=2 ;) = (1+")
1+
2[
(1+") (1+) cos2(=2 )+ (1+")(1+) sin2(=2 )
] 3
2
(3.29)
Fig. 3.9 shows the variation of the ODF with the strain " and the polar angle . In
the unloaded case, " = 0, the ODF remains constant and equal to 1 for every polar angle,
corresponding to the uniform random distribution. It is also observed that, for increasing
traction (" > 0), the ODF gives more weight to complementary polar angles close to 0 and
, that is to say, more fibers tend to re-align in the direction of the strain. On the contrary,
it is worth noting that for increasing compression (" < 0), the ODF has higher values for
polar angles around =2 and, therefore, the fibers tend to re-align in the transverse direction
of the strain.
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Figure 3.9 Variation of 
(;) (ODF) with strain " and complementary polar angle  ( = 0:3).
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3.3.2 Change in the conductive networks
Piezoresistivity of CNT nanocomposites is also due to the breakage of conductive net-
works induced by strain. As previously discussed, the reorientation of the fibers decreases
the randomness of the CNT distribution as the strain increases. Hence, it can be intu-
itively understood that the probability of forming conductive paths must be altered, which
corresponds to the change in the percolation threshold fc.
Komoro and Makishima [163] proposed a stochastic approach for the calculation of
the number of filler contacts in general disordered systems doped with rod-like inclusions
with constant length and diameter. According to that work, a filler “A” with a given
orientation (;) comes into contact with a second filler “B” with orientation (0;0) if the
center of mass of the former is located within the neighborhood region of the latter. The
neighborhood region is defined when the fiber B is slid over both sides of the fiber A from
one end to the other, keeping the direction and the contact point on B unchanged (see
Fig. 3.10). In these two sweepings, the axis of B makes two rhombuses near both sides of
A, conforming a parallelepiped. The volume of this region is V = 2DCNTL2CNT sin, with
 being the angle between the two nanofillers. Based on the defined number of contacts in
a volume V along with the probability of formation of a contact, the mean distance among
contacts, bKM , is given by:
bKM =
DCNT
8I fCNT
(3.30)
where
I =
∫ 
0
d
∫ 
0
J(;)
(;) sind (3.31)
J(;) =
∫ 
0
d0
∫ 
0
sin
(0;0) sin0d0 (3.32)
sin =
[
1  {coscos0+ cos( 0) sin sin0}2]1=2 (3.33)
It should be mentioned that Komoro and Makishima did not consider the changes in
the contact probability with successive contacts. Pan [238] reported about this issue and
proposed an extended approach by considering that an existing contact reduces the effective
contact length of a filler, which reduces the probability of forming a new contact. A new
expression of the mean distance among inclusions bPan was given as:
bPan =
(+4 fCNT)DCNT
8 fCNT I
(3.34)
where
 =
∫ 
0
d
∫ 
0
J(;)K(;) sind (3.35)
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Figure 3.10 Neighborhood of the contact region of a fiber A of orientation (;) defined by the
parallelepiped formed by a second fiber B of orientation (0;0) sliding over both sides
of the former.
K(;) =
∫ 
0
d0
∫ 
0

(0;0) sin0
sin(;;0;0)
d0 (3.36)
Finally, it is worth noting that each nanofiller must have at least two contact points
to be part of a conductive network in the nanocomposite [283]. Alternatively, the mean
distance between contacts should be at least half of the filler length to attain the percolation
threshold. Kumar and Rawal [169] defined a coverage parameter,   = b=LCNT , which
represents the number of contacts formed on a given filler length. In the case of percolated
nanofillers, this quantity is such that    0:5. Those authors also proposed a mean coverage
parameter,   = b=LCNT , as the probability of percolation of the composite. Furthermore,
it has been reported in the literature that the distance between the contacts exhibit an
exponential distribution [59, 315] and, similarly, a mean coverage parameter   can be
defined as [169]:
P( ) = (1= )exp
(
  = 
)
(3.37)
Zheng et al. [388] reported that the statistical percolation threshold is reached when
50% of the sample percolates, this is:
∫ 0:5
0
P( )d  =  exp(0:5= )+1 = 0:5 (3.38)
where a value   of 0.72 is extracted. Finally, combining this result with Eqs. (3.31) and
(3.34), the percolation threshold can be computed using the Komori-Makishima and Pan’s
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models as:
f KMc =

5:77ArI
; f Panc =

5:77ArI 4
(3.39)
with Ar being the aspect ratio of the nanofillers, i.e. LCNT =DCNT . Kumar and Rawal
[169] reported that there are only slight differences between the Komori and Makishima
and Pan’s models since the percolation threshold is often reached at significantly low
nanofiller concentrations. Similar conclusions were also obtained in the present work and,
therefore, all the results that are provided thereafter are obtained by using the Komoro
and Makishima’s model. This methodology has allowed us to relate the externally applied
deformation with the variation of the percolation threshold through the ODF, as previously
defined in Eq. (3.29). Fig. 3.11 shows the variation of the percolation threshold with
respect to the nanofiller aspect ratio and for different strain levels. For mere illustrative
purposes, unrealistically high strain levels are considered to highlight the strain-induced
variations. It can be extracted from this figure that, due to the reorientation of the fillers
caused by the strain, some conductive paths disappear and consequently the percolation
threshold increases. In addition, Fig. 3.12 (a) shows different orientation distribution
functions for polar angles varying from 0 to  under different levels of uni-axial strain. As
already discussed in the previous section, in the case of stretching (" > 0), the nanotubes
tend to re-align in the direction of the strain, whilst in the case of compression (" < 0), the
tendency is the opposite and the fillers tend to re-align perpendicularly to the strain. In
both cases, the loss of randomness of the nanofillers distribution leads to lesser probability
of forming conductive paths as it can be seen in Fig. 3.12 (b). Hence, it can be concluded
from this figure that both compression and traction lead to higher percolation thresholds.
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Figure 3.11 Percolation threshold versus CNTs volume fraction under different strain levels (=0.3).
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Figure 3.12 Orientation distribution functions under different strain levels (a), and variation of the
percolation threshold with respect to the strain level (b) (=0.3).
3.3.3 Change in the tunneling resistance
The third mechanism originating the strain-sensing property of the composites is related
to the circumstance that electron hopping is altered when a deformation is applied because
of changes in the inter-particle distance. It has been reported in the literature that, when a
nanocomposite is deformed under external strain, the change of the nanotube resistance is
expected to be negligible because of the extremely small elastic deformation in nanotubes
resulting from their high elastic modulus, while the large deformation in the inter-nanotube
matrix due to its low modulus contributes to the electrical resistance change of the compos-
ite [170]. It has been also reported in the literature that, at relatively low strains (< 10 4),
the inter-particle distance and the height of the potential barrier change proportionally
with the strain [290] as follows:
da = da;0(1+C1") (3.40)
Vo = V
0
o (1+C2") (3.41)
where da;0 and V0o are the initial inter-particle distance and potential height at zero strain,
respectively, and C1 and C2 are constants. The constants C1 and C2 can be obtained by
fitting experimental data. There still exists a lack of information in the literature about
this aspect and, therefore, further future research is needed in order to develop a fully
experimental independent tool for design purposes.
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3.4 Three-dimensional strain-sensing capabilities of CNT-reinforced
composites3
In this section, the previously presented formulation is extended to account for general
three-dimensional strain states. In particular, dilation and distortion strain states are
analyzed in order to construct the three-dimensional piezoresistivity matrices, apt to be
applied in steady-state piezoresistive analyses in a finite element code. In a similar way to
the previous section, strain-induced alterations are divided into (i) volume expansion and
reorientation of fillers, (ii) changes in the conductive networks, and (iii) changes in the
tunneling resistance.
3.4.1 Volume expansion and reorientation of CNTs under 3D strain states
Two different strain states are considered, namely dilation and distortion. The main purpose
of this section is to study the volume expansion and reorientation of fillers under both strain
conditions. New closed-form expressions of the ODFs are presented for affine deformation
of cubic cells of random arrangements of fillers under three-dimensional dilation and shear
strains.
3.4.1.1 Dilation strain
Let us retake the deformable cubic cell of side lo loaded with an embedded filler before
and after the application of a 3D strain state ("1;"2;"3) as shown in Fig. 3.13. The volume
of the cell changes from Vo = l3o to V = l3o
(
1+"1
) (
1+"2
) (
1+"3
)
=l3o"1"2"3. It is assumed
that the filler remains inextensible because its stiffness is considerably higher than that
of the matrix. In this way, the deformation of the composite is mainly sustained by the
matrix and, therefore, the volume expansion induces changes in the CNT volume fraction
as follows:
f  =
Vo fCNT
V
=
fCNT
"1"2"3
(3.42)
Likewise, it can be noted from Fig. 3.13 that the strains also originate a re-alignment
of the fiber. This change of orientation is characterized by a change of the Euler angles
from (;) to (0;0). Correspondingly, the relationships between the coordinates of the
upper end of the filler in the cell before (x1;x2;x3) and after (x01;x
0
2;x
0
3) the tri-axial strain
are determined in terms of the Euler angles as:
x01
x1
=
u0 sin0 cos0
usincos
= "1 (3.43a)
x02
x2
=
u0 sin0 sin0
usinsin
= "2 (3.43b)
x03
x3
=
u0 cos0
ucos
= "3 (3.43c)
3 An extended version of this section is found in paper K.
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Figure 3.13 Schematic representation of the volume expansion and reorientation of a conductive
filler within a deformable cell subjected to a triaxial strain state ("1;"2;"3).
where u and u0 are the half lengths of the filler before and after the application of the
distortion, respectively. Since the filler is considerably stiffer than the matrix, it is assumed
as inextensible, that is u0 = u. This change of the Euler angles of the filler results in a
change of the ODF from 
 (;) to 

(
0;0
)
. After the application of strain, the initially
randomly oriented fillers (
 (;) = 1) tend to re-align and, therefore, the randomness of
the nanofillers arrangement is reduced. In order to obtain the resulting ODF, the condition
of a constant number of fillers before and after the application of strain can be applied. In
this regard, considering a total number of N fillers distributed in the RVE, the number of
fillers dN lying in the orientation range (;+d) (;+d) can be computed as [85]:
dN;+d
;+d
=
1

N
(;) sindd (3.44)
The total number of fillers must remain constant after the application of the strain within
the range (0;0+d0) (0;0+d0), what yields:
dN0;0+d0
0;0+d0
= dN;+d
;+d
(3.45)
Substituting Eqs. (3.43) and (3.44) into Eq. (3.45), and considering that 
(;) = 1
since CNTs are assumed randomly oriented in the undeformed configuration, the resulting
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ODF, 
(0;0), is determined after some manipulations as:

(0;0) =
"21"
2
2"
2
3[
"22"
2
1 cos
2 0 +"23
(
"22 cos
2 0 +"21 sin
2 0
)
sin2 0
]3=2 (3.46)
In the absence of strains, i.e. "1 = "2 = "3 = 0 or equivalently "1 = "2 = "3 = 1, the ODF
in Eq. (3.46) reduces to 1 as expected for a random orientation distribution. Figs. 3.14 (a)
and (b) show the variation of the ODF with the uni-axial strain "3 and the polar angle
 for laterally unconstrained (1+ "1 = 1+ "2 =
(
1+"3
) ) and constrained conditions
("1 = "2 = 0), respectively. For illustrative purposes, a Poisson’s ratio of  = 0:45 is
assumed. In both cases, when strains are zero, the ODF remains constant and equal to 1 for
every polar angle, corresponding to the random orientation distribution case as previously
indicated. It is also observed that, for increasing stretching ("3 > 0), the ODF gives more
weight to polar angles close to 0 and , what indicates that more nanotubes tend to re-align
in the direction of the strain. On the contrary, for increasing compression ("3 < 0), the
ODF has higher values for polar angles around =2 and, therefore, the nanotubes tend to
re-align in the transverse direction of the strain. With regard to the lateral conditions, it
is observed that the randomness of the orientation is less altered when the composite is
laterally constrained.
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Figure 3.14 Variation of
(0;0) (ODF) with strain "3 and polar angle 
0 for laterally unconstrained
(a) and constrained (b) conditions ( = 0:45).
Fig. 3.15 (a) shows the ODF under bi-axial stretching with "3 = 5% and "2 = 0:25 
5% and laterally unconstrained condition, that is, "1 =
[(
1+"3
) (
1+"2
)]  1  . Similarly,
Fig. 3.15 (b) shows the ODF under bi-axial stretching with "3 = "2 = 5% and laterally
unconstrained condition. It is noted that such high strain values are not physically pos-
sible for concrete and cement-based materials, but are here considered for generality, as
the derived ODFs can be used for different CNT-reinforced composites, as well as for
illustrative purposes. From these figures, it can be seen that the strain tends to re-align
the fillers along the stretching directions (0 = =2 and 0 = 0, ). Comparing the ODFs
128 Chapter 3. CNTs as additives for smart composites
in Figs. 3.15 (a) and (b), it is concluded that increasing the stretching in the x2 direction
increases the re-alignment of fillers along that direction.
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Figure 3.15 Variation of 
(0;0) (ODF) with polar 0 and azimuthal angle 0 under bi-axial stretch-
ing (a) "3 = 5%;"2 = 0:25  5% and (b) "3 = 5%;"2 = 5% in laterally unconstrained
conditions ( = 0:45).
Finally, in order to further the comprehension of Eq. (3.46), the ODFs obtained for
uni-axial stretching along the (a) x1, (b) x2 and (c) x3 directions with laterally constrained
conditions are depicted in Fig. 3.16. It is observed that, in all cases, stretching induces a
re-alignment of the fillers in the strain direction.
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Figure 3.16 Variation of 
(0;0) (ODF) with polar 0 and azimuthal angle 0 with uni-axial
stretching along the (a) x1, (b) x2 and (c) x3 directions under laterally constrained
conditions ("i = 5%, " j = 1 j , i,  = 0:45).
3.4.1.2 Distortion strain
Let us now consider a deformable cubic cell containing an embedded filler before and
after the application of a distortion "32 as shown in Fig. 3.17. In this case, distortion does
not originate any volume change although it does induce re-orientation of the filler. In
order to study the deformed configuration, two auxiliary planes A and B are defined as
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indicated in the figure. Plane A is parallel to the x2  x3 plane and contains the upper end
of the filler. On the other hand, plane B is defined by the x3-axis and the upper end of the
filler. An auxiliary angle  is defined as the angle between the x3-axis and the orthogonal
projection of the filler onto plane A. It is observed that once the distortion is applied,
both planes transform into rhombuses. It is hypothesized that the filler re-aligns in the
diagonal direction of both rhombuses. Hence, this assumption completely determines the
orientation of the filler after the application of strain, irrespective of the deformed filler
length u0. In a similar way to the previous case, it is assumed that the strain is mainly held
by the matrix and the filler is assumed inextensible, i.e. u0 = u. In the particular case of
"32, it is also observed that the polar angle changes from  to 0, while the azimuthal angle
remains unaltered. Using trigonometric relations in Fig. 3.17, the following relations can
be extracted:
tan0 =
sinsin
cos+2"32 sinsin
(3.47)
tan0 =
tan0
sin
(3.48)
and substitution of Eq. (3.47) into Eq. (3.48) leads to:
tan =
tan0
1 2"32 sin tan0
(3.49)
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Figure 3.17 Schematic representation of reorientation of a conductive filler within a deformable
cell subjected to a distortion "32.
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In the same way as in the previous case, the total number of fillers must remain constant
within the range (0;0+d0) (;+d), that is:
dN0;0+d0
;+d
= dN;+d
;+d
(3.50)
Substituting Eq. (3.49) into Eq. (3.50), the resulting ODF, 
(;0), is determined after
some manipulation as:

(0;) =
(
1 4"32 sin sin0 cos0 +4"232 sin2  sin2 02
) 3=2
(3.51)
Fig. 3.18 shows the ODF under distortion strain "32 = 0:1. It is observed that the ODF
has a symmetry about . In addition, it is observed that the ODF gives more weight to
fillers with polar angles  close to 0, whilst lesser values are found for those with polar
angles close to . According to Fig. 3.17, fillers tend to align in the  = 0,  = =2 direction.
It is also noticeable that the limit cases of  = 0;, and  = 0; correspond to unitary ODF
values. This fact is readily observed in Fig. 3.17 as these fillers do not experience any
change in their orientation.
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Figure 3.18 Variation of 
(0;) (ODF) with polar 0 and azimuthal angle  with distortion strain
"32 = 0:1 ( = 0:45).
3.4.2 Change in the conductive networks and in the tunneling resistance
On the basis of the previously obtained ODFs, the Komori-Makishima model in Eq. (3.39)
can be readily applied to determine the influence of arbitrary strain cases on the percolation
threshold. Uni-axial dilation and distortion conditions are shown in Fig. 3.19. Fig. 3.19(a)
shows the relative variation of the percolation threshold with respect to the unstrained
value, f oc , for laterally constrained and unconstrained conditions. In both cases, compres-
sion/stretching leads to a loss of randomness of the nanofillers orientation distribution
and, therefore, lesser probability of forming conductive paths. It is interesting to point out
that, when the transverse displacements are constrained, the strain-induced variations of
the percolation threshold are smaller that those computed with unconstrained conditions.
Finally, it is worth noting that the variations are almost identical under compression (" < 0)
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and tension (" > 0), the latter yielding slightly lower values. On the other hand, Fig. 3.19(b)
shows the relative variation of the percolation threshold under distortion strain "12. In
a similar way, the application of distortion yields losses in the randomness of the fillers
orientation distribution and, consequently, increases in the percolation threshold. In this
case, both positive and negative distortion strains lead to identical values.
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Figure 3.19 Variation of the percolation threshold with respect to the strain level ( = 0:2) under
laterally constrained and unconstrained conditions (a) and distortion (b) assuming
LCNT = 1 m, DCNT=10 nm.
Fig. 3.20 depicts the variations of the ratio =o with strain, being o and  the fraction
of percolated CNTs (see Eq. (3.16)) before and after the application of strain, respectively.
Conditions of laterally constrained and unconstrained uni-axial dilation with different
Poisson’s ratio are compared along with distortion conditions. Under tensile strains, it
is observed that the amount of percolated nanotubes decreases with increasing strain.
In this case, the loss of randomness of the fillers and the subsequent higher percolation
thresholds, as well as the volume expansion, yield the breakage of electrically conductive
paths. However, under compressive strains, these two mechanisms generate opposite
effects. Although the percolation threshold increases with higher compressive strains, the
increase of the effective filler volume fraction dominates the small range of deformation
and, therefore, increasing compressions imply larger numbers of conductive paths. In
addition, laterally constrained and unconstrained conditions with different Poisson’s ratios
are compared. First, it is important to note that the constrained conditions exhibit greater
variations in the number of percolated CNTs. As previously shown in Fig. 3.19, the
percolation threshold increases more slowly, and also the strain-induced volume expansion
has a greater effect in the case of laterally constrained systems. With regard to the effect of
the Poisson’s ratio for unconstrained systems, it is observed that decreasing the Poisson’s
ratio leads to higher variations of the number of percolated CNTs. In particular, the limit
case of  = 0 corresponds to the case of a laterally constrained system. In the case of
shear strain, both positive and negative distortions generate the breakage of conductive
paths. From a mathematical point of view, the variation of the percolation threshold
solely contributes to the strain-sensitivity. The re-orientation of the fillers induced by
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shear strains always generates a loss of randomness of the filler orientation distribution
and, thus, strains also cause increasing percolation thresholds and a decreasing number
of conductive paths. Finally, Fig. 3.21 plots =o versus uni-axial strain with laterally
constrained and unconstrained composites with different filler contents. It is noted that the
fraction of percolated CNTs is more sensitive to strain for composites with lower CNT
volume fraction.
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Figure 3.20 Variation of normalized percentage of percolated CNTs (=o) versus strain for different
strain conditions ( fCNT = 0:5%, LCNT = 3 m, DCNT=15 nm).
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Figure 3.21 Variation of normalized percentage of percolated CNTs (=o) versus strain for compos-
ites with different filler concentration and uni-axial dilation. (LCNT = 3 m, DCNT=15
nm,  = 0:2). Solid and dashed lines denote laterally constrained and unconstrained
conditions.
With regard to the strain-induced changes in the tunneling resistance, there exists a gap
in the literature on the determination of the inter-particle distance and the height of the
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potential barrier under general 3D strain states. In a simplified manner, the same hypothesis
of linear dependence between the inter-particle distance and the height of the potential
barrier with the strain in Eqs. (3.40) and (3.41) is assumed for dilation cases. With regard
to the distortion cases, the variation of the inter-particle properties is presumably smaller
than under dilation and, due to the difficulty in its theoretical determination, it is assumed
to be strain-independent.
3.4.3 Steady-State Piezoresistivity analysis
Modeling the piezoresistive behavior of CNT-reinforced smart concretes under arbitrary 3D
strain states requires linking the equations related to the electrical behavior of the material
with those describing the mechanical strain state, or alternatively the stress state assuming
the material to behave as linear elastic. On the basis of the presented micromechanics
approach, the electrical resistivity tensor e f f , which can be directly computed as the
inverse of the conductivity tensor e f f in Eq. (3.17), i.e. e f f =  1e f f , relates the current
intensity vector, J, to the electric field vector, E, as E = e f f J. This relation can be written
in matrix notation as:

E1
E2
E3
 =
1 6 56 2 4
5 4 3


J1
J2
J3
 (3.52)
When the composite is not subjected to any strain, the assumption of randomly oriented
fillers leads to diagonal resistivity matrices with equal components 0, i.e. 1 = 2 = 3 = 0
and 4 = 5 = 6 = 0. After the application of strain, each component of the resistivity
matrix changes. In general, the new components of the resistivity tensor can be written as
follows:

1
2
3
4
5
6

=

0
0
0
0
0
0

+

1
2
3
4
5
6

(3.53)
which can be related to the strain in the composite through:
e f f = 
o
e f f (I+ r) (3.54)
where oe f f = (
o
e f f )
 1 is the resistivity matrix of the unloaded composite and r is the
relative change in resistivity defined as r=Π". The connection between the relative change
in resistivity and the strain tensor is the Π matrix whose components i jkl are denoted in
Voigt notation as i j. It is hypothesized that CNT-reinforced composites possess cubic
crystal symmetry, in a similar way to silicon [149], and only three  coefficients are
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needed. Hence, r =Π" in matrix notation becomes:
1=0
2=0
3=0
4=0
5=0
6=0

=

11 12 12 0 0 0
12 11 12 0 0 0
12 12 11 0 0 0
0 0 0 44 0 0
0 0 0 0 44 0
0 0 0 0 0 44


"1
"2
"3
2"23
2"13
2"12

(3.55)
Discussion on the correctness of this assumption is provided in subsequent parametric
analyses. Among the three independent  coefficients in Eq. (3.55), 11 depicts the
piezoresistive effect along one principal crystal axis for strains applied in this principal
crystal axis (longitudinal piezoresistive effect), 12 relates the piezoresistive effect along
one principal crystal axis for strains applied in one perpendicular crystal axis (transverse
piezoresistive effect), and 44 describes the piezoresistive effect on an out-of-plane electric
field by the change of the in-plane current induced by in-plane shear stress. In order
to compute the independent coefficients in Π, only two virtual experiments are needed,
namely laterally constrained uni-axial dilation and distortion as follows:
Dilation:

1=0
2=0
3=0
 =
11 12 1212 11 12
12 12 11


0
0
"3
 =Πdil

0
0
"3
 (3.56)
Distortion:

4=0
5=0
6=0
 =
44 0 00 44 00 0 44


0
0
2"12
 =Πdis

0
0
2"12
 (3.57)
3.5 Results and discussion
3.5.1 Experimental characterization campaign
In order to validate the analytical models developed in the current work, the modeling
results have been compared to the experimental data carried out in the specimens made
of composite cement paste (PA), mortar (MO) and concrete (CO) doped with MWCNTs.
Multi-walled carbon nanotubes type Graphistrength C100 from Arkema have been used
as conductive nanoinclusions in the cementitious matrices. Table 3.1 reports the main
physical, chemical and mechanical properties of the MWCNTs utilized for the fabrication
of the composites. Cement paste, mortar and concrete samples have been realized adding
different quantities of MWCNTs, namely 0, 0.25, 0.5, 0.75, 1.0 and 1.5% with respect
to the weight of cement. Table 3.2 summarizes the mix design of all the cementitious
materials. Two different dispersant concentrations have been used, namely 1:1 and 10:1
with respect to the mass of the carbon nanotube fillers. The cement is pozzolanic, type
42.5. Sand and gravel had nominal dimensions between 0-4 mm and 4-8 mm, respectively.
A plasticizer has been added to obtain similar workability for all the admixtures, with the
same water/cement ratio of 0.45.
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The cementitious samples are cube-shaped, with sides of 51 mm and five embedded
stainless steel electrodes placed at a mutual distance of 10 mm. The electrodes are nets
made of 0.5 mm diameter wires and mesh of 6 mm. In the case of concrete samples,
the embedded part was modified, cutting alternatively the vertical wires, resulting in a
final mutual distance of 12 mm. Figures 3.22 (a) and 3.22 (b) report the geometry of the
specimens and of the electrodes, together with the picture of a cured sample. Figure 3.22 (c)
shows the setup of the experimental electrical tests carried out between two next electrodes
at a distance of 10 mm, by use of a high precision LCR meter, model HM8018 [62].
Table 3.1 Main characteristics of MWCNTs used in the experiments (from Ref. [210]).
Property Value Property Value
Mean agglomerate size 200-500 m Apparent density 50-150 kg/m3
Mean number of walls 5-15 m Weight loss at 105 C <1%
Outer mean diameter 10-15 nm Thermal Conductivity >3000 W/(mK)
Length 0.1-10 m Electric Conductivity up to 107 (
m) 1
Carbon content >90% in weight Young Modulus >1 TPa
Surface area 100-250 m2=g Tensile strength About 150 GPa
Table 3.2 Mix designs of cementitious samples with six different concentrations of MWCNTs (the
ratio  between the mass of MWCNTs and cement varies from 0 to 1.5%). C0i and Ci are
the masses of cement in normal materials and with MWCNTs, respectively. Vp, Vm
and Vc are the total volumes of MWCNTs plus dispersant for paste, mortar and concrete
nanomaterials, respectively, while  is the ratio between dispersant and MWCNTs, equal
to 1 or to 10 [62].
Components Paste kg/m
3 Mortar kg/m3 Concrete kg/m3
Normal With MWCNTs Normal With MWCNTs Normal With MWCNTs
Cement 42.5N C0p=1277 Cp=C0p
1m3
1m3+Vp
C0m=654 Cm=C0m
1m3
1m3+Vm
C0c=524 Cc=C0c
1m3
1m3+Vc
Water W0p=574 0.45Cp W0m=294 0.45Cm W0c=234 0.45Cc
MWCNTs - Cp - Cm - Cc
Dispersant - Cp - Cm - Cc
Sand - - 1308 2Cm 951 1:81Cc
Gravel - - - - 638 1:22Cc
Plasticizer - Var - Var 2.62 Var
W/C ratio 0.45 0.45 0.45 0.45 0.45 0.45
Figure 3.23 sketches the preparation procedure for the paste, mortar and concrete samples
with MWCNTs. In the first step the carbon nanotubes were added to the water solution
with the surfactant through a preliminary mixing (Fig. 3.23 (a) and 3.23 (b)) and then were
dispersed by use of a sonicator (Fig. 3.23 (c)) or a mechanical stirrer (Fig. 3.23 (c1)). After
that, the obtained nano-modified suspension and the plasticizer were added to the cement
and mixed (Fig. 3.23 (d)). The mixes were poured into oiled molds for curing, and the
electrodes were embedded (Fig. 3.23 (e)). After a few days, the samples were unmolded to
complete the curing in controlled laboratory conditions (Fig. 3.23 (f)). The dispersion and
the morphology of MWCNTs in both water suspensions and cementitious materials were
analyzed by use of SEM micrographs (Fig. 3.23 (c1) and 3.23 (f1)). SEM inspections
have demonstrated that the MWCNTs dispersed in cementitious hardened matrices (paste,
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Figure 3.22 Geometry and dimensions of the cementitious samples and of the electrodes (a), picture
of some samples with the embedded electrodes (b), and setup of the experimental
electrical tests (c) (units in mm).
mortar and concrete) show wavy shapes similar to the ones observed after their dispersion
in water solutions (Fig. 3.24). Fig. 3.25 shows the good dispersion obtained in the water
suspensions after sonication (Fig. 3.25 (a)) and in a hardened mortar matrix after curing
(Fig. 3.25 (b)).
Figure 3.23 Preparation procedure of paste, mortar and concrete samples with MWCNTs.
The strain sensing capabilities of the cementitious composites were investigated sub-
jected the samples to cyclic axial compression loads with increasing loads (Fig. 3.26 (a)),
by use of a servo-controlled pneumatic universal testing machine of 14kN load capacity,
model IPC Global UTM14P. Fig. 3.26 (b) is a detailed view of a samples during the setup
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Figure 3.24 SEM pictures of MWCNTs dispersed using the SLS dispersant and sonicated with the
SLS dispersant in the 1:1 (a) and 10:1 (b) amounts, and mechanically mixed using the
SLS dispersant in the 10:1 amount (c).
(a) (b)
500 nm 500 nm
Figure 3.25 SEM pictures of MWCNTs dispersed in water solution (a) and in a mortar matrix (b).
of the mechanical tests. The strain sensing properties were investigated by measuring the
current passing through two electrodes placed at a distance of 10 mm under the applica-
tion of a stabilized voltage of 2.5 V. The source measure unit and the high speed digital
multimeter were model NI PXI4130 and NI PXI4071 devices, respectively. Two electrical
strain gauges 2 cm long, with a nominal resistance of 120 
 and a gauge factor of about 2
were also attached at opposite faces of the specimens and acquired using a data acquisition
card, model NI PXIe-4330. Strain-induced incremental variation in electrical resistance of
the composites, R(t), was obtained by dividing the applied voltage, V , by the incremental
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variation in measured current intensity, I(t). Under the assumption of small strains, the
correlation between the relative change in resistance, R=Ro, and the applied compressive
strain, ", can be modeled likewise conventional strain gauges as:
R
Ro
=  "; " < 0 (3.58)
where   is the so-called gauge factor. Although only compression tests were carried out,
the presented approach also allows to model tensile stresses. As further discussed in the
next section, the piezoresistive behavior of CNT-reinforced composites is slightly different
under compressive and tensile stresses. Hence, superscripts “ ” and “+” are used for
gauge factors in the case of compressive (" < 0) and tensile (" > 0) strains, respectively.
Figure 3.26 Applied compression load (a) and uniaxial testing setup (b).
3.5.2 Conductivity of CNT-reinforced cement-matrix composites
3.5.2.1 Introduction
In this section, the proposed analytical model is tested against experimental data from
MWCNT-reinforced cement paste, mortar and concrete experimental specimens. Moreover,
the influence of the different variables affecting the overall electrical conductivity is also
examined. In our calculations, the electrical conductivities of the three different matrices
have been selected as 2.810 3 S/m, 1.0410 3 S/m and 2.9210 4 S/m, for cement paste
(PA), cement mortar (MO) and concrete (CO), respectively [230, 189]. In order to compare
the theoretical and experimental results, it must be taken into account the resistivity of
the electrodes and the contact resistance [121]. Hence, an equivalent in series circuit with
conductivityspc has been defined, in which the resistivity of the electrodes and the contact
resistance have been computed so that the initial plain configuration conductivity ( fCNT=0)
is fitted. Having regard to the commercial specifications of MWCNTs (Table. 3.1), the
electrical conductivity of MWCNTs has been set in the range 100-107 S/m. The values of
the constants used in the Simmon’s model for the evaluation of the interphase conductivity
in Eq. (3.2) are given in Table 3.3. For practical convenience, the concentration fCNT
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of carbon nanotubes is usually expressed in the literature in terms of mass fraction with
respect to the mass of cement, wcem, as follows:
wCNT =
CNT
wcem
fCNT (3.59)
with CNT being the density of the carbon nanotubes, taken as 150 kg/m3, and wcem the
weight of cement per unit (m3) of composite as given in Table. 3.2.
Table 3.3 Physical constants used in Simmon’s model.
Mass of electron m 9.1093829110 31 kg
Electric charge of an electron e -1.60217656510 19 C
Reduced Planck’s constant h¯ 6.62606810 34m2kg/s
3.5.2.2 Numerical results
Effects of constituents properties Firstly, the effects of the CNT diameter and length
on the overall electrical conductivity of MWCNT-cement paste nanocomposites are shown
in Figs. 3.27 (a) and (b), respectively. It can be observed that both quantities have a
significant effect on the percolating phase, while a moderate effect is found after percolation.
The overall electrical conductivity increases with the increase in MWCNT length or the
decrease in MWCNT diameter. This behavior is attributed to the greater likelihood of
forming conductive networks of fibers with larger aspect ratio. Furthermore, it is observed
that a reduction of the CNT length results in an increase in the percolation threshold, while
a reduction of the CNT diameter produces the opposite effect. It can be concluded from
these results that the electrical conductivity of MWCNT-cement based specimens can be
enhanced with the addition of carbon nanotubes with higher aspect ratio.
In Fig. 3.28, it is shown the electrical conductivity of MWCNT-cement nanocomposites
for different matrix materials, namely cement paste, mortar and concrete. It can be seen that,
for every MWCNT concentration, the cement paste composites exhibit the highest values
of conductivity whereas the concrete composites are the least conductive, circumstance
that matches well the experimental experience. A key aspect of the electrical behavior
of cement-based carbon nanotube composites is the uniformity of the dispersion of the
nanoinclusions. As discussed above, different types of dispersants were employed for
this purpose during the experimental campaign. It has been reported in the literature that
dispersants create a partially isolating coating on the carbon nanotubes which can even
inhibit the contact between the fibers [339]. This effect can be interpreted as an increment
in the height of the tunneling potential barrier Vo and, therefore, a reduction of the electron
hopping contribution. Fig. 3.29 shows the electrical conductivity of MWCNT-cement
paste nanocomposites with different values of Vo. It is evidenced in this figure that the
potential barrier height Vo has substantial effect on the overall electrical conductivity of the
composite before percolation. Higher values of Vo lead to higher percolation thresholds,
while limited differences are found after percolation. It can be extracted from this analysis
that the employment of dispersant delays the percolation process, exhibiting more acute
effects for MWCNTs concentration below percolation threshold.
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Figure 3.27 Effect of MWCNTs diameter (a) and length (b) on the electrical conductivity of
MWCNT-cement paste nanocomposites.
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Figure 3.28 Electrical conductivity of MWCNT nanocomposites with different matrix materials:
cement paste, mortar and concrete.
Fig. 3.30 (a) demonstrates the effects of MWCNTs electrical conductivity c on the
overall conductivity of MWCNT cement paste nanocomposites. The analytical results
obtained without considering the contribution of the conductive networks mechanism
(CN) is also represented for illustrative purposes. It can be seen that, for low MWCNT
concentrations before percolation, little differences are found among the modeling results
with and without conductive networking mechanism. Nevertheless, once the percolation
threshold is reached, the conductive networking mechanism becomes dominant and, there-
fore, big differences appear between these two models. The predicted results are also
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Figure 3.29 Effect of the electric potential barrier Vo on the electrical conductivity of MWCNT-
cement paste nanocomposites.
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Figure 3.30 Effect ofMWCNTs electrical conductivityc on the effective conductivity ofMWCNT-
cement paste nanocomposites (a), and comparison with experimental data (b) (PA-
SO-N%-6-1:1; Vo=1.5eV; LCNT = 1 m; DCNT = 15 nm; c=1e-2 S/cm;
c=1e-1 S/cm; c=1e+0 S/cm; c=1e+1 S/cm; c=1e+2 S/cm;
c=1e+3 S/cm; c=1e+4 S/cm; c=1e+1 S/cm (No conductive networks);
experimental data; the error bars denote  standard deviation intervals, with standard
deviations computed by varying the electrodes).
compared to the experimental data in Fig. 3.30 (b). In this first comparison, large differ-
ences are found among the experimental and theoretical results. The analytical estimations
of the overall electrical conductivity are noticeably larger than the measurements carried
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out in the specimens. Furthermore, it can also be noticed that the percolation process
predicted by the micromechanics modeling takes place before what is registered in the
experimental specimens. The origin of these discrepancies may be attributed to waviness
and agglomeration effects as it is shown in the following analyses.
Effects of MWCNTs waviness In this section, the effect of MWCNTs waviness is
investigated. The comparison analysis of Fig. 3.30 (b) is here updated for the case of
c=1e+0 S/cm with four wavy geometries, corresponding to helical angles of 90, 80,
60 and 30. It can be seen in Fig. 3.31 that the main effect of non-straightness of the
fibers is a delay of the percolation process. This effect is attributed to the reduction of the
length from wavy to equivalent straight fiber, what leads to an increment of the percolation
threshold. However, the electrical conductivity predicted by the micromechanics modeling
is still larger than the experimental data. This difference may be due to imperfections
associated with a non-uniform nanoinclusions distribution, that is to say, agglomeration.
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Figure 3.31 Effect of the MWCNT waviness on the electrical conductivity of the MWCNT cement
paste nanocomposite (PA-SO-N%-6-1:1); the error bars denote  standard deviation
intervals, with standard deviations computed by varying the electrodes (LCNT = 1 m,
DCNT = 15 nm).
Effects of MWCNTs agglomeration The effect of MWCNTs agglomeration in spher-
ical bundles on the conductivity of cement-based composites has been also analyzed. In
Figs. 3.32 (a) and (b), it is shown the overall conductivity for different agglomeration
parameters  and , respectively. It is extracted from this analysis that the CNT distribution
has a strong influence on the overall conductivity of the composite. In Fig. 3.32 (a), the
volume fraction of MWCNTs within the bundles is set at 90% ( = 0:9), whereas the ratio
between the volume of the bundles and the total volume of the RVE varies from 10 to 90%.
It can be noticed that the percolation process takes place sequentially within and outside
the bundles. At the contrary, in Fig. 3.32 (b), the volume fraction of the bundles is set at
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40% and the ratio of MWCNTs concentration within them ranges from 40 to 90%. The
higher is the concentration of MWCNTs within the clusters, the lesser is the nanoinclusions
uniformity and, thus, the lesser is the overall conductivity of the composite.
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Figure 3.32 Effect of the MWCNTs agglomeration on the electrical conductivity of the MWCNT
cement paste nanocomposite (a1=a3 = 1, LCNT = 1 m, DCNT=15 nm).
Comparison analyses with cement-based specimens In light of the previous stud-
ies, the combination of waviness and agglomeration can give an explanation to the discrep-
ancies with the experimental data observed in the first comparison analyses. Hereafter, the
proposed micromechanics approach with consideration of waviness and clustering effects
is compared to the experimental results, including cement paste, mortar and concrete
composites. Fig. 3.33 shows the comparison between the modeling results and the experi-
mental data for different matrix materials and manufacturing processes. The waviness of
the MWCNTs has been defined with a spiral angle of 50 in all cases except for sonicated
specimens with high dispersant concentrations (10:1). It is found that the analytical results
agree well with the experimental data when the CNT electrical conductivity are set between
1E+2 S/m and 1E+3 S/m. It can be seen that generally the addition of larger dispersant
concentrations can be simulated with larger agglomeration parameters. Furthermore, the
incorporation of dispersant acts as a partially isolating coating on the surface of the nan-
otubes, what has been simulated by an increment of the potential barrier Vo. In particular
values of 1.5 and 3 eV have been taken for the cases of low (1:1) and high dispersant (10:1)
concentration, respectively. The influence of the manufacturing process, sonication (SO)
or mechanical (ME), has been taken into account via different agglomeration parameters,
generally stricter in the case of mechanical mixing. It is noticeable the cases of cement
paste and mortar specimens in which the dispersant has a special effect on the uniformity
of the composite. In these cases, the absence of gravel reduces the advantages of sonication
with respect to mechanical mixing, leading to more uniform dispersions of nanotubes
with mechanical mixing and high dispersant concentration than with sonication and low
dispersant concentrations.
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(f) (θw = 35◦, ξ = 0.3, ζ = 0.7, Vo=3.0eV)
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 210
−7
10−6
10−5
10−4
10−3
10−2
10−1
wCNT (%)
(h) (θw = 30◦, ξ = 1, ζ = 1, Vo=1.5eV)
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 210
−7
10−6
10−5
10−4
10−3
10−2
10−1
wCNT (%)
(i) (θw = 40◦, ξ = 0.3, ζ = 0.7, Vo=3.0eV)
PA-SO-N%-6-1:1 PA-SO-N%-6-10:1 PA-ME-N%-6-10:1
MO-SO-N%-6-1:1 MO-SO-N%-6-10:1 MO-ME-N%-6-10:1
CO-SO-N%-6-1:1 CO-SO-N%-6-10:1 CO-ME-N%-6-10:1
Figure 3.33 Comparison between modeling results and experimental data: composite pastes (a,b,c);
composite mortars (d, e, f); composite concretes (g, h, i). ( c=1E+0 S/m;
c=1E+1 S/m; c=1E+2 S/m; c=1E+3 S/m; c=1E+4 S/m;
c=1E+5 S/m; c=1E+6 S/m; experimental data; the error bars denote  stan-
dard deviation intervals, with standard deviations computed by varying the electrodes;
LCNT = 1 m; DCNT = 15 nm).
The experimental results also reveal abrupt decreases in the electrical conductivity
with respect to the plain material for specimens with high dispersant concentration and
low MWCNTs content (see, e.g., Figs. 3.33 (e) and (f)). This phenomenon may be
caused by the formation of a partially isolating coating on the surface of the nanotubes
induced by the dispersants. This isolating coating has been also reported in the literature
[339] in terms of the formation of surfactant-induced electromechanical double-layers
(polarization resistance), what may make the nanotubes behave as non-conductive fibers
when their separation distances are large. However, as the content of nanotubes increases,
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the separation distance decreases and this effect is canceled. In the present work, attempts
have been made to simulate this effect by means of reductions of the conductivity of the
equivalent solid cylinders at low MWCNT concentrations. Nonetheless, this approach was
insufficient to reproduce these falls of the electrical conductivity. Hence, it is hypothesized
that the employment of high concentrations of dispersants at low MWCNT concentrations,
does not only isolate the nanoinclusions but may also increase the resistivity of the matrix
and the contact resistance. Further research is needed on this issue in order to count onmore
accurate models of MWCNT cement-based materials with high dispersant concentration
doped with low MWCNTs contents.
Sensitivity analyses In order to assess the propagation of potential statistical ran-
domness in the overall electrical conductivity of MWCNT cement-based composites,
an input sensitivity analysis is presented. In particular, the sensitivity of the effective
electrical conductivity of two different MWCNT concentrations has been analyzed, namely
wCNT=0.8% and 1.5%, as shown in Figs. 3.34 and 3.35, respectively. The input variables
have been categorized into constituents properties
{
LCNT ;DCNT ;m;c
}
, waviness fwg
and agglomeration f;g. Defining an independent input variation of 20% with respect to
the initial value, the sensitivity coefficient S with respect to an input variable x can be
computed as follows:
S(%) = 100
e f f
x
x
e f f
(3.60)
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Figure 3.34 Sensitivity analysis of the overall electrical conductivity of MWCNTs cement paste
nanocomposites with respect to the variation of the main variables associated with
constituents properties, waviness and agglomeration (wCNT=0.8%, c=1E+4 S/m,
LCNT = 2 m, DCNT = 10 nm, Vo=0.36 eV, 
w = 90,  = 0:4,  = 0:4).
The first study (Fig. 3.34) represents the sensitivity analysis of a MWCNT content
close to the percolation threshold. In this case, it is observed that the most influential
variable is the conductivity of the matrix. A significant effect of the fiber aspect ratio,
i.e. length and diameter, is also found as well as a considerable contribution of the helical
waviness. It is also noticeable the limited influence of the agglomeration parameters and an
almost null sensitivity due to variation of the conductivity of the nanotubes. Likewise, the
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Figure 3.35 Sensitivity analysis of the overall electrical conductivity of MWCNTs cement paste
nanocomposites with respect to the variation of the main variables associated with
constituents properties, waviness and agglomeration (wCNT=1.5%, c=1E+4 S/m,
LCNT = 2 m, DCNT = 10 nm, Vo=0.36 eV, 
w = 90,  = 0:4,  = 0:4).
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Figure 3.36 Scatter plot of the overall electrical conductivity of MWCNTs cement paste nanocom-
posites for random simultaneous variation of 5% with respect to the mean value of the
parameters
{
L;D;m; 
w
}
; (a) analytic overall electrical conductivity in linear scale, (b)
Comparison between the analytical results and the max/min experimental band data in
logarithmic scale (CO-SO-N%-6-1:1, c=1E+1 S/m, LCNT = 1 m, DCNT = 15 nm,
Vo=1.5 eV, w = 40
,  = 0:14, =0.42).
second case (Fig. 3.35) analyzes the sensitivity of the overall conductivity with a MWCNT
content far from the percolation threshold. It is noticed here that the aspect ratio of the
MWCNTs becomes predominant. Moreover, once some conductive paths are formed, the
conductivity of the matrix loses relevance and, conversely, the waviness gains importance.
In the light of these last results, the comparison between the analytical and experimental
data has been updated treating the main variables as random, namely
{
LCNT ;DCNT ;m; 
w},
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and neglecting the variation of the conductivity of the nanotubes c and the agglomeration
parameters,  and . A random variation of 5% has been considered for all the variables
with respect to their mean value. Fig. 3.36 (a) represents a scatter plot of the overall
electrical conductivity of concrete with low dispersant concentration with respect to the
MWCNT concentration. This result remarks a stronger influence of the variation of
the variables on the overall conductivity for filler concentrations above the percolation
threshold, where the dispersion of the results is higher. In Fig. 3.36 (b), these results are
compared to the experimental data. The max/min band of the experimental data is also
represented. It can be noticed that most of the analytical results lie within the experimental
band, what demonstrates a further validation of the proposed approach and the feasibility
of developing further stochastic analyses in future works.
3.5.2.3 Conclusions
This subsection has presented a micromechanics model to predict the overall conductivity
of CNT cement-based nanocomposites with the consideration of waviness and non-uniform
spatial distributions of nanoinclusions. The two mechanisms that contribute to the conduc-
tivity of CNT composites, namely electron hopping and conductive networks, have been
contemplated in the mixed micromechanics framework. The electron hopping mechanism,
corresponding to a quantum tunneling phenomenon, has been simulated through a conduc-
tive interphase surrounding the nanotubes, whereas the conductive networking mechanism
has been modeled by means of changes in the aspect ratios of fibers. Moreover, a helical
waviness model and a two-parameter agglomeration approach have been proposed, for the
first time, on the basis of SEM inspections.
In order to count on an experimental basis to use as benchmark to validate the analytical
model, several nanocomposite cement-based specimens have been manufactured and
tested. In particular, specimens of cement pastes, mortars and concretes with different
concentrations of MWCNTs have been prepared using three specific preparation techniques.
The first one consists of using a high amount of dispersant and mechanical mixing. The two
remaining strategies consider similar and lower dispersant concentrations with ultrasonic
treatment. The quality of the dispersion has been evaluated using SEM.
Detailed parametric analyses have been carried out in order to illustrate the influence
of the constituents properties, waviness and agglomeration. Finally, the accuracy of
the proposed approach has been proved by comparison with the experimental data from
the tested specimens. In addition, two sensitivity analyses of the effective conductivity
of the composites with MWCNT contents close and far from the percolation threshold,
respectively, have been presented in order to gain some insight into the structure of the
proposed model.
The main contributions of this paper are summarized below.
• The overall electrical conductivity ofMWCNT cement-based composites is governed
by the simultaneous contribution of the electron hopping and conductive networks
mechanisms. The analysis of the effects of the conductivity of theMWCNTs remarks
a dominant role of the conductive network mechanism above the percolation process.
• The parametric analyses highlight the importance of the aspect ratio of the nanotubes
for the design of MWCNT-based nanocomposites. Increments in the length and
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reductions of the diameter, i.e. increments in the CNT aspect ratio, lead to decrements
in the percolation threshold and, therefore, higher likelihood of forming conductive
paths.
• The analytical predictions show that the dispersion of the nanoinclusions has a
strong influence on the overall conductivity of the composite. The results reveal
that the higher is the concentration of MWCNTs within the clusters, the lesser is
the nanoinclusions uniformity and, thus, the lesser is the overall conductivity of the
composite.
• The comparison of the analytical predictions against experimental data demonstrates
that the consideration of straight uniformly distributed MWCNTs leads to overesti-
mated conductivity. On the contrary, it is shown that the incorporation of waviness
and agglomeration effects, on the basis of SEM inspections, provides closer fits
to the experimental data. Hence, it is concluded that the wavy state of the fibers
as well as their agglomeration in bundles play a key-role in the conductivity of
cement-based nanocomposites.
• The sensitivity analysis shows that, in the case of MWCNT content close to the
percolation threshold, the most influential variable in the sensitivity of the over-
all electrical conductivity of the composite is the conductivity of the matrix. A
significant effect of the fiber aspect ratio is also found as well as a considerable
contribution of the helical waviness. It is also noticeable the limited influence of
the agglomeration parameters and an almost negligible role played by the conduc-
tivity of the nanotubes. On the contrary, in the case of MWCNT content above
the percolation threshold, the aspect ratio of the MWCNTs becomes predominant.
Moreover, once some conductive paths are formed, the conductivity of the matrix
loses relevance and, conversely, the waviness gains importance.
3.5.3 Uniaxial piezoresistivity of CNT-reinforced cement-matrix composites
3.5.3.1 Introduction
In this subsection, the developed uniaxial piezoresistivity model is tested against experi-
mental data from MWCNT-reinforced cement-based specimens. Moreover, the influence
of the different variables affecting the strain-sensitivity is also examined. The values of the
micromechanical variables involved in the calculations are taken from Subsection 3.5.3.
3.5.3.2 Numerical results
In this first set of analyses, detailed parametric studies have been carried out in order to
give some insight into the structure of the proposed model, as well as to extract valuable
conclusions for the design of self-sensing MWCNT-reinforced cement-based composites.
Effects of constituents properties Fig. 3.37 shows the relative change in resistance
R=Ro of MWCNT-reinforced cement paste (PA) with different filler concentrations fCNT .
For illustrative purposes, the variation parameters of the inter-particle properties, C1 and
C2, have been chosen from reference [290] as 8.9045 and 0.0243, respectively. According
to the physical properties of cement paste, the Poisson’s ratio has been set to 0.2. The
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externally applied strain has been imposed in the range  1 10 4=+ 1 10 4. Despite
only compression tests have been carried out, theoretical results dealing with tensile strains
are also shown here for the sake of completeness and potential application of this approach
for stretchable materials. It can be seen that the proposed approach reproduces some of the
effects evidenced in the experiments. For compressive loadings (" < 0), the composites
exhibit higher values of conductivity, unlike for tensile strains. In both cases, the percolation
threshold increases although for the considered ranges of deformation the effect of the
volume expansion and variation of the inter-particle properties becomes predominant.
This behavior can be also seen in Fig. 3.38, where the overall electric conductivity for
different MWCNT concentrations and strain levels is represented. In Fig. 3.37 (a), different
MWCNT contents have been selected according to different parts of the percolation curve
from Fig. 3.37 (b). It is noticeable that for MWCNT concentrations below and above
the percolation threshold, the strain-sensitivity of the composite is considerably low. On
the contrary, filler concentrations close to the percolation threshold lead to the highest
sensitivity values. This fact justifies the evidence from the experiments about the existence
of a critical concentration where the gauge factor reaches a maximum. This maximum is
obtained for filler concentrations around the percolation threshold.
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Figure 3.37 Strain-sensing capabilities of MWCNT-reinforced cement paste with different filler
concentrations (a) and unloaded overall electrical conductivity of MWCNT-reinforced
cement paste (PA, =0.2, LCNT = 1 m, DCNT=10 nm, Vo=0.36 eV, dc=0.5 nm, c =
104 S/m, C1=8.9045, C2=0.0243).
In order to gain a better insight into the underlying mechanisms that control the piezore-
sistivity of the composites, Figs. 3.39 (a) and (b) present the relative resistance change
induced by the isolated contribution of the different mechanisms and filler concentrations
of 0.965% and 1.2%, respectively. Four different cases Si have been selected with S1, S2,
S3 and S4 standing for the isolated contribution of the volume expansion, change of the
percolation threshold, filler orientation, and tunneling resistance, respectively. It can be
seen that for the first concentration, Fig. 3.39 (a), close to the percolation threshold, the
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Figure 3.38 Overall electrical conductivity of MWCNT-reinforced cement paste under different
strain levels (a), and detail view (b) (PA, =0.2, LCNT = 1 m, DCNT=10 nm, Vo=0.36
eV, dc=0.5 nm, c = 10
7 S/m, C1=8.9045, C2=0.0243).
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Figure 3.39 Piezoresistive behavior ofMWCNT-reinforced cement paste with isolated contributions
of the strain-sensing mechanisms (S1 volume expansion contribution, S2 contribution
of change the in the percolation threshold, S3 effect of the fiber reorientation and, S4
change in the tunneling resistance)(PA, =0.2, LCNT = 1 m, DCNT=10 nm, Vo=0.36
eV, dc=0.5 nm, c = 10
4 S/m, C1=8.9045, C2=0.0243).
strain sensitivity is dominated by the volume expansion (S1). This fact makes sense since
for this concentration only a few conductive paths have been formed. Thus, a change in
the effective volume fraction has a deep impact as directly varies the number of formed
paths. On the other hand, for filler concentrations far above the percolation threshold,
3.5 Results and discussion 151
Fig. 3.39 (b), the number of conductive paths is larger and the strain sensing capability
is held by the different mechanisms. In this case, the volume expansion continues being
dominant although the reorientation of the fillers has gained importance. The change in the
tunneling resistance has limited influence and the change of the percolation threshold has
little influence. Fig. 3.40 represents each contribution from Fig. 3.39 (b) separately. From
this figure, it is interesting noticing that the change of the percolation threshold increases
the resistance for both compressive and tensile strains, in accordance with Fig. 3.12. The
strain sensitivity induced by the volume expansion and change in the tunneling resistance
reduces the resistance for compressive strains and vice versa. This behavior is also expected
as both an increase of the volume fraction and a reduction of the inter-particle distance
lead to higher values of conductivity for compressive loadings. The reasoning is the same
in the case of tensile strains. Conversely, the contribution of the reorientation of the fillers
exhibits an opposite behavior. As we are measuring the resistivity along the direction
of the applied strain, for compressive loadings the fillers tend to align in the transverse
direction reducing the measured conductivity. In the case of tensile loadings, the fillers
tend to align in the direction of the load increasing the measured conductivity.
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Figure 3.40 Isolated contributions of the strain-sensing mechanisms (S1 volume expansion con-
tribution, S2 contribution of change the in the percolation threshold, S3 effect of the
fiber reorientation and, S4 change in the tunneling resistance)(PA, =0.2, LCNT = 1
m, DCNT=10 nm, Vo=0.36 eV, dc=0.5 nm, c = 10
4 S/m, C1=8.9045, C2=0.0243).
Literature studies have reported about the dominant role of the tunneling-type contact
resistance in the strain-sensing capabilities of CNT-reinforced composites [290]. In this
regard, as it can be seen in Eq. (3.2), the height of the potential barrier Vo and the initial
inter-particle distance dc play a key-role in the electron hopping mechanism. The relative
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Figure 3.41 Strain-induced relative resistance change R=Ro of MWCNT-reinforced cement paste
for different heights of the potential barrier Vo (a), and different critical separation
distances (b) (PA, fCNT=0.695%, =0.2, LCNT = 1 m, DCNT=10 nm, c = 10
4 S/m,
C1=8.9045, C2=0.0243).
resistance change for different values of Vo and dc is presented in Figs. 3.41 (a) and (b),
respectively. The MWCNT concentration has been set as fCNT=0.695%, value that is close
to the percolation threshold (see Fig. 3.37 (b)). The results presented in these two figures
show that the lesser are the values of these two variables, the higher are the strain-induced
changes and, thus, the higher is the strain sensitivity of the composite.
Finally, Figs. 3.42 (a) and (b) show the relative resistance change for different values
of MWCNT conductivity and two filler concentrations, fCNT = 0:69% and fCNT = 2%,
respectively. It can be extracted from these figures that more conductive fillers lead to
higher strain sensitivities. Another noticeable aspect is that the nonlinearities, related to
the coupled effect of the volume expansion and variation of the percolation threshold, gain
importance for concentrations close to the unloaded percolation threshold. On the contrary,
the strain-sensing curves exhibit more linear behaviors for concentrations far from this
critical concentration. In other words, when the filler concentration is near the percolation
threshold, the number of formed conductive paths is still limited so that the breakage or
formation of conductive networks has a large impact on the overall conductivity. However,
when there exist many conductive paths, the variation of the number of paths does not lead
to substantial differences and the composite is thus less piezoresistive. From amathematical
point of view, the strain-induced variations of the effective volume fraction, f CNT , and of
the percolation threshold, fc, result in a variation of the fraction of percolated CNTs, ,
defined in Eq. (3.16). Hence, the appearance of a nonlinear response for concentrations
close to the percolation threshold is justified by the percolation theory. When percolation
begins, i.e. for small values of , the conductivity of CNT-reinforced nanocomposites
experiences a sharp increase. Once a sufficient number of conductive paths has been
formed, the effective conductivity stabilizes. In this first region is where the strain-induced
changes lead to the largest impacts and the most nonlinear effects.
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Figure 3.42 Strain-induced relative resistance change R=Ro of MWCNT-reinforced cement paste
for different filler conductivities c and volume fraction fCNT = 0:69% (a), and f = 2%
(b) (PA, =0.2, LCNT = 1 m, DCNT=10 nm, Vo=0.36 eV, dc=0.5 nm, C1=8.9045,
C2=0.0243).
Effects of MWCNT waviness In this section, the effect of MWCNT waviness on the
piezoresistive properties of CNT-based composites is investigated. Five wavy geometries,
corresponding to helical angles of 90, 80, 70, 60 and 50, have been considered.
Figs. 3.43 (a) and (b) show the relative resistance variation for filler concentrations of 1%
and 2%, respectively. The main effect of non-straightness of the fibers is an increase in
the percolation threshold as a result of the reduction of the length from the wavy to the
equivalent straight fiber. As a result, wavy geometries lead to effective volume fractions
closer to the percolation threshold and, therefore, higher values of sensitivity. However,
if the geometry is too curved it may result in an effective volume fraction under the
percolation threshold and, thus, the strain-sensitivity can get substantially reduced. This is
the case of w = 50 in Fig. 3.43 (a).
Effects of MWCNT agglomeration The effect of MWCNT agglomeration in spherical
bundles (a1 = a2 = a3) on the conductivity of cement-based composites has been also
analyzed. Figs. 3.44 (a) and (b) show the relative resistance change for different agglomer-
ation parameters  and filler concentrations of fCNT = 1% and fCNT = 2%, respectively. In
these analyses, the volume fraction of MWCNTs within the bundles is kept constant at 90%
( = 0:9), whereas the ratio between the volume of the bundles and the total volume of the
RVE, , varies from 0.1 to 0.9. In Fig. 3.44 (a), it is quite clear that the lesser is the value
of , i.e. the lesser is the volume of the bundles, the lesser is also the piezoresistivity of
the composite. Nevertheless, for volume fractions far away from the percolation threshold,
as in Fig. 3.44 (b), this effect is not so clear. Depending on the relative volume fraction of
both phases, bundles and surrounding composite, the strain sensitivity may substantially
vary.
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Figure 3.43 Strain-induced relative resistance change R=Ro of MWCNT-reinforced cement paste
for different helical angles w and volume fraction fCNT = 1% (a), and fCNT = 2%
(b) (PA, =0.2, LwavyCNT = 1 m, DCNT=10 nm, Vo=0.36 eV, dc=0.5 nm, c = 10
4 S/m,
C1=8.9045, C2=0.0243).
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Figure 3.44 Strain-induced relative resistance change R=Ro of MWCNT-reinforced cement paste
for different agglomeration parameters  and volume fraction fCNT = 1% (a), and
fCNT = 2% (b) (PA, =0.9, =0.2, LCNT = 1 m, DCNT=10 nm, Vo=0.36 eV, dc=0.5
nm, c = 10
5 S/m, C1=8.9045, C2=0.0243).
Secondly, in Figs. 3.45 (a) and (b) the volume fraction of the bundles  is set to 0.4 and
the ratio of MWCNT concentration within them, , ranges from 0.4 to 0.9. In Fig. 3.45 (a),
it can be seen that the variation from the uniform distribution,  = =0.4, to the next degree
of agglomeration, =0.6, leads to a higher sensitivity of the composite. However, if this
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value goes on increasing, such as for =0.8 and =0.9, the effective volume fraction within
the bundles moves far away from the percolation threshold and the resulting composite
exhibits lesser piezoresistivity. On the contrary, for a global volume fraction far away from
the percolation threshold as in Fig. 3.45 (b), the effect of the increment of , i.e. increments
of the filler concentration within the bundles, clearly reduces the resulting piezoresistivity.
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Figure 3.45 Strain-induced relative resistance change R=Ro of MWCNT-reinforced cement paste
for different agglomeration parameters  and volume fraction fCNT = 1% (a), and
fCNT = 2% (b) (PA, =0.4, =0.2, L = 1 m, D=10 nm, Vo=0.36 eV, dc=0.5 nm,
c = 10
5 S/m, C1=8.9045, C2=0.0243).
Characterization of the gauge factor As mentioned above, the correlation between
measured resistance and strain can be modeled, as a first approximation, by means of the
same formula used for conventional strain gauges (Eq. 3.58). However, because of the
peculiar electromechanical behavior of MWCNT-reinforced composites, the gauge factor
 is rate dependent and also varies with ", resulting in a nonlinear relationship of strain-
to-signal. As it was already shown in Fig. 3.42, as well as it has been evidenced in some
other previously published experimental and theoretical works [239], the strain-sensing
curves can be approximately modeled with a first linear range followed by a nonlinear
one. Although there are a few works dealing with the definition of the nonlinear part,
such as the work of Park et al. [239] who defined it by an exponential-type function, the
linear part is of high interest in the realm of SHM as the accuracy of the measurements
is higher within this range. In this work, a linear regression based on a least squares
estimator is adjusted in the strain range leading to a coefficient of determination of 0.99, as
schematically represented in Fig. 3.46 (a). Hence, two different gauge factors,   and +,
can be extracted from the slope of both linear fittings for compressive and tensile strains,
respectively, as follows:
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Figure 3.46 Characterization of the gauge factor and the linear strain gauge range (a), and strain
gauge of MWCNT-reinforced cement paste versus filler concentration fCNT under
compressive   and tensile + strains (b) (=0.2, LCNT = 1 m, DCNT=10 nm, Vo=0.36
eV, dc=0.56 nm, c = 10
5 S/m, C1=8.9045, C2=0.0243).
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Figure 3.47 Strain gauge of MWCNT-reinforced cement paste versus filler concentration fCNT
under compressive   (a) and tensile + strains (b), for different filler conductivities
c (=0.2, LCNT = 1 m, DCNT=10 nm, Vo=0.36 eV, dc=0.56 nm, c = 10
5 S/m,
C1=8.9045, C2=0.0243).
On this basis, the variation of the gauge factor with the filler concentration can be
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obtained as shown in Fig. 3.46 (b). It should be noted that the gauge factor is slightly
higher in the case of tensile stresses. In this case, the percolation threshold increases with
increasing inter-particle distance and with volume expansion. However, in the case of
compressive strains, the percolation threshold also increases whilst the rest of the param-
eters decrease (see Fig. 3.40). Moreover, according to results of Fig. 3.37, a maximum
value of the gauge factor is observed around the percolation threshold. Figs. 3.47 (a)
and (b) depict the gauge factor of MWCNT-reinforced cement paste with different filler
concentrations under compressive and tensile strains, respectively. As expected from
Fig. 3.42, more conductive fillers lead to higher gauge factor values. It is also noticeable
that for higher filler conductivities the peaks are sharper, whilst lower filler conductivities
lead to smoother curves.
Experimental validation On the basis of the previous analyses, the proposed microme-
chanics approach has been compared to the experimental results obtained for different
cement-based composites. Fig. 3.48 shows some examples of time histories of applied
strain and corresponding electrical resistance obtained in the experiments. In particular,
the figures show the response of paste, mortar and concrete specimens containing a filler
concentration of 1.5%, 1% and 1% with respect to cement weight, respectively. Hence,
according to Eq. (3.58), the values of the gauge factor obtained from the strain sensing tests
are compared to the values obtained by the proposed approach in Fig. 3.49. The MWCNT
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Figure 3.48 Time histories of applied compression strain and corresponding electrical resistance
outputted by (a) paste, (b) mortar and (c) cement specimens with filler concentrations
of 1.5%, 1% and 1% with respect to cement weight, respectively.
electrical conductivity has been set between 101 and 104 S/m. The SEM inspections in the
analyzed specimens showed good dispersions of the nanoinclusions in the cementitious
matrices. This fact has been verified numerically with the use of limited values for the
agglomeration parameters with good results for both overall effective conductivity and
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strain-sensing curves. The values of the agglomeration parameters, waviness, geometric
properties of the fillers, as well as the variation parameters C1 and C2 have been adjusted
to fit the experimental data. It is observed that the analytical prediction agrees well with
the experimental results and the tendency of the gauge factor   is well captured by the
present model. The experimental data also show the existence of an optimal content of
nanotubes around 0.75-1% mass content with respect to the mass of cement. This behavior
is reproduced by the current approach, as shown above in Fig. 3.37, with the optimal
content of nanotubes at the percolation threshold.
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Figure 3.49 Comparison of the theoretical predictions and the experimental electrical compression
gauge factors   for cement-based sensors. ((a) PA, LCNT = 0:25 m, DCNT=10
nm, Vo=0.56 eV, dc=1.8 nm, =0.90, =0.90, 
w=35, C1=6.8, C2=1.7; (b) MO,
LCNT = 0:25 m, DCNT=10 nm, Vo=0.56 eV, dc=1.8 nm, =0.68, =0.90, 
w=40,
C1=5.2, C2=1.5; (c) CO, LCNT = 0:25 m, DCNT=10 nm, Vo=0.56 eV, dc=1.8 nm,
=0.90, =0.90, w=69, C1=5.0, C2=1.5).
Fig. 3.50 shows the comparison in the R " plane for three samples of cement paste,
mortar and concrete with filler concentrations of 1%, 0.75% and 0.75% with respect to
the mass of cement, respectively. The material properties have been taken from Fig. 3.49.
3.5 Results and discussion 159
σ c = 101 S/m
σ c = 102 S/m
σ c = 103 S/m
σ c = 104 S/m
Experimental
89.9
89.85
89.8
89.75
89.7
89.65
-2 -1.5 -1 -0.5 0
x10-5 x10-5 x10-6
-3 -2.5 -2 -1.5 -1 -0.5 0 0-1-2-3-4-5-6
ε εε
R 
(Ω
)
R 
(Ω
)
R 
(Ω
)
(a) (b) (c)
319.1
319.08
319.06
319.04
319.02
319
318.98
318.96
318.94
318.92
318.9
1668
1667.8
1667.6
1667.4
1667.2
1667
1666.8
Figure 3.50 Comparison of the theoretical predictions and the experimental electrical resistance
versus applied strain for (a) paste, (b) mortar and (c) cement specimens with filler
concentrations of 1%, 0.75% and 0.75% with respect to cement weight, respectively.
In order to compare the effective conductivity of the composites from Eq. (3.17) in the
direction of application of the external strain, 22e f f , with the electrical resistance, R,
measured in the specimens through a high precision LCR meter, the following relation
was applied:
22e f f =
d
AR
(3.62)
being A the specimen’s cross-section and d the electrode’s distance with values of 5151
mm2 and 10 mm, respectively (see Fig. 3.22). It is noted in this figure that the presented
approach can simulate fairly well the linear part of the strain-sensing curves for the three
different matrices. According to the results of Fig. 3.49, a filler conductivity around 102
S/m leads to very proximate values of the gauge factor. However, for the considered range of
small deformations, the appearance of stronger contributions of non-linearities, associated
with the variation of the percolation threshold, were not captured by the proposed method.
This is the case of cement-paste and concrete specimens, where only the linear behavior
was captured by the proposed approach. In the case of mortar specimens, the strain-sensing
curve is prominently linear and the theoretical approach provides very proximate values.
3.5.3.3 Conclusions
An extension of the previously proposed micromechanics model has been developed to
incorporate the uniaxial piezoresistivity properties of CNT cement-based nanocomposites.
The origin of the piezoresistive response of these composites has been attributed to strain-
induced changes in the volume fraction, changes in the conductive networks due to the
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filler reorientation and, therefore, the percolation threshold, and, finally, changes in the
tunneling resistance through variation of the inter-particle distance and the height of the
potential barrier. The Komoro and Makishima’s stochastic method has been implemented
in order to evaluate the variation of the percolation threshold following an applied strain
through the resulting strain-induced ODF.
Detailed parametric analyses have been carried out in order to illustrate the influence
of the properties of the constituents, waviness and agglomeration. In order to highlight
the importance of the tunneling effect in the piezoresistivity of MWCNT cement-based
composites, the influence of the variation of the height of the tunneling potential barrier
and the inter-particle distance have been analyzed. Finally, the accuracy of the proposed
approach has been demonstrated by comparison with the experimental data from the tested
specimens.
The main contributions of this section are summarized below:
• The strain-sensing capability of MWCNT cement-based composites critically de-
pends on the MWCNT content. Both experiments and theoretical modeling confirm
that the largest gauge factors are achieved at the percolation threshold.
• The nonlinear relationship between ohmic resistance and externally applied strains
is related to the variation of the percolation threshold. Specimens with filler con-
tents close to the percolation threshold exhibit higher levels of nonlinearity, whilst
specimens having concentrations far from this critical value tend to exhibit a more
linear behavior.
• More conductive fillers lead to higher gauge factors. In addition, the importance of
the non-linear behavior increases with increasing fillers conductivity.
• The comparison of the analytical predictions against experimental data demonstrates
that the presented mixed micromechanics model can predict fairly well the gauge
factor of MWCNT cement-based composites. Furthermore, the incorporation of
waviness and agglomeration enhanced the analytical results.
• The results also showed that the presented approach can model the linear range
of piezoresistivity, useful for the development of monitoring applications of CNT
cement-based nanocomposites in the realm of SHM. Moreover, the proposed ap-
proach also proved capable to model the non-linear response associated with the
variation of the percolation threshold, similar to experimental evidence. However,
some discrepancies have been found in some specimens with filler contents close
to the percolation threshold. These differences are hypothesized to be due to the
consideration of uniform average distance among nanotubes and small deformations.
However, this approach offers a suitable framework in which incorporate more
complex distributions in further research.
3.5.4 3D piezoresistivity of CNT-reinforced cement-matrix composites
In this section, extensive parametric analyses are presented in order to improve under-
standing of the piezoresistive behavior of CNT-reinforced smart concretes in view of
their applications for strain monitoring in Reinforced-Concrete (RC) structural elements.
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Further, discussion on the characterization of the piezoresistivity matrix is presented. Af-
terward, a simulation of a cubic CNT-reinforced mortar sensor is conducted and compared
with experimental data. In this way, an easily mathematically tractable model for cubic
smart concrete strain sensors is achieved.
3.5.4.1 Parametric analyses
In this first set of analyses, detailed parametric studies have been carried out in order to
give some insight into the structure of the proposed model, as well as to extract valuable
conclusions for the design of self-sensing CNT-reinforced cement-based composites.
For illustrative purposes, cement paste (PA) is chosen as matrix material with electrical
conductivity 2.810 3 S/m. The reinforcing phase consists of MWCNTs with electrical
conductivities ranging from 100 to 107 S/m. The rest of the variables have been taken
from reference [103] unless otherwise indicated.
Effects of constituents properties on the strain-induced electrical response
First, uni-axial laterally constrained dilation ("1,0,0) and distortion ("12) tests are con-
ducted. Fig. 3.51 shows the relative change in resistivity =0 of MWCNT-reinforced
cement paste with different filler concentrations fCNT . For illustrative purposes, the varia-
tion parameters of the inter-particle properties under dilation, C1 and C2, have been taken
from [290] as 8.9045 and 0.0243, respectively. According to the physical properties of
cement paste, the Poisson’s ratio has been set to 0.2. The externally applied strain has been
imposed in the range ( 500;+500) ". In a similar way to previous work by the authors
[103], it is noted in Fig. 3.51 (a) that the proposed approach reproduces some of the effects
evidenced in the experiments under uni-axial strain. For compressive loadings, " < 0, the
composites exhibit higher values of conductivity, unlike for tensile strains. In both cases,
the percolation threshold increases, although, for the considered ranges of deformation,
the effect of the volume expansion and variation of the inter-particle properties becomes
predominant. Also, it is noticeable that for MWCNT concentrations below and above
the percolation threshold, the strain-sensitivity of the composite is considerably low. On
the contrary, filler concentrations close to the percolation threshold lead to the highest
sensitivity values. This fact justifies the evidence from the experiments about the existence
of a maximum strain-sensitivity around the percolation threshold as shown in reference
[103] for laterally unconstrained conditions. Solid and dashed lines denote longitudinal
(1=0) and transverse (2=0 = 3=0) relative changes in resistivity, respectively. It
is observed that transverse relative changes are very similar to the longitudinal ones. This
fact indicates that the sensor provides almost the same output (in this case almost propor-
tional to uni-axial strain) regardless of the layout of the electrodes. A closer inspection of
the results reveals that the transverse sensitivity is slightly higher than the longitudinal one.
This behavior finds an explanation in the re-orientation effect. For instance, in the case of
tensile strains, fillers tend to align in the direction of the strain and, thus, the longitudinal
resistivity experiences comparatively smaller reductions. This behavior can be also seen
in Fig. 3.52, where the overall electric conductivity for different MWCNT concentrations
and strain levels is represented. For clarity purposes, higher strain values of 5% and
2% are considered. It is important to note that both longitudinal and transverse effective
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Figure 3.51 Strain-sensing capabilities ofMWCNT-reinforced cement paste with different filler con-
centrations under laterally constrained uni-axial dilation (a) and distortion (b) (=0.2,
LCNT = 1 m, DCNT=10 nm, Vo=0.36 eV, dc=0.5 nm, c = 10
4 S/m, C1=8.9045,
C2=0.0243). Solid and dashed lines in (a) denote longitudinal, (1=0), and trans-
verse, (2=0 = 3=0), relative changes in resistivity, respectively.
conductivities are close at the percolation threshold and differences raise as the filler con-
centration increases. This effect remarks the increasing role of filler-reorientation effect at
higher filler contents. Fig. 3.51 (b) depicts the relative change in resistivity 6=0 under
shear strain "12. First, it is important to note that the strain sensitivity is considerably lower
than in the dilation case. Moreover, the relative change in resistivity exhibits considerably
linear variations with shear strain, desirable feature both for modeling and designing of
strain-sensing composites. In this case, the strain sensitivity is higher with increasing filler
contents. This fact can be readily ascribed to the isolated contribution of re-orientation
effects, since the volume of the composite stays constant.
Fig. 3.53 is aimed at inspecting the differences between previous work by the authors
[103] and the present approach, that is the comparison between uni-axial unconstrained
("1 = "2 = "
 
3 ) and constrained dilations ("1 = "2 = 1). It is first noted that constrained
conditions yield considerably higher electrical strain sensitivities. In spite of the fact that
filler re-orientation is less influential in the case of constrained conditions as previously
shown in Fig. 3.14, volume expansion effect is indeed more predominant as evidenced
in Fig. 3.20, what explains the higher sensitivity for laterally constrained conditions.
Furthermore, it is also observed here that the transverse sensitivities are slightly higher
than the longitudinal ones in both conditions.
Fig. 3.54 shows the relative resistance change for different values of MWCNT conductiv-
ity under laterally constrained uni-axial dilation. Two filler concentrations, fCNT = 0:695%
and fCNT = 2%, are selected in Figs. 3.54 (a) and (b), respectively, as filler contents proxi-
mate and far from the percolation threshold of the unstrained system. It can be extracted
from these figures that more conductive fillers lead to higher strain sensitivities. It is
important to note that nonlinearities, related to the coupled effect of the volume expansion
and variation of the percolation threshold, gain importance for concentrations close to the
unloaded percolation threshold. On the contrary, the strain-sensing curves exhibit more
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Figure 3.52 Overall electrical conductivity of MWCNT-reinforced cement paste under different
laterally constrained uni-axial dilation levels (=0.2, LCNT = 1 m, DCNT=10 nm,
Vo=0.36 eV, dc=0.5 nm, c = 10
7 S/m, C1=8.9045, C2=0.0243). Solid and dashed
lines denote in-plane, e f f (1;1), and normal, e f f (1;2), electrical conductivities,
respectively.
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Figure 3.53 Strain-sensing capabilities of MWCNT-reinforced cement paste under uni-axial lat-
erally constrained and unconstrained dilations (=0.2, LCNT = 1 m, DCNT=10 nm,
Vo=0.36 eV, fCNT = 0:7%, dc=0.5 nm, c = 10
4 S/m, C1=8.9045, C2=0.0243). Solid
and dashed lines denote longitudinal, (1=0), and transverse, (2=0 = 3=0),
relative changes in resistivity, respectively.
linear behaviors for concentrations far from this critical concentration. In other words,
when the filler concentration is near the percolation threshold, the number of formed
conductive paths is still limited so that the breakage or formation of conductive networks
has a strong impact on the overall conductivity. However, when there exist many conduc-
tive paths, the variation of the number of paths does not lead to substantial differences
and the composite is thus less piezoresistive. From a mathematical point of view, the
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strain-induced variations of the effective volume fraction and of the percolation threshold
result in a variation of the fraction of percolated CNTs, . Hence, the appearance of a
nonlinear response for concentrations close to the percolation threshold is justified by the
percolation theory. When percolation begins, i.e. for small values of , the conductivity of
CNT-reinforced nanocomposites experiences a sharp increase. In this first region is where
the strain-induced changes lead to the largest impacts and the composites exhibit the most
nonlinear response. Once a sufficient number of conductive paths has been formed, the
overall conductivity stabilizes and the composites respond to strain in a more linear way.
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Figure 3.54 Strain-induced relative resistance change =o of MWCNT-reinforced cement
paste for different filler conductivities c and volume fraction fCNT = 0:695% (a),
and fCNT = 2:000% (b) under uniaxial constrained dilation (=0.2, LCNT = 1 m,
DCNT=10 nm, Vo=0.36 eV, dc=0.5 nm,C1=8.9045,C2=0.0243). Solid and dashed lines
denote longitudinal, (1=0), and transverse, (2=0 = 3=0), relative changes in
resistivity, respectively.
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Figure 3.55 Strain-induced relative resistance change =o of MWCNT-reinforced cement paste
for different filler conductivities c and volume fraction fCNT = 0:695% (a), and
fCNT = 2:000% (b) under distortion strain "12 (=0.2, LCNT = 1 m, DCNT=10 nm,
Vo=0.36 eV, dc=0.5 nm, C1=0, C2=0). Solid and dashed lines refer to 6=o and
1=o terms, respectively.
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Fig. 3.55 shows the relative resistance change for different values of MWCNT con-
ductivity under shear strain "12. In order to assess the correctness of the assumption of
cubic crystal symmetry of the piezoresistivity matrix in Eq. (3.55), terms 6=o and
1=o are represented with solid and dashed lines, respectively. Two filler concentrations,
fCNT = 0:695% and fCNT = 2%, are again selected here as filler contents. On the basis of
the hypothesis of cubic crystal symmetry of the piezoresistivity matrix, when the composite
is subjected to a shear strain "12, only variations in 6=o should be observed, whilst the
rest of the terms should be constantly zero. However, it can be seen in Fig. 3.55 (a) that the
term 1=o not only does not disappear but exhibits higher variations than 6=o. Terms
2=o and 3=o are not included in this analysis for the sake of clarity as identical
conclusions are extracted for them. This effect is ascribed to the re-orientation of the
fillers which does not only affect the shear direction but also the rest of orientations. It is
also noticeable that the term 6=o is highly linear with the shear strain, whilst diagonal
terms of the resistivity matrix are highly non-linear. On the other hand, it can be seen in
Fig. 3.55 (b) that variations of the diagonal terms of the resistivity matrix are drastically
minimized for filler volume fractions above the percolation threshold. The term 6=o is
clearly shown dominant and linear with the strain. Overall, it can be concluded that the
hypothesis of cubic crystal symmetry of the piezoresistivity matrix fails to reproduce the
response of CNT-reinforced cement-matrix composites at filler contents very close to the
percolation threshold. Nonetheless, the variation of the diagonal terms of the resistivity
matrix can be neglected for filler contents slightly higher than the percolation threshold.
In these cases, the cubic crystal symmetry condition of the piezoresistivity matrix can be
accepted, as well as the linearity of the coefficient 44. Finally, let us remark that the shear
strain sensitivity increases with the filler content.
Characterization of the piezoresistivity matrix In this section, the piezoresistivity
coefficients are determined as the ratios between relative variations of electrical resistance
and strain according to the virtual experiments in Eqs. (3.56) and (3.57). Fig. 3.56 depicts
the piezoresistivity coefficients 11 and 12, indicated by solid and dashed lines, as a
function of the filler concentration. As previously shown, because of the peculiar elec-
tromechanical behavior of CNT-reinforced composites subjected to uni-axial dilation, 11
is rate dependent and also varies with "1, resulting in a nonlinear relationship of strain-to-
signal. According to some other previously published experimental and theoretical works
[239], it has been shown in Fig. 3.54 that the strain-sensing curves can be approximately
modeled with a first linear range followed by a nonlinear one. In this work, a linear
regression based on a least squares estimator is adjusted in the strain range that leads to
a coefficient of determination of 0.99. Hence, the piezoresistivity coefficients 11 and
12 are computed as the slope of the regression of their corresponding strain-sensitivity
curves. It is important to note that, in accordance with the results in Fig. 3.51, maximum
values of piezoresistivity coefficients 11 are found in Fig. 3.56 around the percolation
threshold. Also, as expected from Fig. 3.54, more conductive fillers lead to higher sen-
sitivity coefficients. It is also noticeable that the maximum peaks are sharper for higher
filler conductivities, whilst less conductive fillers lead to smoother curves. It is observed
that 12 exhibits slightly higher values along the whole range of filler concentrations as
expected from previous analyses.
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Figure 3.56 Piezoresistivity coefficients of MWCNT-reinforced cement paste versus filler concen-
tration fCNT under uni-axial constrained compression for different filler conductivities
c (LCNT = 1 m, DCNT=10 nm, Vo=0.36 eV, dc=0.56 nm, C1=8.9045, C2=0.0243).
Solid and dashed lines stand for longitudinal and transverse strain gauges, 11 and 12,
respectively.
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0.44
0.46
0.48
0.5
0.52
0.54
0.56
0.58
0.6
0.62
fCNT (%)
λ
44
σc = 101 S/m
σc = 102 S/m
σc = 103 S/m
σc = 104 S/m
σc = 105 S/m
σc = 106 S/m
- - - fc
Figure 3.57 Piezoresistivity coefficient 44 of MWCNT-reinforced cement paste versus filler con-
centration fCNT under uni-axial constrained compression for different filler conductiv-
ities c (LCNT = 1 m, DCNT=10 nm, Vo=0.36 eV, dc=0.56 nm).
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Fig. 3.57 shows the piezoresistivity coefficient 44 for different filler conductivities.
In this case, 44 continuously increases with the filler content. A sharp increase in the
sensitivity is found at filler contents around the percolation threshold after which slow
increasing rates are detected. In a similar way to the previous analysis, more conductive
fillers lead to higher sensitivity coefficients. Overall, it can be concluded that the piezore-
sistivity coefficient under shear strain, 44, is substantially lower than those associated to
dilation. Finally, the piezoresistivity matrix can be computed according to Eq. (3.55). For
instance, in the case of MWCNT-reinforced cement paste (PA) with filler volume fraction
fCNT = 1% and filler conductivity c = 106 S/m, the piezoresistivity matrix Π reads:
Π =
Πdil 00 Πdis
 =

10:04 11:19 11:19 0 0 0
11:19 10:04 11:19 0 0 0
11:19 11:19 10:04 0 0 0
0 0 0 0:6 0 0
0 0 0 0 0:6 0
0 0 0 0 0 0:6

(3.63)
In light of the similarity between 11 and 12, as well as the small values of 44, it
can be concluded that CNT-reinforced smart concretes are essentially sensitive to volu-
metric strain. It follows that cubes made of such multifunctional materials can be used
as volumetric strain sensors to be embedded into concrete elements before casting. In
particular, the relative change in electrical resistance outputted by similar sensors, whatever
the deployment of electrodes, in a typical 2-probe or 4-probe configuration (see Fig. 3.58),
can be approximated by means of a constant piezoresistivity coefficient or gauge factor 
as follows:

o
=
R
Ro
  ("1 +"2 +"3) (3.64)
with R the variation of the electrical resistance of the specimen, and Ro the electrical
resistance of the unloaded specimen.
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Figure 3.58 Schematic of 2-probe (a) and 4-probe (b) resistivity measurement setups.
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3.5.4.2 Case study: embeddable smart blocks
In this section, a three-dimensional case study is presented in order to illustrate the combina-
tion of the proposed micromechanics approach with a FEM formulation. More specifically,
a smart sensor made of self-sensing MWCNT-reinforced mortar subjected to laterally
unconstrained quasi-static compressive loading has been modeled by the present microme-
chanics approach, introducing its mixed mechanical-electrical constitutive behavior within
a FEM analysis, in the present case it is carried out using the commercial software ANSYS
v15.0 [299]. This case study was already analyzed in previous work by the authors [103].
On the basis of the experimental results in [61], the variables of the micromechanics model,
including filler properties, waviness and agglomeration effects, were fitted by parametric
studies with very good agreements. Let us recall that the scope of previous work was
restricted to laterally unconstrained uni-axial compression/stretching. In this work, the
piezoresistivity coefficients are determined for laterally constrained uni-axial compression
and, Afterward, the electrical response is computed by a coupled electro-mechanical calcu-
lation in ANSYS. It is also important to note that, as previously demonstrated in [103], the
strain sensitivity of CNT-reinforced cement-matrix composites is slightly different under
compression and stretching. However, the difference between the piezoresistivity coeffi-
cients under compression and traction is small enough that a common strain sensitivity is
assumed.
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Figure 3.59 Geometry and dimensions of the self-sensing MWCNT-reinforced mortar and of the
electrodes (units in cm) (a), and finite element modeling of the active region of the
sensor (b).
The sensor is a cube with sides of 5.1 cm instrumented with two stainless steel nets as
electrodes, placed at a mutual distance of 1 cm as shown in Fig. 3.59 (a). The electrical
conductivity of mortar is chosen as 1.0410 3 S/m and MWCNTs are type Graphistrength
C100 with electrical conductivities in the range 100 to 107 S/m. In particular, a sensor with
filler content of 0.75% mass content with respect to mass of cement is selected. The mass
content with respect to mass of cement can be related to the filler volume fraction as wt =
fN=mcem, with N andmcem being the mass density of CNTs and the mass of cement in the
composite, equal to 50 kg/m3 and 654 kg/m3, respectively. Fig. 3.60 shows the electrical
resistance as a function of the applied strain obtained in the experiments [61]. Furthermore,
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the theoretical results computed in previous work [103], denoted by “MA-1D”, are plotted
for a filler electrical conductivity of 104 S/m. In this work, the piezoresistivity coefficients
have been computed under virtual experiments of laterally constrained uni-axial dilation
and distortion as illustrated above. The rest of the micromechanical parameters of the
model, including waviness and agglomeration effects, have been taken from reference
[103] (readers are invited to refer to Figs. 26 and 27 in [103]). The active region of the
sensor, defined as the material region (5.15:11 cm3) between electrodes, has been
discretized for computational purposes as shown in Fig. 3.59 (b). Assuming that the
electrodes are much more conductive than the composite, it is assumed that the electrodes
can be modeled as a coupling condition of constant voltage on the upper and lower faces
of the active region. Standard elements SOLID226, defined with twenty nodes and four
degrees of freedom per node (three translations and electric potential), have been chosen
for the electromechanical numerical modeling. The experimental setup corresponds to a
two-probe method, in which the lower electrode is grounded and the upper one is defined
with a differential potential of 2.5 V. Finally, the Young’s modulus and Poisson ratio of
the composite are taken from the experiments as E=18 GPa and =0.2. By fitting the
experimental results, inter-particle variation constants C1=8.658, C2=2.498 are computed
and, accordingly, piezoresistivity coefficients 11=15.7, 12=16.20, 44=0.51 are obtained.
It is observed in Fig. 3.60 that excellent agreements are found between the present approach
and the experimental results, as well as with the previous theoretical model (MA-1D).
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Figure 3.60 Comparison of the theoretical predictions and the experimental electrical resistance
versus applied strain for mortar specimens with MWCNT concentration of 0.75% with
respect to cement weight (11=15.7, 12=16.20, 44=0.51, LCNT = 0:25 m, DCNT=10
nm, Vo=0.56 eV, dc=1.8 nm, =0.68, =0.90, 
w=40, C1=8.658, C2=2.498). MA-
1D stands for the micromechanics approach of laterally unconstrained compression
presented in reference [103], and the experimental data have been taken from reference
[61].
Once the consistency of the present micromechanics approach in conjunction with a
FEM analysis has been demonstrated, a variety of applications where the strain state is
170 Chapter 3. CNTs as additives for smart composites
three-dimensional in nature can be now handled. In order to illustrate this, Fig. 3.61 (a)
shows a more sophisticated model of the previous sensor. In this case, the electrodes are
modeled in detail accounting for their geometry, the penetration depth of the electrodes
into the specimen, as well as the influence of the material region surrounding the active
region. Fig. 3.61 (b) shows the electric potential field computed by the present mixed
micromechanics-FEM approach. This type of results opens a vast range of applications
such as the optimization of the electrodes configuration, different sensor geometries,
presence of damages, and simulation of sensor’s embedding into full-scale RC structural
components.
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Figure 3.61 Detailed finite element model of MWCNT-reinforced mortar sensor (a), and electric
potential field when a differential potential of 2.5 V is applied between the electrodes
(b).
3.5.4.3 Conclusions
This subsection has presented a micromechanics approach in combination with a finite
element formulation for the analysis of the response of CNT-reinforced smart concrete
sensors subjected to arbitrary 3D strain states. The origin of the piezoresistive response
of these composites is ascribed to (i) strain-induced changes in the volume fraction, (ii)
changes in the conductive networks due to filler reorientation and, finally, (iii) changes in
the tunneling resistance through variation of the inter-particle properties. New closed-form
expressions of the ODFs of random arrangements of fillers under arbitrary dilation and
distortion have been presented. On this basis, the variation of the percolation threshold is
directly related to theODFs bymeans of theKomori andMakishimamodel. Also, assuming
that CNT-reinforced composites possess a cubic crystal symmetry, only three independent
piezoresistivity coefficients are necessary to fully define the piezoresistivity matrix. The
proposed approach has been shown capable of determining the piezoresistivity coefficients
by two virtual tests, namely laterally constrained dilation and distortion. Afterward,
utilizing the computed piezoresistivity matrix within a multiphysics FE formulation, using
a commercial computational environment, it has been shown possible to analyze three-
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dimensional CNT-reinforced structures. Detailed parametric analyses have been carried
out in order to illustrate the influence of the different properties of the constituents on the
strain-sensing response of CNT-reinforced smart concretes. Finally, the accuracy of the
proposed approach has been demonstrated by comparison with published experimental
data.
The main contributions of this paper are summarized below:
• It has been shown that the dilation strain sensitivities of CNT-reinforced cement-
based composites along the longitudinal (11) and transverse (12) directions are
very similar, with slightly higher sensitivities in the transverse direction.
• The results showed that strains do not only generate variations of the shear compo-
nents of the resistivity matrix but also of the diagonal terms. It has been shown that
the interaction between shear strains and longitudinal/transverse resistivity terms is
highly non-linear. However, for filler contents immediately above the percolation
threshold, these terms disappear and the assumption of cubic crystal symmetry
becomes valid. Overall, it has been shown that CNT-reinforced cement-based
composites are also weakly sensitive to shear strains.
• Due to the similarities between the longitudinal and transverse piezoresistivity
coefficients, as well as the low sensitivity under distortion, smart concrete strain
sensors can be approximately modeled as volumetric strain sensors with one single
piezoresistivity coefficient or gauge factor. This simplified model is ready to be
applied in practical applications dealing with the use of smart concrete sensors
embedded into RC structural components.
• The results of the parametric study have shown that the dilation piezoresistivity
coefficients reach their maximum values for filler volume fractions at the percolation
threshold. On the other hand, the shear piezoresistivity coefficients continuously
increase with the filler content.
• Very close agreements of the present approach with experimental data from previous
work have been reported. In addition, a comparison with previous theoretical results
considering the ODFs of laterally unconstrained compression demonstrates the
consistency of the assumptions imposed on the structure of the piezoresistivity
matrix.
3.6 Conclusions
This chapter has presented the main contributions of this thesis in the study of the potential
applications of CNTs for the development of smart composites. Firstly, a micromechan-
ics model has been developed to estimate the overall electrical conductivity of CNT
cement-based nanocomposites. The proposed approach distinguishes electron hopping
and conductive networking as two different mechanisms contributing to the overall conduc-
tivity. In addition, waviness and agglomeration effects have been incorporated following
similar frameworks to those previously used for the mechanical homogenization. An
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experimental campaign has been carried out to benchmark the theoretical results. Dif-
ferent cement-based composites, including paste, mortar and concrete, and loaded with
different CNT contents have been manufactured. Afterward, the previously developed
micromechanics approach has been extended to account for the uniaxial strain-sensing
properties. To this aim, strain-induced effects have been considered such as (i) volume
expansion and reorientation of CNTs, (ii) changes in the conductive networks, and (iii)
changes in the tunneling resistance. A remarkable aspect of this approach refers to the
use of ODFs to compute the strain-induced reorientation of the fillers and, consequently,
the variation of the percolation threshold. Finally, the latter micromechanics approach
has been extended, in combination with a finite element formulation, for the modeling of
CNT-reinforced smart concrete sensors under arbitrary 3D strain loadings. By assuming
that CNT-reinforced composites possess a cubic crystal symmetry, only three indepen-
dent coefficients are necessary to fully define the piezoresistivity matrix. Utilizing the
computed piezoresistivity matrix within a multiphysics FE formulation, it has been shown
possible to analyze three-dimensional CNT-reinforced structures. The comparison of the
theoretical results against the experimental data have demonstrated the validity of the
proposed approaches.
The main findings of this chapter can be summarized as follows:
• The theoretical simulations confirm that the overall electrical conductivity of CNT-
reinforced cement-based materials is governed by electron hopping and conductive
networking mechanisms. The good agreements between theoretical and experimen-
tal data strengthen the consideration of the electrical response of CNT-reinforced
cement-based composites of percolative-type.
• The aspect ratio of the nanofillers determines, along with the filler orientation
distribution, the percolation threshold and, thus, is a critical design variable.
• Waviness and agglomeration of CNTs substantially affect the percolation threshold of
composites. This fact, together with the previously stated conclusions regarding the
mechanical properties, highlights the importance of developing efficient dispersion
techniques.
• Both experiments and theoretical results confirm that the largest gauge factors are
achieved at the percolation threshold.
• The theoretical simulations exhibit non-linear strain-sensing curves, predominantly
for composites loaded with filler contents close to the percolation threshold and
high strain levels.
• Overall, it has been shown that CNT-reinforced cement-based composites are weakly
sensitive to shear strains.
• It has been shown that the dilation strain sensitivities of CNT-reinforced cement-
based composites along the longitudinal and transverse directions are very similar.
This fact, alongwith the low sensitivity under distortion, justifies the use of simplified
modelings of CNT-reinforced cement-based sensors as volumetric strain sensors
with one single gauge factor.
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• Very close agreements of simulations with experimental data have proved the con-
sistency of the cubic crystal symmetry assumption imposed on the structure of the
piezoresistivity matrix.
The presented micromechanics models are envisaged to provide a valuable tool for
the analysis of three-dimensional CNT-reinforced cement-matrix composites, including
simulation of the embedding of smart concrete sensors into full-scale RC components.
The proposed theoretical framework is efficient in terms of computational cost and, more
importantly, it models the complex coupled electro-mechanical behavior of smart concretes
on a well-founded physical basis. Overall, it can be concluded that the second objective of
this thesis has been achieved.

4 CNTs for SHM applications in civil
engineering
This chapter presents the works conducted for the analysis of the potential applications ofCNT-reinforced composites in the realm of SHM. Together with the first experience
of the author in the application of OMA techniques, this chapter introduces a novel
electromechanical modeling of the dynamic response of CNT cement-based sensors in the
time domain. This chapter is a summarized version of papers F and G.
4.1 Introduction
The aim of this chapter focuses on the application of CNT-reinforced Cement composites
(CNTCs) as dynamic strain sensors for Structural Health Monitoring (SHM). To this end,
the author was first introduced in the field of Operational Modal Analysis (OMA) with
traditional off-the-shelf accelerometers. As a result of these first works, the author took
part in a refereed journal article (paper G). In that work, the dynamic properties of the
Montoro footbridge were identified by means of a multi-scale model updating approach
in conjunction with ambient vibration tests. Afterward, and as a result of the research
stay at the University of Perugia and the collaboration with professor Filippo Ubertini, the
author developed a novel electromechanical modeling of CNT-reinforced cement-based
sensors, apt for signal processing applications. On this topic there were some open issues
that needed to be addressed. First, the experimental results in reference [205] showed
that the electrical response of CNT-reinforced cement-based sensors under the action
of sinusoidal loads contains superharmonics. In addition, the experiments also showed
that the Frequency Response Function (FRF) of the sensors increases with the frequency
of the excitation. The theoretical studies conducted by D’Alessandro et al. [63] could
explain the superharmonics content in the electrical response by the differential equation
governing the equivalent lumped circuit of a piezoresistive strain transducer. However,
that sort of equivalent lumped circuit could not explain the increasing FRF, phenomenon
that remained an unresolved issue. In order to find an explanation, the author developed
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a novel equivalent piezoresistive/piezoelectric lumped circuit inspired by a universal
equivalent circuit proposed by Wanson et al. [339]. This model represents an enhanced
version and a generalization of the model previously proposed in reference [63]. The
results demonstrate that the proposed model can explain both phenomena affecting CNTCs,
namely the superharmonic response under cyclic loading, as well as the amplification of
the electrical signals with the frequency of excitation.
This chapter is organized as follows: Subsections 4.1.1 and 4.1.2 review the state of
art of modal identification of footbridges and the electromechanical modeling of CNT-
reinforced cement-based sensors, respectively. Then, Section 4.2 briefly introduces the
ambient-vibration tests conducted in the Montoro footbridge, the numerical modeling, and
the model updating process as a case study of OMA. Section 4.3 concisely presents the
theoretical framework of the electromechanical modeling of CNT-reinforced composites.
Section 4.4 presents a summary of the results achieved with the proposed equivalent
electromechanical circuit and comparison with experimental results. Finally, Section 4.5
concludes this chapter.
4.1.1 Novel smart composite materials as a solution to the scalability limitations of tradi-
tional monitoring systems
The critical socio-economical and environmental importance of civil infrastructures makes
condition-based maintenance of the utmost relevance for structural engineering. The
growing concern with the aging and degradation of civil infrastructures (see e.g. [84]),
the increasing complexity of new constructions, as well as the possible occurrence of
catastrophic natural events have promoted a large number of Structural Health Monitoring
(SHM) programs in the last two decades [64, 356, 161, 56, 295, 351, 256, 60, 167, 223,
255]. To monitor the health of a structure, SHM systems collect data from the structure to
infer its structural integrity. Measurements are used to evaluate the state of the structure
and detect the possible appearance of damage and its location. Hence, SHM is a wide
field that encompasses several methodologies aimed to assess the health condition of a
structure and reduce its life-cycle cost [35, 31]. In particular, continuous assessment of
structural health has become one of the key issues of SHM. This online monitoring is
typically conducted through an automated monitoring of the structure and the temporal
variations of its properties. Recent field applications of continuous monitoring evidence
its potential to enhance structural safety and life expectancy [241, 218, 107]. However,
despite these great benefits, the number of continuous SHM applications is still scarce.
One factor impeding the extensive applicability of SHM solutions stems from the inherent
size of structures to be monitored, that is, their limited scalability. Most existing sensing
solutions are hardly scalable without necessitating substantial costs and complex signal
processing algorithms, making SHM financially unattractive to infrastructures owners due
to their apparent low return on investments.
In the quest for feasible solutions to this scalability issue, Smart Materials/Structures
(SMSs) are conceived as especially promising monitoring solutions. The concept of SMS
can be understood as the last step in the objects produced by mankind. Originally, the
human production started with the use of homogeneous materials directly provided by
nature, followed by composite materials in which several constituents are combined so that
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the resulting properties can be adjusted. A further step is the development of materials with
multifunctional properties in such a way that their properties can be adapted to in-service
conditions. Overall, three types of SMS can be distinguished: SMS controlling their shape,
SMS controlling their vibrations, and SMS controlling their health. Up to date, most
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Figure 4.1 Schematic of SHM, shape control and vibration control in the context of Smart Materi-
als/Structures (SMSs).
achievements in this field have only managed to create materials/structures that are self-
sensitive by means of embedded sensors. The next step towards smarter structures would
be to produce self-healing materials or with damage-mitigation properties. For damage
mitigation, embedded actuators made of Shape Memory Alloys (SMAs) [300] have been
shown capable of inducing compensating strains in regions of stress concentrations. On the
other hand, just very few attempts have been done to manufacture self-healing materials. It
is noteworthy the development of self-healing concretes doped with hollow-adhesive brittle
fibers. The operating mechanism of these materials consists of releasing the adhesive
when the fibers are broken in the region where cracks appear [109]. The development of
these types of advanced materials can aid SHM at different levels at shown in Fig. 4.1,
including [20]:
• Development of new self-sensing materials to produce sensors and actuators.
• Technologies to miniaturize sensors/actuators and embedding solutions without
compromising the durability of the host structure.
• Development of efficient systems for optimization of data management and diagnosis.
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In this line, the rapid growth of nanotechnologies represents a pioneering revolution
in the development of novel sensors, including multifunctional materials that enable
substantial improvements in the cost-effectiveness of SHM solutions for geometrically large
systems. The development of new multifunctional and smart materials, and particularly
electrically conductive CNT cement-based composites, offers a broad range of possibilities
in the realm of SHM [118, 325, 92]. As shown in previous chapters, these composites
exhibit strain-sensing capabilities (i.e. composites themselves also behave as sensors) by
means of measurable variations of their electrical properties under applied mechanical
deformations [99, 171, 324]. This exceptional property, together with the similarity and
compatibility between these composites and structural concrete, can be used to develop
distributed embedded strain-sensing systems with substantial improvements in the cost-
effectiveness in applications to large-scale concrete structures [184, 120, 136, 277, 121,
125, 123]. Currently, the majority of the methods used for the local monitoring of concrete
structures (e.g. strain gauges, optic sensors, piezoelectric ceramic, shape memory alloy,
etc.) do not offer efficient solutions for embedded monitoring systems capable of getting
information about the structural integrity and detecting damage [122].
Some recent results in the literature evidence the potential application of CNT-reinforced
cement-based composites as continuous embedded dynamic strain sensors. It is worth
noting the work of Materazzi et al. [205] who reported on the applicability of carbon
nanotube-cement based composites as dynamic strain sensors. The electrical response of
prismatic carbon nanotube-cement sensors was studied under harmonic loadings in the
typical frequency range of civil structures. Their results demonstrated that a sinusoidal
compression as input produces a sinusoidal variation of the electrical resistance plus
harmonics as output. The contributions of Ubertini et al. [323, 325] furthered the study of
the potential application of CNT-reinforced cement-based sensors for output-only modal
identification of large concrete structures. In particular, those authors reported on the
identification of the resonant frequencies of a large scale steel-reinforced concrete beam
under laboratory conditions. Their results showed that CNTCSs can allow for modal
identification over a frequency range up to 500 Hz. Another noteworthy contribution was
made by Naeem et al. [226] who investigated the stress and crack sensing capabilities of
MWCNT/cement composites subjected to flexural loadings. Specifically, those authors
embedded long prismatic MWCNT/cement sensors at different locations of steel-reinforced
mortar beams. Their results showed steep changes in the electrical resistance of the
sensors at failure of the mortar, what proves the applicability of MWCNT cement-based
nanocomposites as embedded continuous transducers for crack detection applications.
Most literature works utilize Direct Current (DC) resistivity measurements. However, it has
been reported that DC resistance measurement of CNTCSs exhibit time-based drift in the
material’s measured electrical output [205, 323, 325]. This phenomenon is often attributed
to the material polarization, changes in the material’s dielectric constant, piezoelectric
effects or the combination of other electrical effects. Electrical polarization of CNTCSs
results in signal distortions at low frequencies, what may make it difficult to monitor
structures with relatively low resonant frequencies. Conversely, Alternating Current (AC)
measurements have been shown to minimize the time-based drift. It is worth noting the
work by Downey et al. [74] who presented a novel biphasic DC measurement approach
for resistance measurements of self-sensing multi-functional materials. Their results
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demonstrated that the drift is eliminated by applying a periodic square charge/discharge
signal. Also, those authors demonstrated the applicability of the proposed approach for
damage detection and localization using two CNTCS beams.
4.1.2 Electromechanical behavior of CNT-reinforced cement composites
Although many authors have striven to develop pilot applications of CNT-reinforced
cement-based composites, the development of theoretical approaches for the modeling
of the dynamic response of these composites is still lacking and, as a consequence, the
output of the sensors cannot be properly interpreted. Firstly, it is well known that ce-
mentitious materials primarily behave as dielectrics. When subjected to an electric field,
the molecular dipoles of dielectric materials tend to get oriented in the direction of the
field and, as a consequence, an opposite electric field to the applied one is induced. As a
result of this so-termed polarization, the electric current decreases over time under the
application of a constant potential difference [346, 40]. Hence, modeling of DC resistivity
of CNT-reinforced cement-based composites must include both strain-dependent electrical
properties and polarization effects. With this purpose, different equivalent lumped-circuit
have been proposed in the literature. It is worth noting the work by Kang et al. [154] who
performed Electrochemical Impedance Spectroscopy (EIS) testing to characterize the elec-
trical properties of SWNT/PMMA composites. On the basis of impedance analysis, those
authors developed a modified Randles circuit to represent the dynamic behavior of the
sensors. As in common practice, strain sensing was incorporated by a linear dependence
of the relative change of the internal resistance on the applied strain. Another noteworthy
contribution was done by Loh et al. [195] on SWNT-PSS/PVA thin films. On the basis
of frequency-domain EIS, an RC-circuit model was tuned to fit the experimental data.
D’Alessandro et al. [63] proposed an electromechanical modeling of CNTCSs based on the
Randles equivalent circuit. The lumped-circuit consisted of two resistors and a capacitor,
accounting for the contact resistance, internal dissipation and electric polarization. A
relevant conclusion of that work, in accordance with previously published experimen-
tal results [205], was that the dynamic response of CNTCSs contains superharmonics.
Unfortunately, the proposed model failed to reproduce the increasing amplitude of the
response with increasing frequency. Sanli et al. [270] proposed an RC equivalent circuit
based on the impedance response of sensitive CNT/epoxy films. A noticeable aspect of
that work concerns the consideration of not only strain-dependent internal resistance but
also strain-dependent capacitance.
4.2 Ambient-vibration OMA for SHM applications
In this section, the use of OMA for ambient-vibration SHM applications is concisely
outlined. In addition, the works developed in the field campaign of the Montoro footbridge
in Córdoba (Spain) are presented as an application example.
4.2.1 Introduction
Structural Health Monitoring (SHM) aims at making a diagnosis of the actual state of
a structure during its life cycle, that is, the condition of the constituent materials and
180 Chapter 4. CNTs for SHM applications in civil engineering
the different structural members, as well as their full assembly [20]. The state of the
structure must remain in the condition specified in the design in such a way that safety and
serviceability are preserved. However, structures may be deteriorated by normal aging
processes under environmental conditions, as well as by the appearance of damages caused
by accidental events. From a structural perspective, damages are related to changes in
the material or geometric properties of the system, as well as changes in the boundary
conditions or connectivity, which adversely alter the structural performance of the system.
The appearance of damage in a structure does not necessarily imply a complete loss of
functionality, but rather that it is no longer operating in its optimal manner. Nonetheless,
if damage progresses, the performance of the structure may reach a critical point where it
ceases being operational, or even collapses. Note that implicit in the term damage there is a
comparison with the original unaltered state of the structure. Therefore, damage detection
techniques are based upon an assessment of the properties of interest during the life of the
structure. The process of implementing a damage identification strategy is referred to as
SHM. In virtue of the time-dimension of monitoring, the environmental and in-service
conditions can be evaluated and, together with Usage Monitoring, it is also possible to
estimate prognosis, including the evolution of certain damages, residual life, etc. Sensing
systems on structures can alert the appearance of damages and maintenance operations can
be planned accordingly, what is known as condition-based maintenance. Therefore, the
life-safety and economic benefits arising from this philosophy depend upon the detection
capability of the system so that corrective actions can be implemented before the damage
implies a structural failure.
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Figure 4.2 Organization of a SHM system.
A SHM system involves the integration of a sensor network, data transmission and
processing of the measurements as schematically illustrated in Fig. 4.2. The first part of the
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system corresponds to the Integrity Monitoring function devoted to monitoring a certain
damage. Other sensors on the structure of interest monitor the environmental conditions,
which allows for performing the Usage Monitoring function. Through the comparison
with the unaltered condition, the signals supplied by the Integrity Monitoring sub-system
allow us to make a diagnostic. Combining the information of the Integrity Monitoring and
the Usage Monitoring sub-systems, along with the knowledge of the principles of fracture
mechanics and constitutive laws, it is also possible to make a prognosis of the damage
evolution. Therefore, it is possible to carry out the health management of structures with
condition-based repairs and maintenance operations.
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Figure 4.3 System scheme for output-only OMA.
Within this framework, vibration-based monitoring systems play an important role in
many industrial and engineering applications such as design optimization, health moni-
toring, vibration control, and damage detection. This set of techniques is based on linear
modal analysis, which assumes that the vibrational properties of a structure are completely
defined by its resonant frequencies, corresponding mode shapes and modal damping.
One possibility is to test structural systems under the action of controlled inputs, also
termed Experimental Modal Analysis (EMA). However, most structures are subjected to
in-service conditions and ambient excitations that cannot be controlled. In these cases, the
use of output-only monitoring systems is imperative. Operational Modal Analysis (OMA)
provides information concerning the dynamic behavior of in-service structures without
inducing artificial excitations nor monitoring the loading conditions. Fig. 4.3 illustrates
the system scheme for OMA. Given that in-service loads are unknown, they are assumed
to be the result of a virtual loading system loaded by zero-mean Gaussian white noise.
OMA can assist SHM systems as it identifies the properties of a structure in an operational
environment, and damage appearance can be inferred by variations of the modal properties.
Numerous OMA/SHM applications in the literature have been successfully applied to
large-scale structures such as bridges [241, 356, 295, 223, 201, 167], multi-storey or tall
buildings [56], dams [64, 351], historic buildings [256, 255], or offshore structures like
wind turbines [80].
4.2.2 Case study: Montoro wooden footbridge1
The Montoro footbridge (Fig. 4.4) with a total length of 125.30 m is currently claimed
to be the longest wooden footbridge in Spain. It is located in the village of Montoro in
1 An extended version of this subsection is found in paper G.
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Córdoba and crosses the Guadalquivir river.
In recent years, structural engineers have focused public attention on the need for
improved footbridge monitoring and maintenance [397, 36, 328, 11]. All of these studies
analyzed the dynamic response of these civil engineering structures under crowd induced
loading. Zivanovic et al. [397] reported a detailed review about vibration serviceability of
footbridges under human-induced excitation. This literature survey identified humans as
the most important source of vibration for footbridges. That work highlighted that, of all
vibration properties of the footbridge, damping is the most uncertain but is an extremely
important parameter as the resonant behavior tends to govern the vibration serviceability
of footbridges. Van Nimmen et al. [328] studied the methodology of two current codes of
practice, the French SÉTRA guideline and the European guideline HIVOSS, both widely
applied in engineering practice. In both evaluation procedures, it is required to estimate
the dynamical characteristics of the structure, i.e. the natural frequencies, mode shapes,
and damping factors.
The modern trend to construct light and slender footbridges has highlighted the im-
portance of the dynamics of such structures. Moschas and Stiros [222] described the
measurement and analysis of the deflections of a short-span pedestrian bridge in Athens,
analyzed on the basis of geodetic techniques. A comparison between design and real (’as
built’) dynamic and static characteristics of the footbridge was presented. Bayraktar et
al. [22] conducted ambient vibration tests of a 18.40 m span steel footbridge located in
Trabzon, Turkey. The modal vibration based assessment of the Podgorica footbridge over
the Moraca River in Podgorica, capital of Montenegro, was investigated by Zivanovic et
al. [398]. That paper describes this lively full-scale footbridge, its numerical modelling
and dynamic testing by modal analysis. Afterward, those authors proposed the finite
element model updating of the Podgorica footbridge [399]. The ambient vibration-based
assessment of the Morca suspension footbridge was studied by Gentile and Gallino [107].
Their experimental investigation was preceded by the development of a 3D FE model,
where some uncertain parameters of the model were updated to enhance the agreement
between theoretical and experimental natural frequencies. Ivorra et al. [145] studied the
dynamic behavior of a pedestrian bridge in Alicante, Spain, which presented vertical and
horizontal vibration problems. Caetano et al. [37, 38] studied the human-induced vibration
of the Pedro e Inês footbridge at Coimbra, Portugal. The first article describes the studies
undertaken at the design stage and the results of a thorough experimental assessment of
the constructed bridge properties. The second article discusses the strategy adopted in the
design and assessment of the efficiency of a vibration control system. The effects of the
changing ambient temperature of the Dowling Hall footbridge was studied by Moaveni
and Behmanesh [218]. Hu et al. [142] considered the feasibility of applying a vibration
based damage detection approach, based on principal component analysis, to eliminate
environmental effects for the Pedro e Inês footbridge, Portugal.
Monitoring of timber bridges, however, has received much less research attention.
Stiros and Moschas [298] studied the lateral deflections of a timber pedestrian bridge in
Patras, Greece. By using a robotic total station, the authors found a drop of 1.6 Hz in
the natural frequencies of the bridge between 2007 and 2008 and then a gradual drop
of approximately 8% between 2008 and 2012. The hygro-thermal response of a glulam
beam of a pedestrian bridge located in Lisbon, Portugal, was simulated by Fortino et
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al. [96]. A 3D multi-Fickian numerical method was proposed to integrate the sensor-based
hygro-thermal monitoring of timber bridges. The authors highlighted the need to extend
their approach to incorporate the mechanical response of timber elements under the service
life of bridges. The monitoring of the moisture content of a block-laminated timber bridge
was also investigated by Tannert et al. [307]. Very recently, the monitoring of a long-span
cable-stayed timber bridge was also investigated by Saracoglu and Bergstrand [271] with
particular attention on the environmental effects.
In spite of the above valuable research works, we must note that studies on the vibration
performance of timber bridges are still very limited, particularly when considering the
influence of the anisotropic mechanical response of wood and its micromechanics on the
structural behavior. We remark here that the anisotropy of microstructural phases may play
a crucial role in determining both the effective as well as local response of the material
[244].
The main contribution of this work is to produce a high-fidelity numerical simulation
platform to acquire reliable information about the actual structural behavior of the Montoro
timber footbridge. To achieve this purpose, ambient vibration tests were conducted in situ.
AnOptimal Sensor Placement (OSP) technique was applied to plan the measurements. This
technique requires preliminary information on the modal parameters of the structure. Thus,
a preliminary FE model defined by beam elements and isotropic constitutive relationships
was implemented. Once the experimental data were collected and post-processed, natural
frequencies were obtained and compared with the numerical values predicted by the
preliminary model. The disagreement found between the numerical and experimental
results revealed the limitations of this type of model. To improve our numerical predictions,
a more reliable three-dimensional multi-scale FE model was prepared, taking into account
the data collected experimentally and the strong anisotropic effects found in wood. In
addition, several microstructural features coming from the ultrastructural scale and the
mesoscopic scale were incorporated in the model, along with the macroscopic or structural
scale (at the order of meters). A Genetic Algorithm (GA) optimization technique was
adopted to update those micromechanical parameters which are either not well-known
or subject to considerable variation. Hence, the differences among the experimental and
numerical natural frequencies were minimized.
4.2.2.1 Description of the structure
The studied footbridge crosses the Guadalquivir river as it passes through Montoro, Spain
(Fig. 4.4 (a)). The whole structure consists of four longitudinal girders stiffened by two
lateral trusses linked at both ends. All the primary members are made of glued laminated
timber with strength grade GL28h. The cross section presents a mean width of 2 m
(Fig. 4.5) and is defined by four longitudinal girders with rectangular cross sections of
dimensions 0.48 x 0.22 m and 0.36 x 0.22 m, for the upper and lower girders, respectively.
These girders are connected by two lateral warren-type trusses with constant sections of
0.26 x 0.22 m. The joints between the elements are defined by embedded steel plates fixed
with bolts that ensures highly stiff connections. The footbridge has a longitudinal length
of 125.30 m, divided into five hyperstatic spans of 33.725-10.35-37.15-10.35-33.725m
(Fig. 4.5). The structure is supported at its two ends, in addition to the two intermediate
reinforced concrete piles. The deck has a longitudinal slope of 3.5% and consists of a first
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(a) Montoro bridge over the Guadalquivir river
(b) Cross section (c) Deck detail
Figure 4.4 General view and details of the bridge structure.
group of small transverse members laying on a second set of beams rotated by 30 with
respect to the longitudinal axis of the bridge (Fig. 4.4 (b), (c)). The stiffness contribution
of these two groups of beams is considered negligible when compared to the primary
structure.
The bridge was constructed in 2010, and partial damage present in the lamination of
some members of the footbridge (such as fiber separation) has been confirmed after a
visual inspection of the structure. In order to assess the effect of these apparent damages,
a rigorous modeling of the structure along with field tests are needed in order to assess
the actual state of the structure at present, as well as to develop a basis for future SHM
programs.
4.2.2.2 The numerical model
Macroscopic scale: Preliminary FE modeling of the Montoro footbridge. As
a first approach, a preliminary 3D model of the footbridge was developed using the
commercial finite element software ANSYS 15 [16] (Fig. 4.6). The type of element chosen
for this analysis was the linear two-noded BEAM188 with six degrees of freedom per
node and based on Timoshenko beam theory. It is important to note that the standard
beam element formulation cannot capture the full rank stress-strain state developed in a
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Figure 4.5 Elevation, cross section and pile geometry of the Montoro bridge.
highly anisotropic material such as wood. Nevertheless, the use of this type of element
efficient in terms of computational memory requirements and CPU times so it is a good
approach to conduct preliminary simulations. At this stage, eccentricities found among
the longitudinal axes of adjacent structural members were ignored. All the connections
between two or more members were modeled as rigid joints. The deck was not explicitly
modeled due to its small contribution to the overall stiffness of the structure but its mass
was incorporated to the model by means of lumped mass elements MASS21 at the level of
the deck.
Figure 4.6 Preliminary 3D beam model of the bridge.
The footbridge’s structure is made of glued laminated timber whose mechanical prop-
erties are extracted from the original structural design project [229]. Here, an isotropic
material behavior was assumed, with a Young’s modulus of 12.6 GPa, a Poisson’s ratio of
0.2, and a density of 500 kg=m3. Fixed boundary conditions were assumed at one end of
the bridge, and rollers at the remaining supports.
The aim of this approach is to build a sufficiently simple model to determine the optimal
location of a limited number of sensors on the structure in order to ensure the reliability of
the modal data acquired from the vibration-based monitoring testing.
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Macroscopic scale: Detailed FE modeling of the Montoro footbridge. In a sec-
ond stage, a detailed 3D model was created using hexahedral solid finite elements. The
type of element chosen in ANSYS was SOLID186, which exhibits quadratic displacement
behavior. The element is defined by 20 nodes having three translational degrees of freedom
per node. The main justification of adopting this type of element is that 3D solid elements
are able to capture the full 3D stress-strain state developed in an orthotropic material.
The macroscopic mechanical response of wood is defined by 9 material constants which
are calculated by the computational homogenization scheme described below. Attention
was paid to the orientation of the material principal axes in order to align the wood fibre
direction with the longitudinal axis of each structural member. The finite element mesh
consisted of 27920 hexahedral elements and 244538 nodes (Fig. 4.7).
Figure 4.7 Detailed 3D solid FE model of the bridge.
The deck was also modeled by means of MASS21 type elements. Eccentricities between
two (or more) member axes at joints were naturally introduced in the model by the use of
3D solid elements. Nevertheless, in some cases it was necessary to define sets of coupling
equations among the degrees of freedom of those nodes located at the ends of converging
members at some joints (for instance, between adjacent diagonals and main girders). By
following this approach, we circumvented the physical modeling of those connections in
which several members of different cross-sections converge at a common point. Thus, we
avoided a possibly large number of degrees of freedom associated with the modeling of
these connections. Finally, the boundary conditions were similar to those described in
the preliminary FE model. However, in this new model, the boundary conditions were
imposed by restraining the displacements to supporting surfaces, equivalent to the area of
the neoprene bearings.
Microscopic scales: Multi-scale material modeling The computational homoge-
nization scheme adopted to compute the anisotropic constitutive response of wood cor-
responds to the periodic boundary displacement fluctuations model typically associated
with the modeling of (heterogeneous) periodic media [263, 264, 94, 45].
In the present multi-scale constitutive theory, it is assumed that the macroscopic or
homogenized strain tensor at any arbitrary point of the macroscopic continuum is the
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volume average of the microscopic strain tensor field over the domain of a Representative
Volume Element (RVE) of the material.
The procedure adopted here consists of modeling the mechanical response of timber
by means of two fundamental spatial scales. These are the smallest or ultrastructural
scale and the mesoscopic or intermediate scale. The homogenization of these two scales
provides the material law to be used in all of our 3D solid model of the footbridge at the
macroscopic or structural scale.
Ultrastructural scale: The ultrastructural or smallest scale is represented by the
wood cell-wall, of the order of a few nanometers. At this level, wood contains three
fundamental constituents: cellulose, hemicellulose and lignin. These basic constituents are
considered to be universal, with properties inherent to all wood species [135]. The cellulose
is a long and stiff polymeric fibre organised into crystalline and amorphous regions which
alternate periodically along its length. The length of each crystalline cellulose portion, Lcc,
varies between 26.5 and 36.4 nm [13]. This periodic arrangement is further covered by an
outer surface made up of amorphous cellulose. The crystalline cellulose’s width is about
3.2 nm [14], and the total width of the cellulose fibres (including the crystalline core and
the outer amorphous sheeting) is 3.6 nm [72]. The degree of cellulose crystallinity, fcc, is
defined as the volume fraction of the crystalline portion of cellulose with respect to the
total volume of cellulose, and varies between 45 and 60% [14, 42]. The volume fraction
of (crystalline and amorphous) cellulose with respect to the total volume of cell-wall, fc,
ranges between 30 and 50% [314, 30]. Hemicellulose is a polymer with little strength built
up of sugar units, with mechanical properties highly sensitive to moisture changes. The
volume fraction of hemicellulose, fh, with respect to the total volume of cell-wall, varies
between 25 and 29% [289]. Lignin is an amorphous and hydrophobic polymer whose
purpose is to cement the individual cells together and to provide shear strength.
Figure 4.8 Schematic representation of a typical microfibril (not to scale). Note that crystalline and
amorphous cellulose regions alternate periodically along the length of the microfibril.
These three fundamental constituents form a spatial arrangement called a microfibril
which can be represented as a periodic unit building block of rectangular cross-section
as shown in Fig. 4.8. A typical FE mesh of the RVE chosen to describe the mechanical
response of the microfibril is shown in Fig. 4.9. For the sake of clarity, only one half of the
geometry is shown here. The mesh consists of 4495 nodes and 3960 SOLID186 hexahedral
elements. The mechanical properties of each of the basic constituents considered in our
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study are summarized in Table 4.1. This set of data corresponds to an equilibrium moisture
content of 12% and are considered to be constants for all our multi-scale FE simulations.
Figure 4.9 Typical finite element mesh of the microfibril RVE at the smallest scale considered in
this study. For the sake of clarity, only one half of the mesh is shown here.
Table 4.1 Summary of the elastic mechanical properties of the fundamental constituents of wood
adopted in all our multi-scale FE simulations [268, 49].
Constituent and its mechanical properties Value
Crystalline cellulose
Longitudinal Young’s modulus, EccL (GPa) 134
Transversal Young’s modulus, EccT (GPa) 27.2
Shear modulus, GccLT (GPa) 4.4
Poisson ratio, ccLT 0.1
Amorphous cellulose
Young’s modulus, Eac (GPa) 10.42
Poisson ratio, ac 0.23
Hemicellulose
Longitudinal Young’s modulus, EhL (GPa) 2
Transversal Young’s modulus, EhT (GPa) 0.8
Shear modulus, GhLT (GPa) 1
Poisson ratio, hLT 0.2
Lignin
Longitudinal Young’s modulus, ElL (GPa) 2
Transversal Young’s modulus, ElT (GPa) 1
Shear modulus, GlLT (GPa) 0.6
Poisson ratio, lLT 0.3
Mesoscopic scale: At the mesoscopic or intermediate scale, of the order of tens to
hundreds of micrometers, wood is composed mainly of an arrangement of long slender
tubular cells, oriented nearly parallel to the axis of the stem and firmly cemented together.
The cross-sections of the wood cells are (normally) hexagonal, and can be defined by means
of four geometric parameters: T , R,  and tc, as shown in Fig. 4.10. The parameters T and
R correspond to the cell dimensions along the tangential and radial directions (of the fibres
in the tree trunk). The length T varies between 23 and 30 m and the length R between 30
and 40 m [306]; the value of the angle  ranges between 10 and 18 [341, 306]; and the
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Figure 4.10 Schematic representation of a wood cell with hexagonal cross-section.
cell-wall thickness tc between 3 and 8 m [306, 341]. A growth ring is typically formed
by 71% of earlywood and 29% of latewood [269].
Depending on the proportions of the constituents and the specific orientation of the
microfibrils with respect to the cell axis, that is, the MicroFibril Angle (MFA), the wall of
wood cells can be divided into the compoundmiddle lamella (P+M), which is characterized
by a significant abundance of lignin (and therefore of shear strength), and the secondary
layer (S ), which is formed in turn by the layers S 1, S 2 and S 3. Among all these layers, the
S 2 is the thickest and most influential factor in the mechanical behaviour of wood cells.
It comprises about 80 – 90% of the total volume of cell-wall [135] and concentrates a
high content of cellulose of about 50% in weight [30]. Because of this, we consider the
wood cell-wall to be composed of only two layers: the compound middle lamella (P+M),
comprising a relative volume of 20%, and the secondary S 2 layer, with a corresponding
relative volume of 80%, both with respect to the total volume of cell-wall. Typically,
theMFA of the S 2 layer varies between 0 and 22 [327]. Table 4.2 summarizes all these
parameters with their corresponding intervals of variation.
Table 4.2 Summary of the micro-mechanical parameters chosen for this study and their correspond-
ing intervals of variation [13, 14, 42, 314, 30, 289, 306, 341, 269, 327].
Micromechanical parameter Interval of variation
Degree of cellulose crystallinity, fcc (%) 45–60
Volume fraction of cellulose, fc (%) 30–50
Volume fraction of hemicellulose, fh (%) 25–29
Length of cellulose crystallites, Lcc (nm) 26.5–36.4
Radial dimension of wood cell, R (m) 30–40
Tangential dimension of wood cell, T (m) 23–30
Cell-wall thickness, tc (m) 3–8
Cell angle,  () 10–18
Microfibril angle, MFA () 0–22
The P+M layer is assumed to be isotropic because of the random orientation of the
microfibrils [251]. Its elastic properties are taken from [340]. These correspond to a
Young’s modulus of 2 GPa and a Poisson’s ratio of 0.3. The (orthotropic) mechanical
properties of the S 2 layer are calculated by means of the computational homogenization
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of the cellulose microfibril RVE of Figure 4.9, taking into account the direction of the
cellulose microfibrils according to the MFA.
A typical finite element mesh of the RVE chosen to model the wood cell is shown in
Fig. 4.11. The mesh consists of 1917 nodes and 1088 SOLID186 hexahedral elements.
Finally, the periodic repetition of the wood cell forms the base (orthotropic) material for
the macroscopic scale whose 3D solid FE modeling is detailed in Section 4.2.2.2.
Figure 4.11 Typical finite element mesh of the wood cell RVE at the intermediate scale.
4.2.2.3 Results and discussion
Pre-test analysis In order to plan the field testing of the structure, the vibration prop-
erties of the preliminary numerical model were calculated by performing modal analysis.
The structural dynamic characteristics, including the first five modes of vibration, were ob-
tained; the frequencies are shown in Table 4.3 and the first five mode shapes are illustrated
in Fig. 4.12. The complex structural configuration results in very complex mode shapes,
usually involving simultaneous lateral and vertical displacements. Furthermore, most of
the mode shapes are localized and mainly develop in isolated spans because the short
spans at the pile supports define a very stiff section. It is also important to note that the
structure has a band of modes with low natural frequencies that are also close in frequency
and highly coupled.
Table 4.3 Natural frequencies obtained from the preliminary FE model.
Mode Frequency (Hz) Description of mode shape Nomenclature
1 0.81 First Lateral/bending mode of central span 1LBC
2 0.97 First Lateral/bending mode of end span 1LBE
3 1.97 Second Lateral/bending mode of central span 2LBC
4 2.24 Second Lateral/bending mode of end span 2LBE
5 6.47 First Vertical/bending mode of end span 1VBE
This preliminary model is utilized to define the optimal position of the accelerometers
by means of an OSP method. The most often employed technique in practical applications
is the Effective Independence (EFI) method introduced by Kammer [151]. The aim of this
method is to search for the best set of sensor locations from the set of all candidate locations
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Figure 4.12 Modes of vibration calculated from the preliminary (beam) FE model.
in the structure, such that the linear independence of the mode shapes is maintained. The
starting point of this method is the full modal matrix from a finite element model. All of
the Degrees Of Freedom (DOFs) used in the FE model cannot be measured in the real
structure due to physical limitations. Therefore, the DOFs corresponding to rotations and
coordinates that cannot be measured are eliminated from the full modal matrix. Similarly,
not all of the mode shapes can be experimentally measured, and hence some target modes
are selected to be optimally detected. Hence, the rows corresponding to DOFs that can be
measured are kept and the columns corresponding to target modes are retained in the full
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modal matrix. Hence, the Fisher Information Matrix (FIM) is then defined as:
FIM = T  (4.1)
where  is the mode shape matrix (computed by the preliminary numerical model). The
FIM matrix has the following properties:
• It is symmetric.
• It is positive semi-definite, that is, its determinant is always positive and all of its
the eigenvalues are positive.
• If the column vectors (in this case the mode shapes) are linearly independent, the
matrix is full rank, i.e. the rank is equal to the number of the target mode shapes.
If the determinant of the FIM is zero, the columns of the modal matrix (i.e. the target
modes) are linearly dependent. Therefore, the purpose of the EFI method is to select the
best DOFs to place the sensors which maximizes the determinant of the FIM. To this aim,
it is necessary to define the orthogonal projection matrix E as follows:
E = FIM 1T (4.2)
Each element of the diagonal of the matrix E represents the fractional contribution of
the ith DOF to the rank of this matrix and, in particular, to the linear independence of the
mode shapes. This is because the matrix E is an idempotent matrix whose rank is equal to
the sum of the diagonal terms. Hence, the selection process results in an iterative process
that can be summarized in the following steps:
1. The DOFs which cannot be measured physically are eliminated. The rows corre-
sponding to DOFs from the modal matrix are deleted.
2. The DOFs which are required a priori for engineering reasons should be retained.
3. Target modes are selected from those of interest. Only the columns from the modal
matrix that correspond to those target modes are retained.
4. Matrix E is computed. The diagonal of matrix E is sorted from the higher elements
to the lower ones. The DOF with the lowest value is eliminated from the modal
matrix.
5. This process is repeated until the number of DOFs that remain are equal to the desired
sensor number of sensors.
6. At every step the FIM determinant determines the evolution of the process.
7. This procedure for the EFI optimal sensor placement method produces a sub-optimal
solution in an iterative way.
The research group only could count on ten sensors. Therefore, three different setups
were chosen to apply in the experimental measurements and are shown in Fig. 4.13. The
first setup, called EFI-Total, was chosen by using the EFI optimal sensor methodology.
Two specific setups were also considered to detect the particular behavior of specific spans
with a reference sensor that remained fixed during the testing (sensor denoted with R-z).
4.2 Ambient-vibration OMA for SHM applications 193
Figure 4.13 Deck measurement points for different setups: EFI-Total, SPAN-1, and SPAN-2.
Field vibration test Ambient vibration tests were conducted determine the vibrational
properties of the bridge following the schedule described above. For the ambient vibration
tests, a LMS Scadas mobile with 16 channels and 24-bit ADC technology controlled by
LMS Test.Lab software was employed. Two types of accelerometers were considered: 8
PCB seismic accelerometers model 393B31 (PCB Piezotronics) with a sensitivity of 10V/g
5%, a broadband resolution of 0.000001 grms, a measurement range of 0.5 g peak value,
and a frequency range of 0.1 - 200Hz; and 8 Columbia force balance accelerometers model
SA-107BHPC with an output voltage of  7.5 V, a range of 0.5 g with a 1 g counterbias,
two of them with horizontal sensitivity (shown in Fig. 4.14). The time responses were
recorded for 15 minutes, and excitations were provided from natural effects (wind, soil
movement, river crossing, etc.).
An example of the time series collected during ambient vibration tests is depicted in
Fig. 4.15. It can be observed that the level of excitation in the bridge produced by the
ambient excitation is considerably low (of the order of 10 3 g). The LMS PolyMAX
system identification method [240] was used to identify the first three natural frequencies
by using cross power spectra between the recorded measurements (see Fig. 4.16). Table
4.4 shows the natural frequencies experimentally assessed. We can observe that significant
differences were found between these experimental measurements and the numerical
results obtained by the preliminary FE beam model. The relative errors found between the
numerical results coming from this preliminary model and the experimental values are
42%, 48% and 46% for the mode shapes 1LBC, 2LBC and 2LBE, respectively.
Model tuning and numerical results. As we are interested in improving the predic-
tions of our multi-scale model, we set up an updating strategy based on a GA algorithm
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(a) LMS Scadas mobile (b) Checking accelerometer positions
(c) Force balance accelerometer 
     (SA-107 BHPC)
(d) Cube system for biaxial 
      measurements
Figure 4.14 Ambient vibration testing and details of accelerometer connections.
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Figure 4.15 Acceleration time series collected during the ambient vibration test at reference C1-z.
[215] to calibrate the micro-mechanical parameters defined in Table 4.2. The optimization
process starts with the creation of a trial set of micromechanical parameters for each indi-
vidual according to the genetic methodology. The performance is estimated by the fitness
function which is quantified as the sum of the relative errors between each of the three
natural frequencies measured experimentally (shown in Table 4.4) and their numerical
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Figure 4.16 Crosspower estimated from auto-correlation functions and the mode indicator function
(MIF).
Table 4.4 Modal frequencies and damping ratios from vibration parameter estimation.
Mode Modeshape
EFI-Total Span-1 Span-2
f (Hz)  (%) f (Hz)  (%) f (Hz)  (%)
1 1LBC 1.40 0.64 1.40 0.85 - -
2 2LBC 3.79 0.76 3.77 1.12 3.79 1.90
3 2LBE 4.18 0.18 4.28 0.26 - -
counterparts. Each relative error was calculated as the frequency error normalized by its
corresponding experimental frequency. Furthermore, no weighing of the different fre-
quencies was considered. After investigating different convergence criterion, the number
of individuals per generation was fixed to 20. Using the Parallel Computing Toolbox in
Matlab [208], this optimization problem ran on 8 different processors. A cross-over rate
of 0.8, which is the default value in Matlab, was adopted.
The GA was applied on our multi-scale model by following a bottom-up approach.
That is, at each GA iteration, the algorithm seeks candidate solutions of individuals at the
ultrastructural and mesoscopic RVE levels. With a preliminary set of micromechanical
parameters at hand, the computational homogenization process is performed at the (bottom)
ultrastructural scale, delivering the effective mechanical properties for the next (upper)
mesoscopic scale. The homogenization is repeated again at the the mesoscopic RVE level
in order to produce the effective material properties for the simulations which involve the
macroscopic solid FE model. The fitness value is computed at the end of each iteration of
the GA search until convergence is reached. The criterion adopted to stop the optimization
process is to set a tolerance of 0.05 to the average change in the value of the fitness function.
Once the GA is completed, the chromosomes of the best fit individuals are selected. At
this point, the optimization scheme delivers the specific values of the micromechanical
parameters so that the differences found between the experimental measurements and our
numerical predictions are minimized. Table 4.5 lists the final values of the optimized
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micromechanical parameters. By adopting the above values in our multi-scale material
model we obtain a set of nine (orthotropic) constants which are shown in Table 4.6. Here,
the 3-axis represents the longitudinal direction of wood fibres.
Table 4.5 Optimal values of micromechanical parameters optimized by the GA.
Micromechanical parameter Optimal value
Degree of cellulose crystallinity, fcc (%) 55.59
Volume fraction of cellulose, fc (%) 48.87
Volume fraction of hemicellulose, fh (%) 27.65
Length of cellulose crystallites, Lcc (nm) 34.98
Radial dimension of wood cell, R (m) 37.89
Tangential dimension of wood cell, T (m) 27.09
Cell-wall thickness, tc (m) 4.87
Cell angle,  () 10.00
Microfibril angle, MFA () 0.22
Table 4.6 Orthotropic macromechanical properties obtained by updating the multi-scale 3D solid
FE model.
E1 (GPa) 0.123 G12 (GPa) 0.128 12 0.144
E2 (GPa) 1.018 G23 (GPa) 0.484 23 0.062
E3 (GPa) 5.885 G13 (GPa) 0.204 13 0.007
As one of the purposes of this study is to investigate the actual anisotropic properties
of the wood found in the footbridge, we proceed to model a 3D solid beam made of the
above material properties and subject to three point bending (simulation not shown here).
By analyzing this model, we obtain an updated longitudinal effective Young’s modulus
of 13.15 GPa. We note that the above Young’s modulus is close to the (isotropic) value
of 12.6 GPa adopted in the original structural design (which was prepared with glued
laminated timber members of strength grade GL28h [111]) and in the preliminary beam
FE model. A similar analysis, but with the material principal axes rotated in 90, allows us
to determine a transverse effective Young’s modulus of 0.31 GPa, which is near the design
value of 0.42 GPa reported for the same structural strength class [111]. The fact that the
updated longitudinal and transverse Young’s moduli approach the corresponding design
values allows us to confirm that the structure is not significantly damaged to compromise
the elastic properties of the material. In addition, we studied the sliding and rolling shear
modulus (Go and Gr, respectively) [389] for a timber specimen subjected to shear loads.
The modeling (not shown here) consisted of applying a linearly-increasing displacement
field in a 4-cm-thick parallelepiped-shaped specimen. For the sliding shear modulus,
the displacements were applied in the longitudinal direction of wood fibres, producing
angular distortion (uniform shear strain) in the plane formed by the longitudinal axis and
the thickness direction. We measured the applied shear strain and the resulting shear
stress, and with this information we calculated the sliding shear modulus. The rolling
shear modulus was computed similarly, but the displacements were applied in the direction
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perpendicular to wood fibres, producing shear strains in the plane perpendicular to the
longitudinal axis of wood fibres. For these two numerical tests, we obtained a Go of 315.1
MPa and a Gr of 105.76 MPa. Furthermore, the density updated by means of the present
approach is 548.8 kg=m3, which is almost 10% greater than the density of 500 kg=m3
adopted in the preliminary beam FE model.
Table 4.7 Numerical frequencies (Hz) obtained by ambient testing (EFI), preliminary FEM and
updated solid FEM.
Mode No. Mode shape Exp. (EFI) Preliminary FEM Updated solid FEM
1 1LBC 1.40 3.04 1.89
2 1LBE - 3.26 1.99
3 1LBE - 3.51 2.13
4 2LBE - - 3.7
5 2LBC 3.79 5.92 3.79
6 2LBE 4.18 6.03 3.97
Table 4.7 shows the first 6 natural frequencies obtained from the preliminary and the
updated solid FE model in comparison with the experimental results obtained by ambient
testing. Our first numerical frequency reveals a difference of 35% with respect to the first
experimental frequency, corresponding to the mode shape 1LBC. A perfect agreement
is found between the fifth numerical frequency and the second experimental frequency,
corresponding to the mode shape 2LBC. Our sixth numerical frequency shows a 5% of
difference with respect to the third experimental frequency, corresponding to the mode
shape 2LBE. The better fitting between the experimental and analytic frequencies for the
solid FEM pinpoints the great importance of anisotropy in this type of structures.
4.2.2.4 Conclusions
A multi-scale modeling strategy has been proposed to investigate the modal response of a
timber footbridge. The multi-scale framework takes material information coming from
sub-micrometer dimensions up to the macroscopic scale. The structural behavior has
been monitored experimentally using ambient vibration testing. The modal parameters
obtained experimentally have been compared with FE simulations. A first preliminary
model has been developed by means of standard beam elements and with an isotropic
material. Furthermore, a second model has been elaborated with 3D solid elements. The
material properties considered here have been computed numerically by means of the
proposed multi-scale modeling approach. A model updating process based on a GA
technique has been adopted to improve the predictions of the multi-scale 3D solid FE
model. By following this optimization scheme, uncertain micro-mechanical parameters of
the material have been calibrated in order to capture the actual behavior of the structure.
The present multi-scale approach has made it possible to capture the strong anisotropy
found between the longitudinal and transversal directions of wood lumbers. Great differ-
ences have been found between the results produced by an isotropic solid 3D model and
the updated (anisotropic) multi-scale model, highlighting the importance of considering
the anisotropic effects of wood in the modeling process. The analysis of the numerical
results have allowed us to conclude that the structure does not show signs of significant
damage. Finally, the overall good agreement found between the results of our updated
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numerical simulations and the corresponding experimental measurements reveals the
potential predictive capabilities of the present GA/multi-scale/experimental approach to
capture accurately the actual behavior of complex materials and structures.
4.3 Modeling of CNT-reinforced dynamic transducers2
In this section, we present an electromechanical model for CNTCSs inspired by a universal
equivalent circuit proposed by Wanson et al. [339]. The model represents an enhanced
version and a generalization of the model previously proposed by some of the authors in
[63].
Prismatic samples of nanocomposite cement paste doped with CNTs are considered
in this work and denoted as CNTCS. The samples exhibit a change in their electrical
resistivity under applied mechanical deformation, what can be measured by connecting
an external data acquisition (DAQ) system to electrodes embedded in the specimens. To
elucidate the electrical behavior of CNTCSs under applied mechanical deformations, the
samples are connected to a power source providing a stabilized potential difference across
their electrodes, V , and to a digital multimeter measuring the time trace of the current
passing through the specimen, I(t), as illustrated in Fig. 4.17, where t is the time variable.
This configuration is commonly referred to as two-probe configuration. Coaxial cables are
used to make connections so as to limit electromagnetic interference and noise.
do·(1+Є) V
Rct
I(t)multimeter
coaxial cable
power
source cementitious
sensor
N
Figure 4.17 Layout of the two-probe method set-up.
As discussed above, many experimental studies have reported on the dynamic response
of these smart materials, and they agree on two different phenomena:
• The response in terms of apparent electric resistance of CNTCSs, that is, the ratio
between applied voltage and measured current, subjected to a cyclic mechanical
loading, N, is defined by an harmonic distortion with respect to the monochromatic
input.
2 An extended version of this section is found in paper G.
4.3 Modeling of CNT-reinforced dynamic transducers 199
• The Frequency Response Function (FRF) of the electric resistance of CNTCSs,
that is, the amplitude of the response over the amplitude of the mechanical input,
increases with the frequency of excitation, i.e., the amplitude of the resistance time
series increases with the frequency of excitation.
An adequate electromechanical modeling must simultaneously reproduce both phenom-
ena.
4.3.1 Piezoresistive equivalent circuit
All the studies conducted so far have ascribed the strain-sensitivity of CNT reinforced
nanocomposites to a piezoresistive behavior. The change in the electrical resistivity un-
der applied mechanical strain is attributed to three main mechanisms: (i) strain-induced
changes in the volume fraction, (ii) filler reorientation and, (iii) changes in the tunneling
resistance [103]. All the previously proposed lumped-circuit models for the electromechan-
ical characterization of CNTCSs are based on this principle and, thus, the strain-sensing
capability is assumed to be only caused by changes in the internal resistance or capacitance
[154, 195, 126, 63]. Although some variants can be found in the literature, the main
sensing cell is the one represented in Fig. 4.18 (a). From this modeling approach, the
active volume of the specimen, defined as the portion do of the sensor in between the
selected pair of electrodes, is modeled as a capacitor and a resistor in parallel. Rip and
Cip denote internal resistance and capacitance, respectively, while Rct comprises contact
resistances for cables, electrodes, and the specimens. In the case of the DC two-probe
measurement method, represented in Fig. 4.17, the time evolution of the current through
the sample is governed by the following differential equation [63]:
dI(t)
dt
+
I(t)

=
V
R
(4.3)
where R = Rct +Rip, and
 =
CipRctRip
R
(4.4)
is the characteristic time of the circuit.
When a mechanical strain  (negative in compression) is applied to the sensor, the
distance between the selected electrodes varies from do to do(1+ ) and, consequently, Rip
and Cip vary, while Rct remains approximately constant. In this first stage, we hypothesize
that only the internal resistance is influenced by the mechanical deformation, so that the
resistance changes as Rip = Roip +Rip, where Rip represents the incremental change. In
addition, the relationship between the relative change in the internal electrical resistance,
Rip=R
o
ip, and the axial strain, (t), is assumed to be linear:
Rip
Roip
= (t) (4.5)
where  denotes the gauge factor of the sensor.
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Rip
Cip
(b)(a)
Figure 4.18 Sketch of the sensing unit commonly used in the literature for electromechanical
piezoresistive modeling of CNTCSs (a), and numerical test showing apparent electrical
resistance with forward sweep of the frequency from 0.1 to 3.0 Hz (b).
As illustrated in Fig. 4.17, the current passing through the sensor, I(t), under a stabilized
voltage, V , and axial strain, (t), is measured using a multimeter. From this model, the
ordinary differential equation defining the time evolution of the current I(t) is obtained by
substituting Eq. (4.5) into Eq. (4.4), and after some rearranging of Eq. (4.3) one finds:
dI(t)
dt
+
1
R
(
Roip +
Rct
1+(t)
)
I(t) =
1
1+(t)
V
R
(4.6)
Hence, the response of the sensor subjected to a harmonic axial deformation, (t) =
 E sin(wt), of amplitude E and circular frequency w, is governed by the following linear
differential equation with time-varying coefficients:
dI(t)
dt
+
1
R
(
Roip +
Rct
1 E sin(wt)
)
I(t) =
1
1 E sin(wt)
V
R
(4.7)
The solution of this differential equation, in terms of apparent electrical resistance,
Ra(t), defined as the ratio between the imposed voltage and the measured current, can be
approximated as [329]:
Ra(t) =
V
I(t)
 Roa(t)+Rta(t) (4.8)
where Roa(t) is a slowly varying component related to charge build-up in the capacitor, and
Rta(t) is a fast component associated with strain sensing. This latter quantity is generally
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written as:
Roa(t) = R
o
ipE
1∑
n=1
an sin(nwt+n) (4.9)
This equation describes an harmonic distortion with respect to the monochromatic
input, thus suggesting that the response of the sensor is characterized by superharmonic
components of coefficients an and phase lags n. The presence of superharmonics is
not related to nonlinearities, but only to the time-varying nature of the governing linear
differential equation. This behavior complies with the first requirement expected for the
modeling and, therefore, it is possible to fit the response of a CNTCS subjected to a cyclic
loading as shown in references [154, 63]. However, if Eq. (4.6) is solved for the case of an
axial loading under a frequency sweep, the second requirement is not met. As can be seen
in Fig. 4.18 (b), the amplitude of the electrical resistance series decreases with increasing
frequency of excitation and, consequently, the FRF is a decreasing function which is in
disagreement with the experimental results presented in the literature.
4.3.2 Piezoelectric equivalent circuit
The reason for the amplification of the electrical signal with increasing frequency of
excitation may be attributed to the formation of certain energy source. A similar behavior
can be found with traditional piezoelectric materials, such as certain crystals and ceramics,
in which an electric charge is accumulated in response to applied mechanical stress. To
the best knowledge of the authors, all the published works to date have only associated
the self-sensing capabilities of CNTCSs to a piezoresistive behavior. However, since this
behavior apparently does not explain the frequency response and the amplification of the
electric signal under sweep frequency tests, the authors conducted experimental tests to
determine whether some kind of piezoelectric effect can alter the dynamic response of
the nanocomposites. Fig. 4.19 shows an example of the results obtained for this aim.
In this case, a S1 type MWCNT/cement-paste sensor (later defined in Subsection 4.4.1)
was subjected to external strains without power supply (V=0 V) using an universal testing
machine. The voltage drop across the specimen was measured through a PXIe-4302 24-bit
analog input module mounted on a PXIe-1071 chassis. Data from a load cell monitoring
the compression force applied to the sensor were obtained using a 24-bit bridge input
module (PXIe-4330). A correlation between the voltage and the applied loading can be
observed. This confirms the coupling between the electric and the mechanical fields.
In order to verify whether this piezoelectric behavior in combination with the previous
model can explain the increasing frequency response function, a new sensing cell, as
represented in Fig. 4.20 (a), is analyzed. Assuming an ideal piezoelectric behavior, the
charge generated by strain, q, can be related to the current introduced into the system Ip,
as:
Ip(t) =
dq(t)
dt
= S q
d(t)
dt
(4.10)
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Figure 4.19 Time series of uni-axial compressive load acting on CNTCS without power supply (a),
and output voltage (b) (V=0 V, specimen S1).
(a)
Ip=Sq dϵ
dt
Rip
Cip
(b)
Figure 4.20 Sketch of the new sensing unit proposed for electromechanical piezoresistive modeling
of CNTCSs (a) and numerical test showing apparent electrical resistance with forward
sweep of the frequency from 0.1 to 3.0 Hz (b).
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with S q being a piezoelectric parameter. Hence, Eq. (4.6) can be rewritten by simply
applying Kirchoff’s circuit laws as:
dI(t)
dt
+
1
R
(
Roip +
Rct
1+(t)
)
I(t) =
1
1+(t)
V
R
+
S q
CipRct
d(t)
dt
(4.11)
The resulting differential equation with time-varying coefficients preserves a similar
structure to Eq. (4.6), and the response under cyclic loadings also contains superharmonic
components. However, in this case, the response under sweep frequency exhibits an ampli-
fication of the electrical signal with increasing frequency, as can be seen in Fig. 4.20 (b).
4.3.3 Novel piezoresistive/piezoelectric equivalent circuit
In the light of the experimental evidence of the piezoelectric response of CNTCSs, a
new lumped-circuit model is proposed to characterize its dynamic electromechanical
behavior. The universal equivalent circuit model by Wansom et al. [339] is modified so as
to include the piezoresistive effect associated with changes in the interparticle resistance
following an applied mechanical strain, as well as the new piezoelectric effect. Regarding
the piezoresistive effect, as adopted in the first model, many authors consider that only
the internal resistance is influenced by the mechanical deformation. The origin of this
assumption comes from the experimental results published by Han et al. [126]. However,
there are also some other works defending the influence of the external strain on the
internal capacitance, such as the work of Sanli et al. [270]. In that work, experimental
results on MWCNT/epoxy composites showed that, for small strains, there exists a linear
relationship between the external strain and the internal capacitance. An explanation for
this relationship is illustrated in Fig. 4.21. Each nanotube (or nanotube agglomerates) has a
resistance RCNT , and due to the inevitable coating of matrix material around the MWCNTs,
there exists a dielectric gap which can be modeled as Rc and Cgap corresponding to the
contact resistance and capacitance, respectively. Under the action of an external strain,
the distance between CNTs is on average reduced, which will result in a decrease of Rc
and an increase in the Cgap value. Hence, for completeness, the strain-induced internal
changes are assumed to be caused by variation of not only the internal resistance but also
the internal capacitance. Therefore, a second gauge factor based on the relative capacitance
change, C , is defined as [270]:
C =  
C=Co
(t)
(4.12)
where Co is the unstrained capacitance and C is the change in capacitance.
The proposed equivalent circuit is illustrated in Fig. 4.22 (a). The sensing cell consists
of two resistor-capacitor combinations (in parallel). The first branch is defined by Rip
and Cip denoting the internal resistance and capacitance, respectively. It is followed by a
second set of resistor-capacitor element defined by Rpm and Cpm. Regarding the universal
equivalent circuit proposed by Wansom et al. [339], the first resistor-capacitor set stands
for the inter-particle matrix path, in which the origin of piezoresistivity/piezoelectricity
is hypothesized to take place, and the second one represents the interface response. For
simplicity, the branches that represent the unreinforced matrix and the percolation path
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Figure 4.21 Schematic illustration at the micromechanical level of the equivalent RC model of the
MWCNTs reinforced cement-based nanocomposite.
have been neglected as they presumably do not significantly contribute to the overall
piezoresistivity of the CNTCSs. Moreover, the resistor Rct encapsulates the contact
resistances for cables, electrodes, and the specimens. In total, eight unique variables are
required to characterize the behavior of the CNTCSs according to this model. In this
thesis, the proposed equivalent circuit was modeled using Simulink in MATLAB®. The
equivalent complex impedance (Zeq(w)) can be calculated as:
Zeq(!) = Rct +
1
R 1ip + i!Cip
+
1
R 1pm + i!Cpm
(4.13)
Fig. 4.22 (b) shows a schematic of how the compression strain-induced changes lead
to changes in CNTCS Nyquist impedance plot. The proposed model has an impedance
response similar to previously published results (e.g. see [339]).
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Figure 4.22 Equivalent electrical model (a) and simulated Nyquist diagram of CNTCS (b).
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4.4 Results and discussion
The numerical tests presented in this section have been organized into three sections: step
response under unloaded condition, harmonic excitation and frequency sweep analysis. At
first, the analyses are used to verify the accuracy of the proposed equivalent circuit with
comparison against experimental data. Furthermore, the tests are intended to demonstrate
the capability of this approach to reproduce the two main features expected in the dynamic
response of CNTCSs:
• The electric response of CNTCSs under harmonic excitations contains superhar-
monics.
• The frequency response function (FRF) of the sensor increases with the frequency
of excitation.
4.4.1 Experimental methodology
With the objective of validating the proposed model for CNTCSs, the model is used to
reproduce the response of different CNTCS samples previously fabricated by the authors for
material characterization and model validation. In particular, experimental data presented
in references [205] and [63] are here considered and a comparison with the previous model
is conducted. The samples were made of cement paste doped with 2wt.% of MWCNTs
type Arkema Graphistrenth C100, with respect to the weight of cement. Cement-paste
matrix was utilized because it provides more homogeneous materials in comparison with
mortar or concrete. The nanofillers were dispersed in the cement matrix by 15 minutes of
mechanical mixing and 15 minutes of sonication with a power of 225 W. Two different
types of prismatic specimens were used as shown in Fig. 4.23. The first type, (S1), has
a cross-section of 40 x 50 mm2, and height of 50 mm. The embedded electrodes are
stainless steel nets. Specifically, the two inner electrodes are placed at a distance of 2
cm, the external electrodes have a relative distance of 4 cm, and the distance between
an internal and an external electrode is 1 cm. The second sample, (S2), has a square
cross-section of 40 x 40 mm2, and height of 160 mm. In this case, the electrodes are
copper wires with a diameter of 1 mm, embedded in the middle of the sample. To avoid
significant amplification phenomena within the working frequency range, the sensors
were designed to have a natural vibration frequency similar to that of the acceleration
transducers commonly used in civil engineering applications. The natural frequency of the
sensors, fo, was estimated using a well-known formula for the axial vibration of continuous
rods:
fo =
1
2L
√
E

(4.14)
where L is the length of the sensor, E is its Young’s modulus and  is the mass density.
Eq. (4.14) is valid assuming a linearly elastic material, fixed axial displacements at both
ends of the specimen and modeling the sensor as a monodimensional element. This
assumption is a rough approximation of the natural frequency of the sensors which is
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useful for estimating at least its order of magnitude. In particular, assuming a tangent
Young modulus equal to 7000 MPa, and using the measured value for , equal to 1680
kg/m3, Eq. (4.14) yields fo=6.4 kHz in the case of S1 specimens.
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Figure 4.23 Setup of harmonic sinusoidal tests and geometry of the samples.
Fig. 4.23 shows the configuration of the dynamic tests. Two teflon sheets provided
insulation between the sample and the testing machine. The samples were instrumented
with two strain gauges placed at mid-height on opposite lateral sides. The axial loads
were applied with a hydraulic press, type MTS Model 243.40T. The tests were conducted
applying sinusoidal compressive loads with both constant and sweep variation of frequen-
cies. The electromechanical tests were carried out after a polarization of 1000 s. The
acquisition system of the load consisted of an MTS Force Transducer Model 661.23F-01.
The measurements were sampled with a Spider8 device at a sampling frequency of 25
Hz. During the tests, a stabilized voltage of 30 V was applied with an electrometer type
Keithley, model 6517B, with resistivity test fixture, model 8009. The electrical current
was acquired and then sampled at 13.5 Hz.
Four electrodes were embedded in the samples with the purpose of allowing measure-
ments in different configurations, namely two-probe and four-probe methods. In the case
of four-probe measurements, a stabilized current source is applied to the outer electrodes,
while inner electrodes are only used for measuring [121]. However, the scope of this work
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is limited to the two-probe method and therefore only the internal electrodes were used as
schemed in Fig. 4.17. The reason for this choice is that the two-probe method permits the
use of higher voltages what results in a more accurate measurement and a higher evidence
of electrical variations. In addition, the particular position of the internal electrodes, at
the same height of the strain gauges, allowed us to correlate the strain condition with the
electrical response of the CNTCSs. Nevertheless, future developments of this work shall
explore the applicability of the proposed lumped circuit to different test configurations,
such as the four-probe method.
4.4.2 Step response in the absence of loads
The objective of this first series of tests is to verify the validity of the proposed lumped
electrical circuit model in the absence of mechanical deformations. The apparent electrical
resistance is derived from the measured time history of the electrical current, I(t), in
response to a constant voltage difference, V = 1:5 V, and taking R(t) = V=I(t). The numeri-
cal solution is obtained by the Runge-Kutta method and a model-updating algorithm is
implemented in order to fit the model parameters
{
Rct;Rip;Rpm;Cip;Cpm;;C ;S q
}
. The
objective function seeks to minimize the least-squares difference between the numerical
and the experimental results. In particular, Rct is directly obtained from the initial value
Figure 4.24 Comparison between experimental results and analytical predictions for the step re-
sponse of CNTCS (V=1.5 V, specimen S1).
of measured current intensity. The resulting parameters are presented in Table 4.8. In
this case, the sensing capability is not activated, so there are not significant differences
compared to previous piezoresistive modeling approaches. The accuracy of the model is
verified by the quality of the fitting in Fig. 4.24.
4.4.3 Response under cyclic loading
The objective of the second set of tests is to assess the possibility of characterizing the strain
sensitivity under harmonic excitations using the proposed circuit model. The experiments
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Table 4.8 Fitted model parameters for the electrical step response of CNTCS (V=1.5 V, specimen
S1).
Rct (k
) 21.12 Cip (F) 385.70  -
Rip (k
) 10.36 Cpm (F) 5.59E+5 C -
Rpm (k
) 2.12 S q (A) -
were conducted with the specimen S2 on different dates, and different room conditions.
Therefore, the model parameters have been fitted to every test. In this particular case, two
different frequencies of excitation, 0.1 Hz and 0.2 Hz, have been selected. Figs. 4.25 (a)
and (b) show the full-length time histories of measured strain for the frequencies of 0.1
Hz and 0.2 Hz, respectively. The tests were conducted after the application of a constant
potential difference of 30 V. A constant compression load of 2 kN was applied for a
duration of 240 s followed by sinusoidal loads with intensity varying from 2 kN to 4 kN.
The values of the applied stresses were chosen to investigate the electrical response of the
sensors in the elastic uncracked state. The total duration of the tests was 360 s. In this
case, the updating algorithm has been defined as a multi-objective optimization problem
to simultaneously fit both experiments. In addition, in order to highlight the improvements
of the present circuit with respect to previously proposed approaches, the piezoresistive
modeling shown in Section 4.3.1 and documented in reference [63] is also analyzed. The
fitted parameters for the newly proposed piezoresistive/piezoelectric model, A, and the
previous piezoresistive model, B, are presented in Table 4.9. It is noted that in this test,
as well as in all of the analyzed cases, the gauge factor based on the relative capacitance
change, C , has not shown a substantial effect on the response. A similar conclusion was
reached by Han et al. [126] who experimentally showed that the compressive loading
only causes a little insensitive and irregular change in capacitance of MWCNT/cement
composites. The time traces of the electrical resistance measured in the experiments, as
well as the ones predicted by models A and B, are shown in Fig. 4.26. It can be seen that
the proposed equivalent circuit, model A, leads to accurate results for both frequencies
of excitation. Conversely, model B which only considers the piezoresistive behavior is
shown unable to reproduce the frequency-dependent amplitude of the electrical resistance.
Table 4.9 Fitted model parameters for cyclic loadings of 0.1 Hz and 0.2 Hz (V=30 V, specimen
S2). Models A and B correspond to the newly proposed piezoresistive/piezoelectric and
previously published piezoresistive modeling, respectively.
Model A (piezoresistive/piezoelectric) Model B (piezoresistive)
Rct (k
) 200.00 Cip (F) 300.00  300.00 Rct (k
) 404.01 Cip (F) 19.98  802.55
Rip (k
) 289.50 Cpm (F) 2.00E+04 C 2.21E-09 Rip (k
) 46.41 Cpm (F) 745.78 C 3.08E-14
Rpm (k
) 50.00 S q (A) -0.40 Rpm (k
) 54.84 S q (A) -
In order to gain a better insight into the potential of the studied equivalent circuit, the
electrical response in the frequency domain is analyzed. In this case, similarly to the latter
tests, a frequency of excitation of 2 Hz is selected. The fitted parameters for models A and
B are presented in Table 4.10. It is worth noting that parameters of model A are similar
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(a) (b)
Figure 4.25 Strain series for cyclic loadings of 0.1 Hz (a) and 0.2 Hz (b) (V=30 V, specimen S2).
(a) (b)
Figure 4.26 Comparison between experimental results and analytical predictions of the response
of CNTCS for cyclic loadings of 0.1 Hz (a) and 0.2 Hz (b) (V=30 V, specimen S2).
Models A and B correspond to the newly proposed piezoresistive/piezoelectric and
previously published piezoresistive modeling, respectively.
in Tables 4.9 and 4.10, even though some differences are evidenced, that are conceivably
determined by different testing conditions. On the contrary, parameters of model B as
identified in Tables 4.9 and 4.10 show large differences, what most likely indicates that
modeling errors are more significant in this case. Figs. 4.27 (a), (b) and (c) show the
time history of the apparent electrical resistance obtained in the experiment, by model
A, and model B, respectively. The slowly varying component, Roa(t), associated with the
polarization of cement-based materials, has been eliminated with a high-pass filter with a
cutoff frequency of 0.2 Hz. Fig. 4.27 (d) shows the power spectral density (PSD) of these
three signals. In agreement with Eq. (4.9), the results reported therein demonstrate that the
dynamic response of the sensor is not monochromatic, but rather contains superharmonics
at 4 Hz, 6 Hz, and other multiples of 2 Hz. Both methodologies can reproduce the
superharmonic content of the electrical signals with fairly good agreements with the
experimental data. This explains why previous piezoresistive modelings have been shown
able to reproduce the response of CNTCSs under the action of one single value of harmonic
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Figure 4.27 Variation of the apparent resistance obtained in experiments (a), model A (b) and
model B (c) and their PSDs (d) under 5 Hz sinusoidal axial loading (V=30 V, specimen
S2). Models A and B correspond to the newly proposed piezoresistive/piezoelectric
and previously published piezoresistive modeling, respectively.
Table 4.10 Fitted model parameters for cyclic loading of 2 Hz (V=30 V, specimen S2). Models
A and B correspond to the newly proposed piezoresistive/piezoelectric and previously
published piezoresistive modeling, respectively.
Model A (piezoresistive/piezoelectric) Model B (piezoresistive)
Rct (k
) 129.74 Cip (F) 285.00  300.00 Rct (k
) 13.20 Cip (F) 0.00  196.00
Rip (k
) 313.53 Cpm (F) 2.13E+04 C 0.00 Rip (k
) 320.30 Cpm (F) 1.49E+05 C 0.00
Rpm (k
) 49.74 S q (A) -0.50 Rpm (k
) 12913.00 S q (A) -
4.4.4 Frequency sweep analysis
Having shown the capability of the proposed equivalent circuit in reproducing the su-
perharmonics in the dynamic response of CNTCSs under cyclic loadings, a sweep test
has been conducted to investigate the response under varying frequency of excitation.
The tests consisted of the initial application of a constant compression load of 2 kN for
70 s followed by concatenated sinusoidal compression loads with different frequencies
and amplitudes varying from 2 kN to 4 kN. In total, 10 load cycles were applied at 13
different load frequency values: from 0.1 to 0.5 Hz with step increments of 0.1 Hz, 0.75
Hz, and from 1.0 to 3.5 Hz with step increments of 0.5 Hz. The total duration of the
test was approximately 340 s. The fitted parameters for models A and B are shown in
Table 4.11. Note the fitted parameters for the newly proposed model A, unlike model B,
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are still consistent with the previous results in Tables 4.9 and 4.10. Fig. 4.28 (a) shows the
time series of measured strain. Fig. 4.28 (b) shows the comparison of the experimental
results and the fitted numerical results obtained by models A and B. As mentioned above,
the amplitude of the relative electrical resistance is frequency-dependent. In particular,
the amplitude has been shown to be increasing with the frequency. Model B, which
only considers piezoresistive effects, exhibits the opposite behavior. On the contrary, the
proposed approach, model A, does reproduce a direct frequency-dependent amplitude
of the electrical resistance leading to a very good agreement with the experimental data.
The proposed approach for a forward and backward frequency sweep analysis is shown
in Fig. 4.29. The slowly varying component has been removed by a high-pass filter and
the mean value has been extracted. The envelope of the signal was extracted with the
amplitude of the analytical signal obtained by a Hilbert transform. Hence, it can be seen
that this model provides electrical resistance amplitude increasing with the frequency of
excitation for both forward and backward frequency sweep analyses.
(a)
(b)
Figure 4.28 Strain series (a) and comparison between experimental results and analytical predic-
tions of the response of CNTCS for forward sweep test from 0.1 to 3.5 Hz (b) (V=30 V,
specimen S2). Models A and B correspond to the newly proposed piezoresistive/piezo-
electric and previously published piezoresistive modeling, respectively.
The response of a dynamic transducer governed by a linear input-output differential
equation is fully described by its frequency response function. The frequency response
function is a transfer function that describes the system response to an external excitation
force as a function of frequency as:
FRF( f ) =
Y( f )
X( f )
(4.15)
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Table 4.11 Fitted model parameters for sweep test from 0.1 to 3.5 Hz (V=30 V, specimen S2).
Models A and B correspond to the newly proposed piezoresistive/piezoelectric and
previously published piezoresistive modeling, respectively.
Model A (piezoresistive/piezoelectric) Model B (piezoresistive)
Rct (k
) 129.85 Cip (F) 284.75  300.00 Rct (k
) 13.31 Cip (F) 0.00  195.20
Rip (k
) 313.42 Cpm (F) 2.13E+04 C 0.00 Rip (k
) 320.16 Cpm (F) 1.49E+05 C 0.00
Rpm (k
) 49.74 S q (A) -0.50 Rpm (k
) 12913.00 S q (A) -
(a)
(b)
Figure 4.29 Analytical predictions of the response of CNTCS for forward (a) and backward (b)
sweep test from 0.1 to 3.5 Hz obtained by the newly proposed piezoresistive/piezoelec-
tric modeling (V=30 V, specimen S2).
where Y( f ) is the Fourier transform of the output response y(t), X( f ) is the Fourier trans-
form of the input x(t), and f denotes frequency. The dynamic response of transducers
commonly used for measuring vibrations is generally described by a second order differen-
tial input-output equation. The FRF of this type of systems only depends on the resonant
frequency of the sensor and its damping. When the excitation frequency remains far below
the resonant frequency of the sensor, fo, as it is the case, the FRF can be approximated with
a constant function with zero phase. This approach corresponds to the response of an ideal
linear input-output transducer without delay. In this situation, the level of approximation
of a constant FRF is essentially independent of the damping.
The results of the sweep tests have been used to characterize the amplitude of the FRF.
To this end, the oscillating components have been first obtained by removing the best-fitting
linear trend from the full-length records after the initial 70 s. Next, time windows with 10
cycles at constant frequencies have been extracted, and the average peak-to-peak amplitude
of both electrical resistance and the applied load has been evaluated. Finally, the FRF has
been obtained using Eq. (4.15), and the resulting curve has been normalized by its value
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corresponding to the lowest frequency (0.1 Hz). The results, obtained for both the forward
and backward frequency sweep tests, are shown in Fig. 4.30 (a). Only the interval 0.1-3.5
Hz is shown because sampling errors became unacceptable for higher frequencies. For
comparative purposes, Fig. 4.30 (a) also shows the mechanical FRF that would result from
the ideal behavior of the sensors modeled as second-order systems with natural frequency
equal to fo. A critical damping ratio of 0.01 has been considered as representative of the
internal damping of hardened cement paste in uncracked state [301]. The experimental
results in Fig. 4.30 (a) confirm the prediction of a slight amplitude increase of the response
with the frequency. It must be noted that the comparison between the FRFs extracted from
forward and backward frequency sweep responses shows a close match what indicates that
the errors associated with the elimination of the trend from the time histories and to the
sampling were limited in this range.
(a) (b)
Figure 4.30 Comparison of the experimental and numerical frequency response functions (FRFs)
of CNTCSs (a), and sensitivity analysis of the piezoelectric parameter S q (V=30 V,
specimen S2).
The FRF has been similarly obtained with the newly proposed equivalent circuit and rep-
resented in Fig. 4.30 (a). The model parameters have been taken from the frequency sweep
analysis in Table 4.11. It can be seen that the solution with the fitted piezoelectric parame-
ter in the frequency sweep analysis, S q =-0.50 A, provides a reasonably good agreement
with the experimental data. The FRF has been also obtained with the proposed equivalent
circuit for different values of piezoelectric parameter, S q, as shown in Fig. 4.30 (b). It is
noted that the amplification of the electric resistance with frequency can be modulated with
different piezoelectric parameters, that is, higher values of S q lead to higher increasing
FRFs. The case of S q = 0, corresponding to the case of only piezoresistive model and
equivalent to model B, provides decreasing FRFs with excitation frequency. These results
demonstrate that the proposed equivalent circuit is superior in comparison to the previous
one in reproducing the dynamic response of the sensors. Moreover, this modeling confirms
that the weakly non-linear FRF is not due to mechanical reasons but rather to the peculiar
eletrodynamic behavior of the cement paste prepared with carbon nanotubes in this study.
214 Chapter 4. CNTs for SHM applications in civil engineering
4.4.5 Conclusions
In this section, we have presented an electromechanical model for CNTCSs based on
an equivalent lumped circuit. The model consists of a resistor in series with two RC
elements, standing for the contact resistance, inter-particle matrix path, and the interface
response, respectively. On the basis of experimental evidence, this paper has proposed a
novel piezoelectric/piezoresistive approach for the dynamic modeling of CNTCSs. The
piezoresistive effect is simulated by a linear variation of the bulk resistance with strain,
and the piezoelectric effect is modeled as an additional current source originated by
external loadings. Experimental tests of step response of unloaded specimens, harmonic
excitations and frequency sweep tests have been performed as a benchmark for validation.
The parameters have been fitted by least-square differences optimization and excellent
agreements have been found with experimental data. The results have demonstrated that
the proposed model can reproduce the superharmonic response of CNTCSs under cyclic
loadings, as well as the amplification of the electric resistance with the frequency of
excitation.
The main contributions of this research work are summarized below:
• Experimental results evidenced that mechanical deformations in the absence of
externally applied power source generate voltage impulses between the electrodes of
the specimen. This fact demonstrates the existence of certain level of piezoelectricity
in cement-based materials doped with CNTs.
• The proposed model can accurately reproduce the step response of CNTCSs under
unloaded conditions.
• The electrical response of CNTCSs in terms of electrical resistance under cyclic load-
ings contains superharmonics. Both piezoresistive and piezoelectric/piezoresistive
modelings can reproduce this behavior.
• The variation of the internal capacitance with external strain has been shown to be
negligible.
• The amplitude of the electric resistance is increasing with the frequency of excitation.
Approaches that only take into account the piezoresistive effect have shown an
opposite behavior, leading to decreasing amplitudes with increasing frequencies
of excitation. On the contrary, the proposed piezoresistive/piezoelectric modeling
has shown able to reproduce this effect and accurate fittings have been obtained for
sweep analyses.
• The fitted parameters have been shown consistent under different experimental
conditions and, therefore, the proposed model has proved capable of reproducing
the internal behavior of CNTCSs.
• The amplification of the electrical resistance can be modulated with the piezoelectric
parameter.
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4.5 Conclusions
This chapter has presented the main contributions of this thesis in the study of the potential
applications of CNT-reinforced composites in the realm of SHM. Firstly, research studies
have been conducted in the field of ambient-vibration SHM. Specifically, an OMA cam-
paign has been conducted with conventional accelerometers in the Montoro footbridge
in Córdoba, Spain. Afterward, a theoretical modeling has been developed to study the
dynamic response of CNTCSs in the time domain. In particular, the proposed electrome-
chanical model is based on an piezoelectric/piezoresistive equivalent lumped circuit. A
series of experiments have been conducted to verify the proposed modeling. To investigate
the electrical behavior under applied mechanical deformations, the samples were con-
nected to a power source providing a stabilized potential difference across their electrodes,
and to a digital multimeter measuring the time history of the current passing through
the specimen. Dynamic characterization has been conducted using a servo-controlled
pneumatic universal testing machine equipped with an environmental constant temperature
chamber. The applied axial deformation has been measured through two off-the-shelf
resistive strain gauges attached to the opposite lateral faces of the specimen. Three different
sets of tests have been performed, including step response under unloaded conditions,
harmonic excitations and sweep analyses.
The overall findings of this chapter can be summarized as follows:
• Both experiments and theoretical simulations demonstrate that there exists not only
a piezoresistive principle, but also a piezoelectric effect governing the response of
CNTCSs.
• Piezoresistive/piezoelectric equivalent circuits can reproduce the main features of
the response of CNTCSs: (i) the apparent resistance under cyclic excitations contains
superharmonics, and (ii) the frequency response function of CNTCs is increasing
with the frequency of excitation.
• CNTCs have been shown apt for ambient-vibration testing. In addition, the similarity
of CNTCs with conventional structural concrete has been shown key to develop
continuous embedded monitoring applications.
The present equivalent circuit is envisioned to provide a useful tool for signal processing
applications of CNTCs in the realm of SHM. It is important to note that, despite the
developed numerical tool is readily applicable to field experiments, there are still some
open issues that have to be addressed in future research. In particular, although the
capacitive contribution of the sensors can be eliminated by high-pass filtering, the loss of
information at low frequencies limits their application to full-scale civil infrastructures. In
this regard, several attempts have been done during this thesis to characterize the resonant
frequencies of flexible in-service bridges. However, the experience evidences that the
filtering of the signals to eliminate the polarization limits the information to frequency
ranges above around 10-15 Hz, far beyond the typical first resonant frequencies of bridges
(see e.g. Table 4.7). As will be later indicated as future developments, one possible solution
may be the development of experimental setups with Alternating Current (AC) resistivity
measurements.
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Overall, it can be concluded that the third objective of this thesis has been also fulfilled.
5 Conclusions and future
development
5.1 Conclusions
The primary aim of this thesis is twofold: the study of the potential applications of
carbon nanotubes as mechanical reinforcements and electrically conductive fillers for the
development of multifunctional composites. In this context, the theoretical framework in
which most of the work has been formulated corresponds to the mean field homogenization
theory. This framework is well suited to scale up the diverse material properties of the
different constituent phases of composites into the macroscopic scale. Furthermore, this
type of approaches offers a tractable theoretical formulation that enables the consideration
of the physically meaningful mechanisms that govern the overall response of the composites
(e.g. quantum tunneling effects, conductive networking, waviness, . . . etc.) without too
high computational demands, unlike other widely used methodologies such as molecular
dynamics or multi-scale FE modeling.
With regard to the analysis of CNTs as mechanical nanoreinforcements, numerical
simulations have been presented to investigate the effect of micromechanical features such
as filler content, aspect ratio, orientation distribution, waviness, and agglomeration. The
numerical results have pinpointed the outstanding mechanical enhancements of composites
doped with reduced CNT contents. Moreover, the design optimization possibilities of
functionally graded CNT distributions have been assessed by analyzing the macroscopic
response of several full-scale structural elements, including flat shells, skew shells, and
curved panels. The results have showed that it is possible to tune the stiffness of CNT-
reinforced composites by tailoring design parameters such as filler orientation, volume
fraction, dispersion, and functionally graded doping across the thickness of the specimens.
Finally, two surrogate models, namely the Kriging and RS-HDMR metamodels, have
been implemented to evaluate the uncertainty propagation of the main micromechanical
variables in the macroscopic response of FG-CNTRCs. Overall, the presented results
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support the benefits of CNTs as mechanical reinforcements for the development of high-
strength and light-weight composites.
Micromechanics models have been also developed to predict the electrical conductivity
of CNT-reinforced cement-based composites. In particular, the contribution of the electron
hopping and conductive networking mechanisms have been incorporated in a mixed
micromechanics formulation. The relative contribution of these two transport mechanisms
have been formulated within a percolative-type behavior. Afterward, the previous approach
has been extended to account for uni-axial and three-dimensional strain-sensing properties.
To this end, the effect of quasi-static strain loadings has been modeled by strain-induced
alterations of the electron hopping and conductive networking mechanisms. The studies
included (i) composite volume expansion, (ii) reorientation of fillers and (iii) changes
in the percolation threshold. Finally, experimental testing of CNT-reinforced sensors
has been conducted under unloaded and quasi-static conditions in order to serve as a
validation basis. The comparison against theoretical predictions has demonstrated close
agreements, and the developed approach showed capable of estimating the unloaded
electrical conductivity and the piezoresistivity matrix (gauge factors), essential for the
characterization of CNT-reinforced composites as static strain transducers.
Finally, the last part of this thesis has focused on the study of the potential application
of CNT-reinforced composites as smart sensors for SHM. The interest has been especially
centered on vibration-based SHM and, therefore, the focus has shifted into the time-
domain. With this purpose, an equivalent piezoresistive/piezoelectric lumped circuit has
been proposed and experimentally validated. Specifically, DC resistivity measurements
have been conducted to characterize the dynamic response of CNT-reinforced cement-
based sensors under unloaded conditions, cyclic sinusoidal loadings, and sweep frequency
tests. The results have demonstrated that the proposed approach can reproduce the main
features that define the dynamic response of the sensors, namely (i) the apparent electrical
resistance contains superharmonics when subjected to cyclic excitations, and (ii) the
amplitude of the apparent resistance increases with the frequency of the excitation.
Overall, the main contributions of this thesis include:
• A micromechanics approach has been fully developed for the mechanical homoge-
nization of CNT-reinforced composites. Micromechanical features such as complex
filler orientation distributions, waviness and agglomeration have been included. Two
different waviness models have been studied, namely planar sinusoidal and helical
geometries. With regard to the filler agglomeration effects, both fully aligned and
randomly oriented filler arrangements have been studied.
• Several CNT-reinforced shell structures (skew, rectangular and cylindrical shells)
have been studied. The shell theory has been formulated in the realm of functionally
graded materials. In this way, the filler dosage is defined as a continuous function
across the thickness. In addition, two different surrogate models, including the
Kriging and RS-HDMR metamodels, have been implemented for the analysis of the
uncertainty propagation in the structural response.
• A mixed micromechanics approach of the electrical conductivity of CNT-reinforced
composites has been developed. The theoretical framework distinguishes the dif-
ferent transport mechanisms underlying the overall electrical conductivity, namely
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electron hopping and conductive networking. On the basis of SEM inspections,
agglomeration and waviness effects have been also incorporated.
• Amicromechanics approach has been presented for the modeling of the piezoresistiv-
ity properties of CNT-reinforced composites under uniaxial and three-dimensional
strain loadings. Strain-induced effects comprise (i) composite volume expansion,
(ii) filler reorientation, and (iii) variation of the percolation threshold. A remarkable
feature of the proposed approach lays on the definition of the percolation threshold
as a function of the filler ODF. In this manner, the strain-induced reorientation effect
reduces the randomness of the fillers and, consequently, it also alters the unstrained
percolation threshold. Furthermore, agglomeration and waviness effects have been
also taken into account.
• An equivalent piezoresistive/piezoelectric lumped circuit has been proposed for the
electromechanical modeling of CNT-reinforced composites. The proposed approach
has been shown capable of reproducing the main features present in the dynamic
response of these composites, namely (i) the apparent electrical resistance contains
superharmonics when subjected to cyclic excitations, and (ii) the amplitude of the
apparent resistance increases with the frequency of the excitation.
On the basis of the research results reached in this thesis, the following conclusions can
be remarked:
• Limited filler contents lead to elevated increases in the stiffness of CNT-reinforced
composites. In addition, functionally graded distributions of fillers can optimize the
macroscopic response of composite structures under certain loading conditions. It
has been shown that fillers located at the bottom and top layers of CNT-reinforced
composite shells yield the highest stiffness values.
• The Mori-Tanaka model provides consistent estimates for composites doped with
fully aligned CNT arrangements. Nonetheless, the estimates may be inconsistent for
general distributions of fillers. In particular, it has been shown that the predictions
for randomly oriented fillers at high volume fractions violate the Hashin-Shtrikman-
Walpole bounds. Also, the computed stiffness tensors are diagonally asymmetric for
general filler orientation distributions and wavy CNTs. In these cases, alternative
approaches such as those proposed by Dunn and co-authors or Schjødt-Thomsen
and Pyrz can be used.
• Heterogeneous dispersions with agglomeration of CNTs have detrimental effects on
the macroscopic properties of CNT-reinforced composites and, therefore, can be
understood as defects in the microstructure.
• Filler waviness has been shown to yield critical reductions in the macroscopic
longitudinal Young’s modulus and slight increases in the transverse moduli. Also,
the numerical results demonstrate that the coupled weakening effect of waviness
and agglomeration can only be estimated by considering ad hoc Eshelby’s tensors
of particular wavy geometries, along with the two-parameter agglomeration model.
• The electrical conductivity of CNT-reinforced composites is governed by the simulta-
neous contribution of the electron hopping and conductive networking mechanisms.
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The relative contribution of both transport mechanisms is defined by the percolation
threshold, which is highly dependent upon the filler aspect ratio.
• Both experiments and theoretical results prove that the largest gauge factors of
CNTCs are achieved for filler contents close to the percolation threshold. Moreover,
the strain sensitivity curves exhibit a non-linear behavior, predominantly for com-
posites loaded with filler contents close to the percolation threshold and high strain
levels.
• Overall, it has been shown that CNTCs are weakly sensitive to shear strains. In
addition, the results have shown that the dilation strain sensitivities along the longi-
tudinal and transverse directions are very similar. Hence, a simplified modeling of
CNTCs as volumetric strain sensors can be defined with one single gauge factor.
• Very close agreements of simulations with experimental data have proved the con-
sistency of the cubic crystal symmetry assumption imposed on the structure of the
piezoresistivity matrix of CNTCs.
• Experimental results have evidenced that mechanical deformations in the absence
of any externally applied power source generate voltage impulses between the
electrodes of CNTCs. This fact has evidenced the existence of certain level of
piezoelectricity in cement-based materials doped with CNTs.
• Equivalent piezoelectric/piezoresistive lumped circuits have been shown capable
of reproducing the main features underlying the dynamic behavior of CNTCs: the
apparent electrical resistance contains superharmonics when subjected to cyclic
excitations, and (ii) the amplitude of the apparent resistance increases with the
frequency of the excitation.
On the whole, it can be concluded that the proposed objectives at the beginning of this
thesis, as previously indicated in Section 1.3, have been successfully accomplished.
5.2 Recommendations for future development
In the light of the experience built-up over the development of this thesis, the following
future developments are proposed regarding the mechanical homogenization of CNT-
reinforced composites:
• Use of SEM/TEM micrographs and image processing algorithms to characterize
the filler orientation distribution functions. In this manner, the experimentally
identified ODFs could assist the micromechanics approaches and provide more
accurate predictions.
• Mean-field homogenization of elasto-plastic composites based on the linearization
of the return-mapping algorithm, and analysis of particle debonding effects.
• Further the definition of heterogeneous dispersions of CNTs. A statistical description
of the agglomeration effects, presumably governed by the filler aspect ratio and the
use of chemical dispersants, is still lacking in the literature. In this way, the optimum
CNT contents could be more precisely determined.
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• Statistical description of the CNT waviness effect on the basis of micrograph in-
spections. In addition, although some efforts have been made to characterize the
interaction between curved CNTs and the surrounding matrix, advanced MD or FE
multi-scale analyses are yet to be conducted in order to fully explain this interaction.
• Development of atomistic-based FE multi-scale approaches for the accurate mod-
eling of the load transfer mechanisms at the matrix/CNT interfaces. On this basis,
it would be possible to determine a library of equivalent continuous micro-fibers
to be used in micromechanics approaches. It would be particularly interesting to
characterize the efficiency parameters of the EROM as continuous functions of the
filler volume fraction, a definition that is still missing in the literature.
Secondly, there are still some open issues that must be addressed with regard to the
piezoresistive modeling of CNT-reinforced composites:
• Statistical definition of the average distance among nanotubes in order to estimate
more accurately the formation of electrical conductive networks, as well as the
thickness of the conductive interphases.
• Further research must be pursued on the determination of the initial inter-particle
distance and the height of the potential barrier, along with more sophisticated
definitions of the corresponding strain-induced variation parameters, namelyC1 and
C2.
• Extension of the developed micromechanics modeling for large deformation regimes.
This topic is of high interest for the design of high-performance stretchable elec-
tronics.
• Study of practical applications of CNT-reinforced composite sensors such as: smart
coatings for buckling failure detection, electrical resistivity tomography applica-
tions of CNT-reinforced patches for crack detection, thermo-piezoresistive sensors,
embedded strain sensors, . . . etc.
Finally, the use of CNT-reinforced composites for SHM is certainly the most challenging
application. Along these lines, there are still many open issues that need to be addressed
such as:
• Analysis of equivalent lumped circuits for AC resistivity measurements. The opti-
mization of the frequency of the power source may be a key-point to devise efficient
monitoring systems with a trade-off between time-based drifts derived from polar-
ization effects and electrical noise.
• Application of the developed equivalent circuit for load identification systems such
as traffic loads, high-speed trains loadings, vehicle counting, . . . etc.
• Use of the developed equivalent circuit for signal processing applications of struc-
tures with embedded sensors under seismic loadings.
• Experimental characterization of the piezoelectric coefficients of CNT-reinforced
sensors.
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• Operational modal analysis identification of large-scale civil infrastructures with
CNT-reinforced composite sensors. In this context, the low frequency components
introduced by polarization effectsmay pose an important obstacle to the identification
of resonant frequencies below 10-15 Hz with DC resistivity measurements. Hence,
the development of AC resistivity measurements with adequate signal-to-noise
ratios, and capable of eliminating the capacitive transient components may be a
feasible solution.
6 Appendices
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A Finite element formulation of FG skew plates
Parametrization of the geometry
Consider a CNTRC skew plate of length a, width b, thickness t and skew angle  as
shown in Fig. 2.25 in Section 2.5.2. The midsurface of the shell is given in terms of skew
coordinates (1; 2), hence the change of coordinates is given by:
x = 1 + 2 cos
y = 2 sin
z = 3
(6.1)
This parametrization leads a covariant basis ar defined by:
~a1 =

1
0
0
 ; ~a2 =

cos
sin
0
 and ~a3 =

0
0
1
 (6.2)
The covariant metric tensor is noted by a has a value of sin2 and leads a contravariant
basis ar defined as:
~a1 =

1
  tan 1
0
 ; ~a2 =

0
csc
0
 and ~a3 = ~a3 (6.3)
Variational formulation, displacement field, stresses and strains of CNTRC skew plates
The theoretical formulation is derived by a variational formulation. Denoting by U()
the strain energy and by  and  the vectors containing the strain and stress components,
respectively, a modified potential of Hu-Washizu assumes the form [343]:
HW [v;;] =
∫
V [U() T ( Dv) b]dV  
∫
S vˆ
(v  vˆ)ndS   ∫S t t dS (6.4)
In Eq. (6.4), v and the index b represent the displacement vector and the body forces,
respectively, whereas vˆ are prescribed displacements on the part of the boundary in which
displacements are prescribed (S vˆ). If the body forces in volume (V) and surface tractions
on the bounding surface where tractions are prescribed (S t) are conservative, then b and
t denote the corresponding body forces and surface tractions potentials. The reliability
of the foregoing approach stems from the fact that the functional of Hu-Washizu is a
modification of the potential. If the approximations of strains (and stresses) are compatible
with displacements, then that functional is equal to the potential of the elastic body.
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The displacement field is constructed by first-order shear deformation. Hence the in-
plane deformation  is expressed in terms of the extensional ( 0) and flexural ( 1)
components of the Cauchy-Green strain tensor as:
 = 0+
3
1 : (6.5)
Denoting by V and V3 the tangential displacements of the midsurface in the  and 3
directions, and by  the rotations about the  lines, the strains in terms of the aforemen-
tioned displacements and rotations have the form:
Extensional strains : 0 =
1
2
(
V jj +V jj
)
; (6.6a)
Flexural strains : 1 =
1
2
(p
ae

jj +
p
ae

jj
)
; (6.6b)
Shear strains : 23 = V3 ; +
p
ae
 (6.6c)
In Eqs. (6.6) e denote the permutation tensor associated with the undeformed surface
and a double bar (:)jj signifies covariant differentiation with respect to the undeformed
surface. In vectorial form:
0 =
 0
11
022
2 012
 ; 1 =
 1
11
122
2 112
 and S =
{
13
23
}
(6.7)
The thin body assumption is considered in the z-direction, and thus it is often possible
to neglect the transverse normal stress s33. The stress-strain relationships are defined by:
s =
@
@
=C 
s3 = 2E33 3
s33 = 0
(6.8)
And the free-energy density takes the form:
 =
1
2
C   +2E
33 3 3 (6.9)
Linearly elastic transversely isotropic constitutive matrix in non-orthogonal coordinates
The definition of non-orthogonal coordinates requires a coherent definition of the stress-
strain relationships. On the basis of the representation theorems of transversely isotropic
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tensors developed by Spencer [296], Lumbarda and Chen [199] obtained the constitutive
tensor of linear elastic transversely isotropic materials in a general coordinates system as:
Ci jkl =
6∑
r=1
crI
r
i jkl (6.10)
The Ir are a set of linearly independent fourth-order tensors that form a basis of an
algebra of order 6 and the cr are six elastic parameters. In component form, the fourth-order
tensors Ir are defined by:
I1i jkl =
1
2
(aika jl +aila jk) (6.11a)
I2i jkl = a
i jakl (6.11b)
I3i jkl = nin ja
kl (6.11c)
I4i jkl = a
i jnknl (6.11d)
I5i jkl =
1
2
(aikn jnl +a
iln jnk +a
jkninl +a
jlnink) (6.11e)
I6i jkl = nin jnknl (6.11f)
where ni are the rectangular components of an unit vector parallel to the axis of the
transverse isotropy, defined in the mid-plane of the skew plate as ~n= (cos';sin';0) (see
Fig. 2.25), and ai j are the components of the contravariant basis ar defined in Eq. (6.3).
The material parameters, cr, are defined as:
c1 = 2;
c5 = 2(o );
c2 = ;
c6 = 
c3 = c4 = ; (6.12)
The material parameters cr depend on five elastic constants:  and , shear modulus
within the plane of isotropy and the Lamé constant, the out-of-plane elastic shear modulus
0,  and . In matrix notation the fourth-order elasticity tensor of transversely isotropic
material for a preferred x direction in a Cartesian coordinate system gives:
C =

2++ 2+40 + + 0 0 0
+ +2  0 0 0
+  +2 0 0 0
0 0 0  0 0
0 0 0 0 0 0
0 0 0 0 0 0

(6.13)
The relation between elastic invariant constants and the engineering constants can be
found by comparing Eq. (6.13) with the classical transversely isotropic stiffness tensor.
This comparison leads to:
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 =
E11(E11 E22)E2212
(E11 +E2212)(E11 E2212(1+212))
(6.14a)
 =
E11E
2
2212(1+ 12)
(E11 +E2212)(E11 E2212(1+212))
(6.14b)
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E11E22
2E11 +2E2212
(6.14c)
o =G12 (6.14d)
 =
1
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(
 8G12 +
E11E22
E11 +E2212
+
E11(2E11 +E22 6E2212)
E11 E2212(1+212)
)
(6.14e)
Once the constitutive tensor is obtained, the plane stress stiffness matrix can be obtained
numerically by deleting the rows and columns associated with the z-direction in the
compliancematrix. By inverting the resulting compliancematrix, the constitutive equations
are written in Voigt’s notation in the form:

s11
s22
s12
s23
s13
 =

Q11(z) Q12(z) 0 0 0
Q12(z) Q22(z) 0 0 0
0 0 Q66(z) 0 0
0 0 0 Q44(z) 0
0 0 0 0 Q55(z)
 
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22
12
23
13
 (6.15)
(Ci jE ;C
i j
C ;C
i j
B ) =
∫ h=2
 h=2Qi j(z)  (1;z;z2)dz (i; j = 1;2;6);
Ci jS =
1
ks
∫ h=2
 h=2Qi jdz (i; j = 4;5)
(6.16)
Note that Qi j varies with z according to the grading profile of the CNTRC along the
thickness. ks denotes the transverse shear correction factor for FGM, given by [79]:
ks =
6  (iVi + mVm)
5
(6.17)
Stiffness matrix of skew plate element
The strain-energy density per unit of area at the reference surface can be defined by:
U =
∫ h=2
 h=2
dz (6.18)
From Eq. (6.5) and Eq. (6.9), the strain-energy density can be expressed as:
U =
∫ h=2
 h=2
[
1
2 C

(
0+
3
1
) (
0+
3
1
)
+2E33 3 3
]
dz (6.19)
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Figure 6.1 Four node skew quadrilateral shell finite element.
Expression (6.19) for the strain energy can be represented as the sum of the extensional
(UE), bending (UB), coupling (UC) and transverse shear (US ) strain energy as:
UTotal = UE +UB +UC +US =
= 12
(
0
T CE 0+ 1T CB 1+ 0T CC 1+ 1T CC 0+TS CS S
) (6.20)
Discretization The shell element derived in the present study is a four-noded skewed
isoparametric finite element (see Fig. 6.1) with five degrees of freedom at each node: three
physical components of the displacements u1;u2;u3 and two components of the rotations
'1;'2 Eq. (6.21). Bilinear shape functions Nk are chosen for the physical components of
the displacements and rotations in the following way:
ui =
4∑
k=1
uki Nk and ' =
4∑
k=1
'kNk ; (6.21)
Nk =
1
4
(1+ k ) (1+k ) ; i = 1;2;3 and  = 1;2 : (6.22)
As mentioned before, the use of the Hu-Washizu principle and the independent approxi-
mation of strain and stress yields a series of desirable features important for the reliability,
convergence behavior, and efficiency of the elemental formulation such as the avoidance
of superfluous energy and zero energy modes. Furthermore, the discrete approximation is
drawn in a consistent manner from the general theory of the continuum and the mechanical
behavior of the finite element, without resorting to special manipulations or computational
procedures. In addition, it has been shown [343, 304, 344, 321] that essential prerequisites
for the achievement of these goals are: the identification of constant and higher-order
deformational modes which are contained in the displacement/rotation assumptions, the
realization that the constant terms are necessary for convergence, and that higher-order
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Figure 6.2 Subdomain areas throughout the finite element.
terms reappear in different strain components. Therefore, our approximation does not need
to retain the higher-order terms in two different strain components (they are needed only
to inhibit a mode).
For instance, the following assumptions for the extensional strains have been shown to
serve the aforementioned goals:
11 = ¯11 + ¯¯11  ;
22 = ¯22 + ¯¯22 
12 = ¯12 + ˆ¯11 + ˆ¯22  :
(6.23)
Note that, according to the above ideas, the underlined terms in Eqs. (6.23) are not
considered. The elimination of such terms allows the reduction of excessive internal
energy and to improve convergence. Furthermore, the replacement of the linear variation
of the strains and stresses by piecewise constant approximations leads to computational
advantages that are most important in repetitive computations. The piecewise constant
approximations can be improved by introducing four subdomains over the finite element
(see Fig. 6.2). For example, Fig. 6.3 illustrates the piecewise approximation of 11 and
22 over two subdomains. The membrane shear strain 12 is approximated by a constant.
Considering the piecewise approximations through the four subdomains and expressing
strains in physical components (", , ), the extensional, bending and shear strain over
every subdomain are defined as:
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Figure 6.3 Schematic representation of the piecewise constant extensional strain approximation.
Extensional strains ("11; "22; "12)
"11 =
"A11 in AI +AII"B11 in AIII +AIV ; "22 =
"C22 in AI +AIV"D22 in AII +AIII and "12 = "¯12 in A (6.24)
Bending strains (11; 22; 12)
11 =
A11 in AI +AIIB11 in AIII +AIV ; 22 =
C22 in AI +AIVD22 in AII +AIII and 12 = ¯12 in A (6.25)
Shear strains (13;23)
1 =
A1 in AI +AIIB1 in AIII +AIV and 2 =
C2 in AI +AIVD2 in AII +AIII (6.26)
As a consequence of this approximation, the strain energy term in the Hu-Washizu
variational principle takes the form of:
∫
A U dA =
∫
AI
UI dA+ : : :+
∫
AIV
UIV dA =
∑IV
i=I
∫
Ai
Ui dA =
= 12 "¯
T D¯E "¯+ 12 ¯
T D¯B ¯+ 12 "¯
T D¯C ¯+ 12 ¯
T D¯C "¯+ 12 ¯
T D¯S ¯
(6.27)
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where the vectors "¯, ¯ and ¯ are defined by:
"¯ =

"A11
"B11
"C22
"D22
2"12

; ¯ =

A11
B11
C22
D22
212

; ¯ =

A1
B1
C2
D2
 (6.28)
The matrices D¯E, D¯B, D¯C and D¯S are the discretized elasticity matrices that depend
on the geometry of the surface —i.e., on the contravariant (a) and covariant (a)
components of the metric tensors— and can be represented as follows:
D¯E =

∫
A1+A2
DE (1;1)dA 0
∫
A1
DE (1;2)dA
∫
A2
DE (1;2)dA
∫
A1+A2
DE (1;3)dA∫
A3+A4
DE (1;1)dA
∫
A4
DE (1;2)dA
∫
A3
DE (1;2)dA
∫
A3+A4
DE (1;3)dA∫
A1+A4
DE (2;2)dA 0
∫
A1+A4
DE (2;3)dA∫
A2+A3
DE (2;2)dA
∫
A2+A3
DE (2;3)dA
sym
∫
ADE (3;3)dA

; (6.29)
D¯S =

∫
A1+A2
DS (1;1)dA 0
∫
A1
DS (1;2)dA
∫
A2
DS (1;2)dA∫
A3+A4
DS (1;1)dA
∫
A4
DS (1;2)dA
∫
A3
DS (1;2)dA∫
A1+A4
DS (2;2)dA 0
sym
∫
A2+A3
DS (2;2)dA
 (6.30)
Furthermore, the parameters for the stress resultants are expressed by the following
vector forms:
NT =
[
NA11 N
B
11 N
C
22 N
D
22 N12
]
;
MT =
[
MA11 M
B
11 M
C
22 M
D
22 M12
]
and
QT =
[
QA11 Q
B
11 Q
C
22 Q
D
22 Q12
]
:
(6.31)
In addition, by introducing the matrices:
AN = AM =

AI +AII 0 0 0 0
0 AIII +AIV 0 0 0
0 0 AI +AIV 0 0
0 0 0 AII +AIII 0
0 0 0 0 A
 and (6.32a)
AQ =

AI +AII 0 0 0
0 AIII +AIV 0 0
0 0 AI +AIV 0
0 0 0 AII +AIII
 (6.32b)
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along with the discretized strain-displacement relationships, the bilinear approximations
for the displacements and rotations, and also the discrete parameters for the strains and
stresses, the discrete form of the generalized variational principle of Hu-Washizu is given
by:
HW =
1
2
"¯T D¯E "¯+
1
2
¯T D¯B ¯+
1
2
"¯T D¯C ¯+
1
2
¯T D¯C "¯+
1
2
¯T D¯S ¯
  1
2
(
NT AN "¯+ "¯T ANN
)
  1
2
(
MT AM ¯+ ¯T AMM
)
  1
2
(
QT AQ ¯+ ¯T AQQ
)
+
1
2
(
NT E∆+∆T EN
)
+
1
2
(
MT B∆+∆T BM
)
+
1
2
(
QT G∆+∆T GQ
)
(6.33)
The Hu-Washizu variational principle establishes that if the variation is taken with re-
spect to nodal displacements and rotations (∆), strains, and stresses, then all field equations
of elasticity and all boundary conditions appear as Euler-Lagrange equations. In particular,
the stationary condition for the functional, HW = 0, enforces the following governing
discretized field equation:
NT (E∆ AN "¯)+MT (B∆ AM ¯)+QT (G∆ AQ ¯)
+"¯T (D¯E "¯+ D¯C ¯ ANN)+¯T (D¯F ¯+ D¯C "¯ AMM)+¯T (D¯S ¯ AQQ)
+∆T (ET N+BT M+GT Q) ∆T p = 0 :
(6.34)
1. Variation of the stress resultants leads to the discrete strain-displacement relation-
ships:
E∆ AN "¯ = 0 =) "¯ = A 1N E∆ ;
B∆ AM ¯ = 0 =) ¯ = A 1M B∆ and
G∆ AQ ¯ = 0 =) ¯ = A 1Q G∆ :
(6.35)
2. Variation of the strain parameters yields the discrete constitutive equations:
D¯E "¯+ D¯C ¯ ANN = 0 =) N = A 1N D¯E "¯+A 1N D¯C ¯
D¯F ¯+ D¯C "¯ AMM = 0 =) M = A 1M D¯F ¯+A 1M D¯C "¯
D¯S ¯ AQQ = 0 =) Q = A 1Q D¯S ¯
(6.36)
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3. Variation of the nodal displacements/rotations leads to the discrete form of the
equilibrium equations:
ET N+BT M+GT Q p = 0 : (6.37)
By introducing Eqs. (6.35) in Eqs. (6.36), the parameters for the stress resultants can be
expressed in terms of nodal displacements as:
N = A 1N D¯EA
 1
N E∆+A
 1
N D¯CA
 1
M B∆ ;
M = A 1M D¯FA
 1
M B∆+A
 1
M D¯CA
 1
N E∆
Q = A 1Q D¯SA
 1
Q G∆ :
(6.38)
In a compact way, the introduction of expressions (6.38) into Eq. (6.37) yields the
discrete equilibrium expressed in terms of nodal displacements and rotations as:
[
KExtension +KBending +KCoupling +KS hear
]
∆ = p (6.39)
Therefore, the stiffness matrix,K2020, is defined by the sum of the following four terms:
KExtension = A 1N D¯EA
 1
N E ; (6.40)
KBending = BT A 1M D¯FA
 1
M B ; (6.41)
KCoupling = BT A 1M D¯CA
 1
N E+E
T A 1N D¯CA
 1
M B ; (6.42)
KS hear = GT A 1Q D¯SA
 1
Q G : (6.43)
The governing eigenvalue equation
The eigenvalue problem for the undamped free vibration problem takes the well-known
form:
Ku = !2Mu ; (6.44)
whereK is the stiffness matrix of the system, u represents the eigenvectors, ! is the natural
frequency in rad/s andM is the mass matrix of the structure. The consistent element mass
matrix is derived by discretizing the kinetic energy:
UK =
1
2
∫
V
2vv¨dV ; (6.45)
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and by employing the displacement field defined by first-order shear deformation, the
integral (6.45) assumes the form:
UK =
∫
A 
[
u¨1 u¨2 u¨3 '¨1 '¨2
]

I1 I1A 0 I2 I2A
I1A I1 0 I2A I2
0 0 I1 0 0
I2 I2A 0 I3 I3A
I2A I2 0 I3A I3


u1
u2
u3
'1
'2
 dA ;
(6.46)
where the terms I1; I2; I3 andA (the contravariant components relationship) are defined
by:
I1 =
∫ h=2
 h=2
(z)dz; I2 =
∫ h=2
 h=2
(z)zdz; I3 =
∫ h=2
 h=2
(z)z2dz (6.47)
A = a
12
p
a11 a22
=  cos() (6.48)
In addition, by the definition of the displacements and rotations through the shape
functions, nodal displacements and nodal rotations in Eq. (6.21), the consistent mass
matrix can be represented by:
M =

M11 M12 M13 M14
M22 M23 M24
M33 M34
sym M44

2020
(6.49)
Every Mi j term of the mass matrix, where i and j represent the row and the column
respectively, assumes the following form:
Mi j =

∫
A I1NiN j dA
∫
AA I1NiN j dA 0
∫
A I2NiN j dA
∫
AA I2NiN j dA∫
A I1NiN j dA 0
∫
AA I2NiN j dA
∫
A I2NiN j dA∫
A I1NiN j dA 0 0∫
A I3NiN j dA
∫
AA I3NiN j dA
sym
∫
A I3NiN j dA

55
(6.50)
Finally, we remark that all the aspects of numerical implementation associated with the
above expressions are carried out by means of the commercial software package Math-
ematica [354], which is particularly useful for the treatment of symbolic and algebraic
computations.
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B Transformation matrices for fourth-rank tensors.
The coordinate transformation in Eq. (2.11) can be conveniently conducted in Voigt matrix
notation as P00 = WPWT with matrixW given by:
W =

g1g1 g2g2 g3g3 2g2g3 2g1g3 2g1g2
g4g4 g5g5 g6g6 2g5g6 2g4g6 2g4g5
g7g7 g8g8 g9g9 2g8g9 2g7g9 2g7g8
g4g7 g5g8 g6g9 g5g9 +g6g8 g4g9 +g6g7 g7g5 +g4g8
g1g7 g2g8 g3g9 g2g9 +g3g8 g1g9 +g3g7 g2g7 +g1g8
g1g4 g2g5 g3g6 g3g5 +g2g6 g1g6 +g3g4 g1g5 +g2g4

(6.51)
with g being the rotation matrix written as:
g =
g1 g2 g3g4 g5 g6g7 g8 g9
 (6.52)
C Eshelby’s tensor for ellipsoidal inclusions in an isotropic matrix
The Eshelby’s tensor for ellipsoidal inclusions in an isotropic matrix was studied by Eshelby
[82] and is well-documented in Mura [225]. Being the inclusion defined in the domain:
x21
a21
+
x22
a22
+
x23
a23
 1 (6.53)
with a1, a2, and a3 the semi-axes of the inclusion in the x1, x2 and x3 axes, the Eshelby’s
tensor is defined as:
S i jkl = S jikl = S i jlk; (6.54a)
S 1111 =
3
8(1  )a
2
1I11 +
1 2
8(1  ) I1; (6.54b)
S 1122 =
1
8(1  )a
2
2I12 
1 2
8(1  ) I1; (6.54c)
S 1133 =
1
8(1  )a
2
3I13 
1 2
8(1  ) I1; (6.54d)
S 1212 =
a21 +a
2
2
16(1  ) I12 +
1 2
16(1  ) I1; (6.54e)
(s) =
√
(a21 + s)(a
2
2 + s)(a
2
3 + s) (6.55a)
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I1 = 2a1a2a3
∫ 1
0
ds
(a21 + s)(s)
(6.55b)
I11 = 2a1a2a3
∫ 1
0
ds
(a21 + s)
2(s)
(6.55c)
I12 = 2a1a2a3
∫ 1
0
ds
(a21 + s)(a
2
2 + s)(s)
(6.55d)
The remaining coefficients are found by simultaneous cyclic permutation of (1,2,3) and
(a1,a2,a3). Finally, the definition of the Eshelby’s tensor in Voigt matrix notation writes:
S pq =
S i jkl if p = 1;2;32S i jkl if p = 4;5;6 (6.56)
D Eshelby’s tensor for spheroid inclusions in a transversely isotropic
matrix
Lin and Mura [193] gave expressions for the elastic fields of oblate spheroid inclusions in
a transversely isotropic matrix with symmetry plane x2  x3. The coordinates are assumed
to be coincident with the principal directions of the spheroid inclusion. The aspect ratio
a1=a3 is denoted by   1. For a transversely isotropic matrix, the elastic moduli are
denoted by:
d =Cm11; e =
1
2
(Cm11 Cm12); f =Cm44;
g =Cm13 +C
m
44; h =C
m
33
(6.57)
where Cmi j are the components in Voigt notation of the matrix constitutive tensor. The
Eshelby’s tensor S is calculated as [225]:
S i jmn =
1
8
Cmpqmn
(
Gip jq +G jpiq
)
(6.58)
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The non-zero components of Gi jkl are given by:
G1111 =G2222 =
1
2
ß
∫ 1
0
(1  x2)
{[
f (1  x2)+h2x2
]
[
(3e+d)(1  x2)+4 f2x2
]
 g22x2(1  x2)
}
dx;
(6.59a)
G3333 =4
∫ 1
0
2x2
[
d(1  x2)+ f2x2
] [
e(1  x2)+ f2x2
]
dx; (6.59b)
G1122 =G2211 =
1
2

∫ 1
0
(1  x2)
{[
f (1  x2)+h2x2
]
[
(e+3d)(1  x2)+4 f2x2
]
 3g22x2(1  x2)
}
dx;
(6.59c)
G1133 =G2233 = 2
∫ 1
0
2x2
{[
(d+ e)(1  x2)+2 f2x2
]
[
f (1  x2)+h2x2
]
 g22x2(1  x2)
}
dx;
(6.59d)
G3311 =G3322 = 2
∫ 1
0
(1  x2)
{[
d(1  x2)+ f2x2
]
[
e(1  x2)+h2x2
]
+ f2x2
}
dx;
(6.59e)
G1212 =
1
2

∫ 1
0
(1  x2)
{
g22x2  (d  e)
[
f (1  x2)
h2x2
]}
dx;
(6.59f)
G1313 =G2323 =
  (2)
∫ 1
0
g2x2(1  x2)
[
e(1  x2)+ f2x2
]
dx
(6.59g)
where:
 1 =
[
e(1  x2)+ f2x2
] {[
d(1  x2)+ f2x2
][
f (1  x2)+h2x2
]
 g22x2(1  x2)
} (6.60)
E Elastic moduli of composites doped with random fillers agglomer-
ated in spherical bundles
The agglomeration scheme of an isotropic matrix doped with randomly oriented CNTs
with agglomeration in spherical bundles was studied by Shi et al. [282]. In that work,
closed-form solutions of the effective isotropic elastic properties were presented. Thence,
the effective bulk moduli Kin and Kout and the effective shear moduli Gin and Gout of the
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bundles and the matrix, as well as the Poisson’s ratio of the surrounding composite, out,
are first computed by:
Kin = Km + fr
(r  3Kmr)
3(  fr + frr)
(6.61a)
Kout = Km + fr
(r  3Kmr)(1  )
3
[
1    fr(1  )+ fr(1  )r
] (6.61b)
Gin =Gm + fr
(r  2Gmr)
3(  fr + frr)
(6.61c)
Gout =Gm + fr
(r  2Gmr)(1  )
2
[
1    fr(1  )+ fr(1  )r
] (6.61d)
out = (3Kout  2Gout)=2(3Kout +Gout) (6.61e)
with
r =
3
(
Km +Gm
)
+ kr   lr
3
(
Gm + kr
) (6.62a)
r =
1
5
{
4Gm +2kr + lr
3
(
Gm + kr
) + 4Gm
Gm + pr
+
+
2
[
Gm
(
3Km +Gm
)
+Gm
(
3Km +7Gm
)]
Gm
(
3Km +Gm
)
+mr
(
3Km +7Gm
) } (6.62b)
r =
1
3
[
nr +2lr +
(
2kr + lr
) (
3Km +2Gm  lr
)
Gm + kr
]
(6.62c)
r =
1
5
[
2
3
(
nr   lr
)
+
8mrGm
(
3Km +4Gm
)
3Km
(
mr +Gm
)
+Gm
(
7mr +Gm
)+
+
8Gmpr
Gm + pr
+
2
(
kr   lr
) (
2Gm + lr
)
3
(
Gm + kr
) ] (6.62d)
where Km and Gm are the bulk and shear moduli of the matrix, respectively, and kr, lr, mr,
nr and pr are fiber Hill’s elastic moduli [134]. Finally, considering bundles defined as
spherical inclusions, the effective bulk modulus K and the effective shear modulus G of
the composite read:
K = Kout
1+ 
(
Kin
Kout
 1
)
1+(1  )
(
Kin
Kout
 1
)  (6.63a)
G =Gout
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)  (6.63b)
with  = (1+ out)=3(1  out) and  = 2(4 5out)=15(1  out).
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F Hashin-Shtrikman-Walpole bounds for randomly oriented ellipsoids
In the case of randomly oriented transversely isotropic inclusions embedded in an isotropic
matrix, explicit formula for the Hashin-Shtrikman-Walpole (HSW) bounds were derived
by Walpole [335]. The elastic moduli of the inclusions and the matrix can be expressed as
Lr = (2kr;lr;nr;2pr) and Lo = (3Ko;2Go), respectively. On this basis, the HSW bounds of
a resulting macroscopically isotropic composite write:
K =
 frK +K1 a21=(G+G1) +
fm
K+Ko
 1 K; (6.64a)
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 1G+G1 a21=(G+G1) + 2G+mr +
+
2
G+ pr
)
+
fm
G+Go
] 1
 G
(6.64b)
where:
K1 =
1
9
(4kr +4lr +nr); G1 =
1
3
(kr  2lr +nr);
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3
Ga; G =
3
2
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+
10
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] 1
;
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(
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)2
27
(6.65)
Parameters Ka andGa in Eq. (6.64) are selected in order to provide the tightest restrictive
bounds. A general procedure to determine Ka and Ga was proposed by Walpole [335]. In
particular, Eq. (6.64) provides upper bounds for bulk and shear moduli if Ka and Ga are
taken as:
Ka = Kg +g1; G
a =Gg +g2; (6.66)
Kg = max
{
K1;Ko
}
; Gg = max
{
G1;mr;pr;Go
}
On the contrary, the lower bounds for bulk and shear moduli are obtained from Eq. (6.64)
if Ka and Ga are selected as:
Ka = Kl  l1; Ga =Gl + l2; (6.67)
Kl = min
{
K1;Ko
}
; Gl = min
{
G1;mr;pr;Go
}
Hence, positive parameters g1, g2, l1 and l2 should be taken as small as possible without
violating the following inequalities:
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(
Kg K1 +g1
) (
Kg K1 +g1
)
 a21 (6.68)(
K1 Kl + l1
) (
G1 Gl + l1
)  a21
IfKg >Kl,Gg >G1, then g1 = g2 = 0 and, ifK1 >Kl,G1 >Gl, then l1 = l2 = 0. Otherwise
, g1 and/or g2 (l1 and/or l2) must be strictly positive and inequalities (6.68) should be
changed to equalities. In this case the proper choice for parameters g1, g2, l1, and l2 is
g1 = g2 = l1 = l2 =
∣∣∣a1∣∣∣.
G Closed-form expression of orientational average of transversely
isotropic tensor with a random distribution
A closed-form solution of the orientational average of a transversely isotropic fourth-rank
tensor L with symmetry plane x2  x3, and weighted by an uniform orientation distribution
function can be found in Zheng et al. [387]. Writing the tensor L as:
L = (2KT ;l;l;n;2GT ;2GL) = (c;g;h;d;e; f ) (6.69)
where
GL = L66;
GT =
L22 L23
2
;
KT =
L22 +L23
2
;
l = L12;
n = L11
(6.70)
with Li j being the tensor components in Voigt notation. Then, the orientational average of
hLi weighted by a random orientation distribution reads:
hLii jkl =
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) (6.71)
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where bi are defined as:
b1 = d+
c+ e
2
 g h 2 f ;
b2 =
f   e
2
;
b3 = h 
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2
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2
(6.72)
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